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PREFACE. 


My object in the preparation of this text-book has been to 
present the subject of graphs in a connected form, simple 
enough in the early stages for the more beginner while 
including in the ultimate development sucli ol‘ its more 
important applications as come witliin tlie ‘range of elemen- 
tary matliematics. Tlie present tendency of matliematical 
teacliing* is perhaps to overestimate the value of graphical 
methods and to depreciate unduly those of analysis ; but 
in spite of the evils attendant upon tlie reaction from 
the neglect of graphical methods, tliese possess, wlicn 
judiciousl}^ used, a higli educational \’ahie and are of 
essential importance to all engaged in experimental work. 

From the educational point of view a grapli has the great 
merit of representing in a simple manner the fundamental 
notion of functional dependence. Tlie beginner’s conceptions 
of a variable are usually very crudca and it is ncccissary 
that tliey sliould l)i‘ cltsar and (i(dinite if he is to umh'rstand 
iiiatliematical ])riiici])l(\s and proccsssi^s ; as an aid to the right 
comprehension of a varial)le, the gi‘a]>h rend(‘rs very great 
service. But the graphical nudlmd may also Ixl badl^^ 
used; one of these bad uses is, in my judgment, the too 
common practici^ of plotting a grapli*fi*om' an insullicient 
number ot points, d’lui behaviour of a function, for (‘xample, 
in tlie neigh bourliood of its turning va-hK\s cannot b<‘ 
ade(|uatcly undm-stood by the iKgiuner \mh‘ss lu^ i(‘sts it in 
typical cases ])y calculating the \'a.lu(is of tbe- function for a. 
succtsssion of \'alues of tlie argument a.t small int(U‘va,ls. 
The proe(‘ss known as “cramming” is ({uit<‘ possibh^ in 
gi‘apln(!nl woi'k and is less <‘xcusabh‘ tlu're ilmn in other 
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PREFACE. 


I have included, as opportunity arose, uiaiiy iipidications 
of a practical kind, and I am deeply indelili'd to mv 
colleagues' Professors Longbottoin, Maclean and W’atki i-soii 
for the use of their Laboratory Note- books, on wliidi I - liu-,. 
drawn heavily for exainples. In the text and among tlie 
Exercises examples occur whicli have laa'ii inanuraciunH) 
simply to illustrate certain processes, but examj)li',s in wliich 
the data are stated to be experimental are of course taken 
directly from the record of the experiments. Tla- answ ers 
given are such as can be obtained by the inet bods iliust rated 
in the text, they havm been worked out by my friends 
Mr. John Dougall and Mr. John Miller and wi'il b(> found, it 
is hoped, to be as accurate as the data wa,rrani,. 

^ Ihe Tables at the end of the book ari; sutiieieni for 
the calculations required in the exami)les; in <|ut‘stiun.s 
on gradients however there would in some cases be an 
advantage in using seven-figure Tables. 

Besides the gentlemen already named, my friends Dr 
L S. Mackay, Dr. A. Morgan, Mr. P. I\l r. \\\ A 

Lindsay and Mr. P. Pinkerton have been kind enomdi In 
take an interest in the preparation of tlie book, and for 
their help in proof reading I tender tliem my hearty thanks. 

I owe a special debt of gratitude to Profess(')r P. A.' ( b-egnrs' 
and_Mr. A. T. Simmons for their advice in all maUm's 
bearing on the joassage of tlie Ijook through tlie iireHs. 
The work of proof reading lias however lieen made com- 
paratively simple by the excellence of tlie iirinting, and 1 
gi'atefully acknowledge my debt to tlie printing 'staff of 
Messrs. MacLehose. 

(lJi(.)R(iE A. (ilJiSttN. 

Glasgow, August, 1904. 
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CHAPTER I. 


STEPS. COOP^DINATES. PLOTTING OF POINTS. 

1. Positive and Negative Numbers. In ordinary aritli- 
metic, n umbers are not distinguished as positive and 
negative ; the signs + and — are used simply to indicate 
the operations o£ addition and subtraction, and the number 
to be subtracted must not be greater than that from which 
it is to be taken away. The introduction of negative 
numbers in algebra removes this restriction on the number 
to be subtracted, and there is no confusion caused by using 
the signs + and — , not only to indicate the operations of 
addition and subtraction, biat also to distinguish positive 
and negative numbers. The interpretation of positive and 
negative numl)ers as representing credit and debit, gain 
and loss, and similar notions, will be familiar to the student ; 
we will consider a certain geometrical interpretation which 
is of special importance in graphical work. 

2. Steps. Let A and B be two points on an unlimited 
straight line X'X (Fig. 1), and let the segment AB be 
thought of as traced out by a point moving along X'X 
from A to B. In this motion the point moves a definite 
distance in a definite direction and the segment A B, when 
considered as a straight line having a definite lengtli and 
drawn in a definite direction, is called a directed segment or, 
more shortly, a step. In naming the step, the point from 
which tlie motion begins, the initial point oi' the step, is 
written first ; tlie other end of the step may be called the 

G.Q. A € 
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final point. Thus, AB denotes tlie st(‘|) traetMl out a 
point moving from A to //, while BA di motes the steji 
toced out by a point moving Troni /> to A : a/'y: /LI 

therefore is not the same as tlie s/r/> .1 //. 

Two steps AB and (U) are <l(‘fin{‘i! to }m‘ (Ujua! wlaai, 
and only when, they agree in tlie following thiv<' i-esjH‘et,s: 

(1) they liave the same length, 

(2) they lie on tlie same s(.ra,igiit liiii' or on |>arallel 
straight lines, and 

(3) i) is on the same sich^ of t- as />’ is of /!. 

The student must particu(arl\^ n(»t(‘ t luii (Sjualiiy of strps 
means not merely eijuality in hmgth hut als<» saimaiess in 

A B E iy C 


C D 

direction. Thus, if D' is at the sanu* dist-a.ne(‘ from ns /) 
is but on the opposite side (Fig. 1 ), th(‘ sB/w A /> and (BL 
are not equal; they are ditlea'crn't sh^ps iHaauist*, ihough tla^v 
have the same length, the direction from (■ i<> If is7iof thV 
same as that from A to B. In tracing A B tlu‘ point nio\’(*s 
to the right while in tracing 01/ it mo\'(\s to th(‘ left. ; A B 
may therefore be called a right step and (//L n left sit ‘p. 
The right steps AB and J/O are eipiaJ : the left step (UL 
is equal to the left step BA. 

3. Positive and ISTegative Steps. VVliatnvi‘r lx* relative^ 
positions of the three points A , B, (Jon a straight- lim* ( Mg. 2 
shows all the possible cases) a, point which lias inov«*d 
along the line from J. to B and timn from B to (J will he at 
the same distance from A and on the sa-nu^ side of A as if 
it had moved directly from A to 0. The single stnp A(J is 
therefore called the sum of the two steps AB an<l ami 
the operation of adding stops is oxpreissial by t-he (‘qiiatiun 

AB+BC^^A (1 ( I ) 
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’^To find the sum of the steps AB and CJJ wiien, as in 
Fig.-l, the final point B of the first step does not coincide 
withv the initial point G of the second step, mark ofi the 
step ^BE equal to the step GD \ the sum of AB and BE^ 
that is AE, is the sum of AB and GB. Of course, not only 
must BE be of the same length as GD, but E must be on 
the same side of B that D is of G. 

n‘ G coincides witli A. the step AG becomes the step A A ; 
tlie step A A since it lias no length is called the zero step, 
and is denoted by 0. Equation (1) becomes in this case 

ABA- BA (2) 

‘The form of this equation at once suggests that* we 
should write 

BA=^-AB (3) 

Now if is a right step BA ivS a left step and equation 
(3) states that a left step is equal to the riglit step of the 
same length taken with the negative sign. We are thus 
led to consider steps as algebraic quantities, the sign of the 
step being interpreted as indicating the direction in which 
tlie step is traced out. If wo agree to call a right stcq) 
positive then a left step will be negative ; if the left step 
be called positive then the right step will be negative. It 
does not matter which is considered positive but usually it 
is the right step that we shall consider positive ; if X'X is 
vertical the upward step will usually be considered positive. 


BCA CBB AC 


CAC ABC BA 


c 

FifT. U. 


f 


It will be an easy and instructive cxuu’cise to test by 
inspection of the different cases of Fig. 2 that the rub^ for 
adding steps is exactly the same as that for algebraic 
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addition, right and left steps corresponding to and 

negative numbers. 

Thus, in (a) the sum of the two right steps />' an I /UJ 
is the right step AG; in (/) the sum of th(‘ t wo lt‘i‘t steps 
AB and BO is the left step AO; in (e) the sum of tln^ right 
step AB and the left step BO (tlie length of tlu' sti‘|> 
being greater than that of AB) is the left step /!(’. Tlusse 
correspond exactly to the formulae 

( + 3) + ( + 2) = ( + 5); (^S)+(~-2) = (^5): 

( + 3) + (^5) = (^2h 

j^ain, to see what is meant by su1)tra(*ting a. step writt^ 
equ^ion (1) in the form 

BC^AG-AB (4) 

By the meaning of the .sum of BA a.nd A (J \vi‘ hav e 
BC:=^BA+Aa. 

that is, by intei'changing the terms JIA and -1(/, 

i?(7=J.a+./>hl: (e) 

and now, by comparing equations (4) and (e), uu' set* that, 
the svhtmction of the step AB is (*(juivaJt‘nt to tla* atidit ion 
of the opposite or reversed step BA ; e?<a,(‘tly as in algt^bra, 
the subtraction of a number is equivalent to tie* addit ion of 
the number with its sign changed. 

Example. J, i?, (7, .Z> are four pointH on a straiidit lint' ; liinl I he 
position of the point P when 

(i) AP:=-AB+€D, (ii) when AP 4 P (IK 
Consider the cases in which neither O m>r I) fit's het wt'on J aiul P and 
in which one of them lies between d ;uid />. d’akt^ dt‘linitt' leu'dliN, 
say two inches and CD tlirce inclioH, or AP two incIioH attt! />C 
three inches, and compare with algebnuca.! ivsidts ; nt>i«‘ for rxaniph* 
that when CD is a right step of 3 inches DC is a ItdT <d' a inrfjcs. 

4. G-eometrical Representation of Numbers. Lt‘t -VdY 
(Fig. 8) be an unlimited straight lin(\ 0 a. tixtal point tai it; 
let U be another fixed point on it, say to lln^ right, td’ i). 
Take A, B to the right of 0 and A\ H' t.o tht* loft, of iK 
making the length of OA and of 0/1/ t\vi(a* that of 00 and 
the length of OB and of OB' thrice that of OU. 
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'idoiisi dering OU, OA, OA'.., as steps we liave 

0A=:^20U, 0J.'=--0^=-20?7; 

^ . OB^SOU, OB':=^OB=--SOU, 

If 0 U is taken as the %init stop, that is the step of unit 
length in the positive direction (for example, a right step 
of one inch), it may be denoted by the number 1. The 
numbers 2 and —2 will then denote the steps OA and OA' 

X' B' O U A B X 

Fig. 3. 

respectively, and the steps may be taken as representing 
tlie numbers. Similarly the numbers 3 and —3 will denote 
the steps OB and OB' and tlie steps will represent* the 
numbers. 

Quite generally, if OP = aO U, the number a will denote 
the step OP and OP will represent the number. a; if a is 
positive P will be to the right of 0 but if a is negative P 
will be to the left of 0. Since 0(7 is the unit step, we 
may write simply 0P = a; the numerical value of a gives 
the length of OP, the sign of a gives the direction of OP. 

It is this method of representing numbers that is 
employed in defining coordinates (§ 5). 

5. Coordinates. Lot X'OX, Y'OY (Fig. 4) be two 
unlimited straiglit lini\s at right angles to each other. 

a- ]:)oint P in the plane of the diagram and draw Pilf, 
PN perpendicular to X'X, Y'Y respectively. For this 
point P th(^ steps Oi/, 0i7 arc definitely hxed ; and con- 
versely, wlnui the steps OM, ON are given, P is definitely 
determined as the point of intersection of the perpendiculars 
MP, NP. 

Let OU be tlie unit step for the direction X'X and OV 
th(3 unit step for tlie direction Y'Y; we will for the 
pi’csent suppose thesse steps to be of the same length, saj^ 
one inch (!/'), but there is no necessity that they should be 
of the same !(ingtlf(see 11, 24). 

Idle step OM, or its equal the step NP, will be ]308itive 
wlien P is to tlie riglit of Y'Y but negative when P is to 
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the left of F'F; the step ON ov its equal the sti'p Ml* ^.v\l! 
be positive when P is above X'X but ut‘i»-ati\ t‘ wlaai i.s 
below XX. ‘ I ’ 

Suppose now tliat ‘ 

OM^^xOU; ON^i/OV, 


y 

II (-, + ) 

N 

V 

I (+, 

+ ) 

P 


1 

1 

x' o 

U M > 


IV( + ,-) 





Fig. ‘I. 


The numbers x, y are called tlie coordinates of I* wiih 
respect to the coordinate axes JV X, 3' 1 j a' is tie* abscissa, 
2 / is the ordinate and P is described shortly as -(Ih^ point 
(a‘j y). In thus describing* the point tlu^ lirst coordinate* 
is understood to be the abscissa and the S(‘cond the oi’dinaie. 
The axes will be always assumed to be at rigiit angles io 
each other. 0 is called the origin of coordinates; if, ""is fin* 
point (0, 0). 

The axes X X and Y^Y are olten cal hid the x-axis and 
the y-axis respectively; similarly tlie alxseissa. is uff.en 
called the x of a point and the ordina-te the y of the 
point. 

The axes divide the plane into four com|)artnuintH or 
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ana&^nts; the iirst quadrant (I) is bounded by OX and 
or, the second (II) by OY and 0X\ the third (III) by OX 
and 0\F', and the fourth. (IF) by OF and OX. llie signs 
of the -coordinates show at once the oLuadrant in which a 
point lies: in I the sig*ns (the first being that of the 
abscissa) are + , + ; in II, — , + ; in III, — , — ; and in 

When a point is specified by its coordinates, that is when 
the values of x and y are given, the process of marking its 
position on the diagram is called plotting the point. This 
process is made very easy by using “squared paper” or 
“ section paper,” that is, paper ruled twice over with two 
sets of equidistant parallel lines, the lines of one set being 
perpendicular to those of the other. In most papers every 
tenth line, sometimes every fifth, is rather heavier than the 
rest or is coloured differently. 

To indicate the position of a point, a small cross is used 
or a small circle is drawn round the point; a mere dot 
should never be used to indicate the position of the point. 
All lines should be drawn with a sliarp, hard pencil. The 
best I'esults are obtained by using two pencils : one with a 
needle-point for marking points on the diagram, the other 
with a sharp chisel-edge for drawing tine lines. 

The following example shows how to proceed : 

Kvanip/(>. Plot the points A (13, 12), 12), (7( — 8, -6), 

i)(13, -()); lind the lengths of the sides and the area of the quad- 
rilateral ABC/) (Pig. 5). 

Let tlie unit of leiigtli he one division of the ])aper. To serve as a 
guide in ])lotting the points, the nuinher 10 is .]3laced at the ])oint 
wliere the 10th line to the right of 0 crosses A/'X and also at the point 
wlicre tlie lOtli line above 0 crosses r'}\ Other leading points ai'e 
sliown by the number — 10 placed 10 units to the left of 0 and 10 units 
below 0. 

Now to plot il move U) the right 13 units, then up 12; to plot B 
move to tlie left 8 units, then up 12 ; to plot tOnove to the left 8 units, 
then down (5 ; finally to ])lot I) move to t/w right 13 units, then doimi 0. 

The beginner is advised to read the sign of a coordinate as ‘‘to the 
right” or “ to the left,” “ u])” or “down.” 

ABC I) is clea,rly a iHwtangle. />M, Cl) are each 21 units and />/!, 
CB are (;ach 18 units. 

The rectangle is divided by the horizontal lines into 18 strips, and 
eacli strip contains 21 small s<|uares ; tlie area of A BCD is therefore 
18 X 21, that is 378, times the area of a small square. 
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In the diagram the side OA'of a large square is one iueh and 
fore one division of the paper is one-tenth of an inelu Sinee on(‘ 
division represents the number I the scale of the ligiire is si 'it ed by 
saying that “one-tenth of an ineh represents iinitv” or ,*<, eh 1” 
or thus “r=10.’’ 



Vig. b. 


The number 21, which gives the length of AM and ivpresenis 21 
tenths of an inch ; Ahl, G/^are therefiire 2*1''. Similarly /hl,(7;aiv PS". 

The area of a small square is one-hundi*edth of a 'sijuare inch ; I he 
area of A BCD is therefoi’e 378 hiindredtlis of a, sijuare iimh, that is 3’7«S 
square inches. 


EXERCISES. I. 

In this set of Exercises let the unit of length he one division 
of the paper. Assuming that one division is omvtenth of an iiielg 
state lengths and areas thus (taking as an examrih' the luvhlmn iust 
woi’ked) : i i j 

BA ==21 (21 in.) ; ABOB^^^S (318 sip in.). 
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'piot. tiln! points ill oxainpkw 1-20 : 

1, (10,10). 2. (5, .O). 3. (7,7). 4. (16,16.). 

5. ( -10, -10). 6. (-r., -5). 7 . (-7,-7). 8 . ( - 16, - 16). 

9. (is 12). 10. (-8,12). 11. (-8,-12). 12. (8,-12). 

13.(7,17). 14.(17,7). 15. (-13, 6). 16. (13, -6). 

17. (1-1, 0). 18.(0,14). 19. (-14,0). 20. (0,-14). 

Plot the fimr points in ciich of the cxainyilcs 21-25; show that in 
each case the four yioints .-ire the vertices of a rectangle and lind the 
sides and the area of eai;h rectangle : 

21. (4, 2), (20, 2), (20, 14), (4, 14). 22. (7,0), (23,0), (23,23), (7,23). 

23. (8,12), (-7, 12), (-7,-0), (8,-6). 

24. ( - 2, 0), ( - 14, 6), ( - 14, - 16), ( - 2, - 16). 

25. (-13, 0 ), (-13, - ir>), (15, -1,5), (15, 0). 

.Plot the three points in eai.^h nf the oxjinj])]es and lind in each 

case tlie area of tlie triangle of whicli the three ])oiiits arc the 
vertices ; 

26. (0, 0), (20, 0), (20, 20). 27. (4, 6), (22, G), (22, 22). 

28. (-8, -4), (-8, 7), (12, 7). 29. (1G,8), (-18,8), (-IS, -5). 

30. (-15, -15), (15,-15), (0, 10). 31. (10,20), (-10,20), (5, -10). 

32. (IG, 12), (-10, 0), (IG, -12). 33. (12, 14), (-14, 4), (12, -8). 

6. Plotting of Points. Additional Exanapies. Areas. 

Example \. Plot the points .l(2'5, 1), yi(-l, pfi), O^ — IT), -Ph), 
/)(!, -2). Join /I />, l)(\ Cl), DA and give the eooi'dinates of the 
points wlu‘re these lines cross the axes. 

In tins examphi tak{^ a larg(‘r sea.le tlian in 55 5 ; let tlie unit steps 
017, f^r(Fig. ()) he (,^aeh one inch.* In tins ease tlio distance between 
any two conseeutivt^ lines is one-tenth of the unit and therefore 
represents 0*1. 41m point midway In'twecm 0 and 17 is 0*5 of the 

unit to the right of and at this })oint the number 0*5 is jilaced. 
fSimilai’ly 0*5 is ])lae(‘d at tlie point midway het^Yeen 0 and \\ 41ie 
point on .VhV marked -1 is 1 unit to tlie loft of 0; the ]Joint on V' F 
marked - 2 is 2 units hidow O and so on. 

I^o A move to the right. 2*5 units, then up 1, ; to plot /> move to 
the left 1 unit., Ihmi u}) 1*5 and so on. 

d // crosses V F n.i A', and E lies, as fa,r as we i^an judge, midway 
Letw(.^en the 3rd and 4th lines aliove the ])oint marked J. OE is thus 
greater than 1*3 by half of 0*1, that \t\()E is t‘<iual to l*3+-()*or) or 
1*35 ; the sign is H- since OE is a ])()sitive step. The (.^oordi mites of E 
are therefor(‘ (0, 1 *35). (8 (hj tlie remarks on the estimation of distance 
at the end of exa.mple 3.) 

EG (ji'OHses X' X at F, midway between tlie 2ud and 3rcl lim^s to the 
left of the point marked -1; Inuum OF —1*25, the sigm being 
negative sintte OF is a left step. F is thus the jiuint ( - 1'25, 0). 

. *^Th(MHagram from wliich Fig. 0 is reproduced was drawn to this scale. 
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TREATISE ON GRAPHS. 


Similarly, Q is the point ( 0 , - P 8 ) and H tlio poini. {i, 0 ). 

OF is 1 inch and Oi7==l*35 01"; the second li,y:ure aitci* tlit' dc( iinal 
point therefore represents hundredths of an iia'h. It r(.H|uires ca ‘chil 
drawing and thin lines to secure aceura.cy in this siu-ond di'cnuil ; 
besides, in many of the cheaper papers, the errors dia^ to iiavguiar 
spacing of the lines amount to more than a. unit in the s(‘<'ond (h‘cnna. 1 . 



Fig. 0. 


Exmiiple 2 . On Fig. 6 plot the point /i (3, ~ 1 ) ; let. K() cut. 4 I 0 at L 
and let KO produced cut BC at M. State tlie coordinates of L and M. 

The X of the point L is rather greater than FT, say .r 1'71 ; tho // 
of L is negative and is numerically less than O'O, say //-■-»- -O'oT. L is 
therefore the point (1*71, -0*57). 

M is the point ( - 1*18, 0*39). 

Example 3. At what point does the horizonl<a.l lim', thiaaigh V 
(Fig. 6 ) cut BOj and at what point does the verti(%*d thr(»ugh (1*3, 0 ) 
cut 0 /F? 

The point on BC is ( - 1*08, 1 ) ; the point on OK is ( 1 *3, - - 0’13). 

Facility in reading off distances can only l)e gaimal by practiia' ; 
gross errors, such as the misplacing of the deeinuil jioint or tlu^ omission 
of the negative sign, are easily avoided by making a. rough (*Ht.imalt‘ 
and then comparing this estiinate with the results obtained from tht‘ 
more careful inspection of the figure. 

Another matter recpiires notice, namely the numbers that are 
estimated for tbe lengtlis of lines should not suggest a degree of accuracy- 
above that wMch the scale of the drawing admits. Thu.s in 1 ‘xamplcs 



DEGREE OF ACCURACY. AREAS. 
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1-3 orir clivisioM of t ho palmer is one-ienth of an inch and repi'esents 
O'l ; on this scale a. lenj^th whicli is jndged to be say two-thirds of a 
division sliould not ])C stated as (>0<> but as 0*07, which is the nearest two- 
place decinuil a|>proxiination to of 0*1. This a]>proximation implies 
that disi.a,nccs may l)e estimated to hundredths of an inch but not to 
thousandths ; this standard of approximation is the one \\*e shall assume. 

Similarly, on the saine scale, 3‘^ would be plotted as 3*i29 ; ^/3 as 


1*73 : 




as 0T)S and so on. 


Tlic begiimcu* tnust 1)0 particularly careful not to state results to a 
numliei* (vf figures bovoml what the scale admits. 



It may be tioted tha,t, when in exam})le 1 it is sta,ted tliat Oil is 2, 
all that, is meant is tliat, if D// docs diner from 2, the ditlerenee is les.s 
than one-hundredth; properly statiHl, G/Zis 2*00, though in such cases 
it seems <‘Ustonia,ry to omit tlu^ zeros. 

.Defore reading the following examples the beginner should try some 
of the Exercises II., i -ItS. 

Ed'am'ph 4, Plot the points /1(17, (>X 16), C(“-15, --4), 

i)(8, -b) and find the area of the quadrilatei*al ABVD (Fig. 7). 
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TR,EATLSK ON OKAl’llS. 


Take one division as unit of length ; 10 divisions i invh. 

The dotted lines divide A into four right-angled triangles and 
a rectangle, the lines being drawn parallel to the a.x(‘s. 

The triangle A B film half the rectangle whose a.djac(Mit. sides; aro fi!.\ 
md The side BA contains 20 units a.nd the side BB so that 

the rectangle contains 260 and the triangle 130 sinaJl scjuares. In the 
same way the areas of the other triangles a.re found. 

Again, BII contains 17 luidFE 10 units, so tluit the read, angle EFUll 
contains 170 small squares. Hence 

AEGD^EFOEa^ABEa- B aF+ CI)<\^+ DA // 

=- 170 + 130 + 60 + 57i + 67.^ 

= 485. 

Since one division represents one-tcutli of an iiieh, one small s(piare, 
represents one-hundredth of a square inch Jind 1,1 le a,r<,\-i of AIHD) is 
4*85 square inches. 

By a similar process the quadrilateral x\BOD in Kig. 6 is fotuol i(» 
contain 950 small squares ; its area is therefore 9^ tin\es the sqtuire of 
side 0 U, 

When the figure is bounded wholly or partially by ('urvod linos the 
area can be found to a fair approximation l)y (jonnting .s(juai‘os. When 
only a part of a square lies within the area th(^ usua,l rule is numf 1 
token the part looks greater than half a eomplrtv hat to natut 0 

when the pa.rt looks less than half a com pie ta stp tare ; n, part (luit appi'jys 
to be exactly a half may be counted, as L 



In Fig. 8 tlic area ABO contains a,l)out 08 sni.all .s(juat’os. The 
triangle ABD is i-AD . D/J ; d/) = 8 , /)/>-:^Vl*7 so that ADD is HJU 

Emmple .5. Show by measurement that tln;^ sides of the (piadri- 
lateral in Fig. 6 are " . 

^li? = 3*54, .Z^(7=3*04, (^ = 2*55, />d :3*35. 
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7. 'Trigonometric Ratios. Good practice in reading oflf 
distances is fiiniislied by the trigonometric ratios. The three 
principal ratios are dehned as follows. 



Let one arm ol‘ an angle A coincide with 0X^,1110 positive 
direction oT the .r-axis. On the other arm take any point 
P and (h\‘iw Pil/ ])erpondicular to OX. 

When A. is an acute angle, P will lie in tlie first quad- 
rant and its coordinates Oil, MP will be positive numbers. 
When is an obtuse angle, P will lie in the second 
qmidrant; tlu‘. aA)scissa oT P will then be negative but the 
ordinate will ])ositive. The line OP, which is the 
hj^potenuse oF tlie right-angled triangle OMP, is ahvays 
to be considered positivte '?lu‘ (.hree Fractions or ratios 
il/P Oil/ il/P 
OP’ OP' o¥ 

are called nsspeetively 

the sine, the cosine, the tangent 
of the angk^ A or XOP. The phrase “ sine of the angle A" 
is usually contracted t(; “sin ./I” ; similarly “cosil” and 
“ta,n^i” mean “cosine of the angle! A'' and “tangent of 
the angle A" respectively. Heiicc^ 

. , MP , OM , , MP 

am A =: , c-OH A = ^p, tan A - 



14 


TREATISE ON ORAl>HS. 


Note that MP is the ordinate and ()M tiie abscissa of the 
point P; or, again, MP is the side opposite to tlu‘ angle A. 
and OM the side adjacent to the angle yI in Uh* right-angled 
triangle OMP, When the angle A is grt‘a,i(T than ft rigid 
angle the words “opposite” and “fiil JfRu^nt ” fir(‘ not V4‘rj 
appropriate. 

In calculating tliese ratios from inc'asnrtmHnds OP Aumhl 

o 

be not less than two inches. 


R.VKJKMSKS. 11. 


In examples 1-15 let one inch represent nnil.y. 


Plot the points in examples 1-15 : 


1. (2-5, 1-5). 

4. {-2-3, 1-4). 

7. (1-54, 1-63), 

10. (-2-76, -1-23). 

13. 


2. (1-5, 2-5). 

5. (-3-2, -P3). 
8. (2-60, 1-72). 
11. (-1-98, 0-Sl). 
14. (H', li). 


3. (2-7, l-.H). 

6 . (-i-i, rc). 

9. (0-37, l-iii). 
12. (U-SH, O’Sll. 

15. (s/2, ,1.3). 


Plot the points in example.s 16-18, ta.kinoom! incli to ri‘[iresen( 10 : 
16. (61 7g). 17. (8¥, 91). ' 18. ()0s/2, 10,/;!). 


Plot the four points in each of the examples 19- 21 ami limi (lie .sides 
and the area of each of the quadrilaterals having (he four points as 
vertices. Scale l''=l. 

19. (3-5,2), (l-,5, 2), (1-5, -1), (3T), -1). 

20. (2-7, .3), (0-4,3), (0-4, -1-2), (2-7, -1-2). 

21. (1-8, 1-3), (-2-4, 1-3), (-2-4, -0-7), (P.^, - 0-7). 

22. (2|, n), (-3-1, 1^), (-31, -2.’), (2->, -2,1). 

23. (1-24, 2-62), (0, 2-62), (0, 0), (1-24, 0). 

24. (1-86,2-27), (-2-14,2-27), (--l-h - (l•«6, -■1-.I.5). 

Find the coordinates of the point of intersection of (he straight, 
lines AO, BD and the area of the qmulrilatoral AUCD in each of tlie 
examples 25-28 : * 

25. ^(2,1), B(-2,2), y)(3, -1). 

26. .-1(1-7, 2-3), 5(-l-8, l-,3), <7(-l-C, -0-.5), 71(2-1, 0-3). 

27. .1(21,11), B(2, -;>), C(-l|, -lil), />(_l, :ia). 

28. .-1(3-8, 2-,3), j 5(0-4, 1-6), P'(-l-.3, -2-2), /l(2-.l, -I -7). 


*In some oases it may he convenient to ih-aw tlii-fmt;li .•!, />’, t.', /) 
par#lels to the axes outside the ijuadrilatet-al, formin,tc 'a r.ircimisci-ilieil 
rectangle. A BCD -will then be the rectangle diminished hy four ti-iangles. 
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Find the area of the triangles whose vertices are the points in 
examples 29-34 : 

29. (0,0), (2*4, 0-5), (2-4, 2-1). 

30. (0,0), (-2-3, 0-8), (-^2-3, -.1-4). 

31. (0, 0), (1*5, 2), (0-G, 3). 

32. (0-G, 0-4), (2-8, 1-3), (I *3, 2*4). 

33. (l-G, 1-2), (--1,2*3), (-0*4, -1). 

34. (2-4, ~1*8), (-2*G,2*3), (-1, -1-4). 

Draw, using n protractor, the angles in examples 35-40 and calculate 
from measurements their three trigonometric ratios : 

35. 25“. 36. 30”. 37. 35°. ' 38, 55°. 39. G0°. 40. G5°. 

41. 115°. 42. 120°. 43. 125°. 44. 145°. 45. 150°. 46. 155°. 

8. Distance bet-ween two points. Lot P (Fig. 10) be the 
point (d, h) aTid Q the point (c, d); draw PM, QI^ perpen- 
dicular to A" 'A' and PR paraJlol to A"'A^ PR meeting J}fQ or 
NQ prodiieod at. R. 



The dejis PR and MN arc equal ; but 

i¥iV= MO + OiV= - 0M+ (;i\r= OAT- 0M= c-a,.. .(1) 
and therefore PR — c — a. In the same way we find 

IlQ^NQ^m==NQ^MP=’^d^h ( 2 ) 

These ex])r(‘ssi()MH for tlie stej)s PIN (or PR) and ItQ are 
true wliatever bii the positions of P and Q. If Pit bo called 
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TREATISE ON GRAPHS. 


ilie oj-component and RQ the ^//-coiuponeiit ot the 'Sti‘|) .PQ 
(from P to Q) the results (1) and (*2) luay ho stat(‘d thus: 

cu-component of step PQ=={,v of Q) — (a' ol P), (T) 

2 /“^omponent of step PQ = {y of (2) — {// ih, (2') 

The numerical value of c — a gives the huigih tjf tht* step 
PR or MJSf while the sign ot c — (f tells whetlua' tlu‘ .st(‘p is 


right or left. 

Now, PQ^=:PJP+RQ\ 

and therefore = (e — ay- -{-(d — hy\ ( S\ 

and the length of PQ is given by 

(4) 

. The length of OP is given l)y 

OP = ^{OIP + MP^) - + Ir) (5) 


Equation (5) is clearly that euvse of (4) in which coin- 
cides with 0 and therefore ^// = 0. 

To gain familiarity with and coidi(I<uic(‘ in the resuhr 
(1^), (2^) the beginner should take ,s<u’<‘]‘;il ])osi{i()ns of P 
and Q, for example 

P(~2, 3), Q(l, 2); P(3, 2h QX-iP\): 

P(~ 2,-^3), G(:h-2). 

Emmiple, Calculate tlie distance between the |iuiiits 1), 

^( — 1, 1*5) shown in Fig. C, p. 10. 

of B — x of .'l)“ + (y/ (tf B - y ot .Ip 
-(-l-2*5)2+0*5-l)- 
= 12*25 +0*25 
= 12*50, 

ilj5=^12*50 = 3*535.,.. 

By measurement we found xl,/l = 3*r)4 (exjunpic 5, p. 12). 

The following definitions -will save ('xplanal ions at. a 
later stage. 

Definitions. T\\*o points A and H iii*e said (.o 1 h‘ symmetric 
with respect to a straight line wlien tlH‘ line l)isiads .1 !l and 
is perpendicular to AB. 

Two points A and B are said t.o 1)(^ symmetric with respect 
to a point 0 when 0 is the middle point of A />. 



SYMMETRY. • EXERCISES. III. 
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EXERCISES. III. 

Calcn.late tlie (li,stjuice betAveen tlie pairs of points in examples 1 —6 

1. (0, 0), 2. (0, 0), (-3*2, 2-3). 

3. (l-O, 2-3), (2-3, !•(>). 4. (~l-3, 2-1), (2*1, 1*3). 

5 . (-2T), -1*2), (2*5, -3*2). 6 . (4*3, -2*4), (-3*4, -2*4). 

7 . Sliow that tlie following points lie on a circle whose centre is 
the origin and wliose radius is 5. 

0), (4, 3), (3, 4), (0, 5), (-3, 4), (-4,-3), (3, -.4). 

8. Show that the following points lie on a circle whose centre is 
the point ((», 7) and whose radius is 5. 

(11, 7), (10, 10), (0, II), (3, II), (2, 4), (0, 2). 

9. Calculate- the sides and diagonals of the (piadrilaterals in 
Exercises 11. 25, 20 and test your results hy ineasureiuent. 

10. Show from tin? diagram of 7 that 

(i) siu-yl -f-eos-M ; (ii) 1 + taird = - ; (iii) tan d . 

cos-.- 1 ^ eoB.i-1 

[siu-.l means “ the square of sin J/’ etc.]. 

11. Verify t he formuhie (i), (ii), (iii) of example 10 for the ratios 
found in Exercises IT. 30, 38, 40. 

12. bind the coordimites of tlie points symmetric to the following 
points with respt'ct to tin? .r-axis. 

(i)(;?, iJ); (ii)(-'l,3); (iii) ( -2, - 1) ; (iv) (2, ii). 

13. Eind the coordina-tes of the jioiuts symmetric, to the ]:)oints 
in exa-m|jle 12 with r(‘spe<*t to tin? //-axis. 

14. Kind the coordinates of the points symmetric to the points in 
exam{tlc 12 with resjicct to the origin. 



CITAPTER IL 


EQUATION OF THE STEAK H 11’ LINE. 


9. Coordinates connected by an Equation. W(' shul! now 
plot some points wliose coordinates, m and v/, ai-(‘ eoniuMited 
by an equation. 


Fsam.ple 1. 
values 


In the equation + 3 give to .<■ in sticeeMsioii the 

- 6 , - 3 , - 1 , 0 , 1 , 3 , 4 ; 


associate with each value of .•r the corresponding N’alur «tf // d(*diic(‘(l 
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from the equation, take each pair of (M>rresp(uidiiig \alncs of .rand?/ 
as the coordinates of a point and plot the seven points thus nbtain«Hl‘ 
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Wl),en - G, y — - 9 ; when .r— - 3, ?/— — 3 and so on. The values 
may he tabulated as follows : 


“ 0 

-3 


0 

1 

1 

3 

4 

// “ 9 

|~3 

1 

3 

5 

9 

11 


Now plot the points (-6, -9), (-3, -3).. .(4, 11). When ho has 
ph^tted the points the student will probably notice that they seem to 
lie in a straight line ; the observation, if tested by a ruler, will* be found 
correct. Dr‘aw the straight line, producing it both ways iudelinitely 
(Fig. 11). 

Tlie coordinates of the points (-1, 4), (-1|, 0), (2-^, 8) satisf}^ tlie 
efpiation v/-~2.r4-3 ; do these points lie on the line? If the pojnts we 
.started with a.re correctly plotted, the answer is, “Yes.” 

Wha.t is the y/ of the point on the line for which /v is 



Fia 1 -. 

Do the eorresptmding values of .rand //satisfy the: e(|ua,tion //=“ 2.r4'3'^ 
For (‘xa,iuple when.r -'r) the diagrajii makes //— 13 ; do the values 
?/~ 13 satisfy tint nation ? Obvion.sly they do satisfy it, 
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TREATISE ON GRAPHS. 


In tlie equation 3.'t’.-2v/™4 ^nvc In in succession the 
values “i, 0, 1, 3, find tlie coitos ponding valuos of y troiii th<‘ c(jnnfioii 
and plot the points as in exanqjle 1. 

The points are (-1, —34), (0, -ii), (1, ; ^ tin'sc arc in a 

straight line. Draw the line and produce it (Mg. PJ (i)). 

Prom the equation 5A’ + 4y= l4 find the va,hN‘s <>f y con’csp<tn(ling (o 
the values — 1, 0, 1, 3 of x and plot the points, using i-hc same ax(‘s ami 
scale as before (Mg. 12 (ii)). 

The points are ( — 1, 4|), (0, 3^, (1, 2.].), (3, -.[) ; t lu'si^ again lie in a 
straight line. Draw the line. 

At what point do the lines intersect? Do the cottrdinalt's of this 
point satisfy either or both of the (ujuations ? 

The point is (2, 1) and the coordinates satisfy both e{jna,t ions. 

In examples 1 and 2 the points have luani ol)tain(‘(l by lirst, choosing 
values for v and calculating the values of y from tlu* c(|ua.taons. Of 
course we might have first chosen valines foi* y and <‘alcnla((Ml t he 
corresponding vmlues of sc from the equations. 4'hc. stmhmt- may, for 
example, give to y in example 1 the values -. 1 , l4, calculate tla^ 

corresponding values of .rand test whether the points lie on tla^ st might 
line. 


EXERCISES. IV. 

In each of the examples 1-14 plot the six point.s obtaimul by giving 
to X the values -5, —% 0, 1, 2, 0 and show by applying a ruhn* 
that each set of six lies on a straight line. 

Eind, hy giving to x (or y) other values, otluu’ points whose 
coordinates satisfy one of the equations and test \vh(‘ther th(‘ points 
lie on the straight line constructed from tha.t (upiallon. Do this bn* 
examples 1, 8, 13. 

Take on each straight. line the points whose tibscissac* art* b, 1, I, 
- 4, read off the diagram the coiTes|)(mdiiig oi*dinal(‘s a, ml then tost 
whether the coordinates of the points sallsfy the (*({nation used in 
constructing the line. 

1 . y~.r. 2 . y==.r+2. 3 . y— .r--2, 4 . y j\ 

5. y~ —x-i-2. 6 . y=“.r~-3. 7 . y-2,r. 8. y 2r j 4. 

9. y = 2.r-4. 10. y=~2.r. 11. y -- - 2;t’+3. 12. y^ 2.r 3. 

13. 2^+3y=4. 14 . *3.r - 2y + 4 - (). 

15. Having proved that the points given l)y etpia-tion 1 lit* in a 
straight line how could you show, without caknilating the coordinates 
of each point, that the points given by e(p.iations 2 aaid 3 aa*e in (*a<*h 
case in a straight line? Consider in the same way tlu^ relation of 5 
and 6 to 4, of 8 and 9 to 7, and of 11 and 12 to 10. * 

16. A point F moves in a plane in siudi a way that its abscissa, with 
reference to chosen axes is always 2 ; wliat is tlic^ locus of /\ that is 
what path does F describe ? 

What is the locus of F if it moves so that its ordinatti is always 2 ? 



EQUAl^ION OF A R^TvAIGHT LINE. 
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17. Wbiit i:4 tlie locus of a point in tlie following cases : 

(i) when its .v is a,lwa,y.s --3 ; (ii) when its ?/ is always —3 ; 

(iii) when its :v is always 0 ; (i,v) when its // is always 0 ; 

(v) wlien its a-- is always a lixetl ])ositive or negative niiml>er, +a 
or “Oy 

(vi) when its vy is always a, fixed ])ositive or negative number, +a 
or —if 'I 

18. Find any two {uunts, A and B say, whose coordinates satisfy the 
e(piation 3.r+ V/-^7 and any two [)oiiits, G and whose coordinates 
satisfy the cqmition -l.r* -3//™!. Plot A, IX 0^ D on the same diagram, 
and rea.d oil* the c'oordiuates of the point in which the strn.iglit lines 
AB and 01) interseid. dV^st whether the coordinates of this point 
satisfy both (Mpia-tions. 

Ti,y wliether otluu* pairs of points, found in the same way as 
A, />', (7, A give, the sa.nie straight lines. 

19. Tlio same problem as in example IS for the equations 

' - 2// ~ < ), 2. r d- 3// -- 2. 

20. The same problem as in example IS for the equations 

■Iv - 2// + 5 h.r + Si/ - 1 5 - 0. 

10. Equation of a Straight Line. When ]>aivs oi* numbers 
are chosen at nMidoin ami tlic points plotted wliich Jiave 
these iniinhei's a.s coordinates, there will usually bo no 
orderly aiTani»’(vm(‘nt ainong^ tlie points; tliey will be 
scattered all o\'er the diag-rani. Tlie case is altered how- 
ever wlum tlie coordinates satisfy an equation. The 
student who has carefully worked tlirougli tlic examples 
of § 1) and th(‘. exercises on pp. 20, 21 must have observed 

(i) that not merely the IV.w points whose coordinates 
wore first caIcnlat(Kl, but (M tlie points lie tried wlnrse 
coordinates satisiie<l an equation lay on the (unlimited) 
straight line corresponding to that equation; 

(ii) tliat the coordinates of e\'ory point ho took on the 
line satisti(Ml tlie con\\spondiug equation. 

In tliese ex<‘im])les tln.^ e(|uation connecting the coordinates 
X and y is of the fii'st degree in x and y ; in other words 
each equation is of the form 

ax + hy + c:=0, ( 1 ) 

where, ((,, h, a ar(^ numbers. Thus, in example 1, §9, a = 2, 
6 = —1, 0 = 8, for tlie mjuation may bo written in the form 
2.r — y H- 8 = 0. 

The inference that ail points whose coordinates satisfy 
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an equation of the form (1) will lie in n. strai^ii'hi lin<‘ in 
almost inevitable, after the nuinorous eases lhai have Ihhiu 
tested; a formal proof that tlic inference is p)iT(M,*t is o*i\’cn 
in §14'. Meanwhile, assiimin^^ tlie truth of tla^ inlVaNaiee, 
we see that we have obtained a geometrical naaaning fni* 
an algebraic equation; namely, wliadever hi' tin* valines of 
a, b, G the points whose coordinates sadisfy «‘(|uation (1 ) li(* 
in a straight line, eacli set of values of u., />, c gi\'ing i-is(‘. to 
a different line. 

It is usual to express this l‘a,ct by saying ihal (‘V(*ry 
equation of the first degree in the coordinates, tliab is, (‘vany 
equation of the form (1) represents a straighi< lim*; and 
conversely, that a straight line is represented or given by a,!i 
equation of the first degree. Tlie (‘<|ua.tion is (tailed, with 
respect to the line, the equation of the line; the lim* is oftim 
called the graph of the equation. 

An equation of the first degree ih x ajid //, sinta* it is ihe 
equation of a straight line, is fr(*,(|ncntly (*allc(l a. linear 
equation. 

Test or condition that a given point should lie on the graph 
of a given equation. How can we ttdl, witliont^ (h*avving th<i 
graph, that a given point (that is, a ))oint whos(‘ coordinalcs 
are given) lies on the grapli of a givtm (‘({viallon ^ 
answer is, by testing whether tlu^ coordiuati'S satisfy ihe 
equation. 

For example, does the point (-4, -4) I’k^ oh the graph <tf 
3.r-%-l-4-(V!? 

Yes ; because 3 x ( ~ 4) - 2 x ( - 4) 4- 4 ( ), 

that is, the equation is true when .r ~ I a,n(l // L 

Does the i^oint (4, ;3) lie on the sjuih*. line ? *.No ; 

3x4™2x3+4-^ 10, 

that is, the equation is not true wlicn .i’ -4 and ?/ -3. 

It is very important that the beginner should iborougbly 
grasp the fact tliat a point does or does not lie on a graph 
according as its coordinates do or do not satisfy the equation 
of the graph. 

To draw a straight line, only two points on it arc^ ni*eded; 
these should be as far apart as possible so that aaiy slight 
inaccuracy in plotting them may not cause a serious dis- 
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placi^ment of the line. It is easiest to find the points where 
the line crosses tlic axes, but tliese arc seldom the best 
points to choose. 

For excini|jle, to draw the graph of 

3.r-2y + 4 = 0 

we may |,)roeet^<l a.s follows : The .r of all points on the ;^-axis is zero ; 
but wlien tlu' e(pia,tion gives so that the liiie crosses the 

y-axis at the point (0, 2). The // of all points on the a>axis is zero; 
but Avhen j/- 0 tlui e(juation gives .r— — I.*";, so that the line crosses the 
.roixis at the point (— lA, 0). It would be better, however, to find 
aiiotlier point than (- lA, 0); for example, the point (2, 5) or the 
point (4, 8). 

It is often viseful to plot fh/rce points as a test of accuracy. 

It is perl laps worth uotiug»' specially that the equation 
of the //-axis is .r~(), and that of the ii’-axis is y-O. The 
equation ;r = u, wliere a is a definite imiuber, represents a 
line perpendicular to the rr-axis, while the equation y = a 
represents a line ])arallel to the .r-axis. (See examples IG, 
17, pp. 20, 21.) 

11 . Scale Units. Points have often to be plotted whose 
coordinate's dilier considerably in magnitude ; such points, 
for example, as (1, Ki), (2, o2), (3, 48). In such cases the 
choice of e((ual unit steps OU, OF (§5) requires either a 
very small unit length or a very large diagram. We are, 
however, (|uite at liberty to choose these unit steps of 
different lengths ; sucli a choice is quite consistent with the 
definition of coordinates. Tims, in Fig. 4, OM—xOU, 
MF^yO V the point P is definitely fixed whether OU 
and 0 V liaN’e the same length or not. 

In ma-ny of the most important applications of the 
method of coordinates th(‘. numbers x and // refer to quan- 
tities of diffei*(uit kinds, and there is no necessity that tlie 
segmdit whicli rcpi’t'scuits a unit of the one quantity should 
have the same length as that whicli represents a unit of 
the otlun*; the scales of representation of the two quantities 
may, and usually must, he chosen (piito indepeudently. As 
a matter of fact, tlu^ student will find as lie proceeds that it 
is in most (*-a.s('s tlu' relative and not tlie absolute lengtli of 
the ordinat(^s tluit is of importanci'. ; if in the same diagram 
the same unit is use<l for the ordinates throughout, it does 
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not matter whether it is of the li'iigth as the unit 

nsed for the abscissae or not. (See also § 24.) 

A proper choice of scales coiitiibutt^s t>-reaily to tla^ use- 
fulness of a diagram ; before making Iris choice tho stuikait 
should find out "as far as possible the gn^aftsst iruinlHa’s that 
have to be represented. 

We will now work some exam[)lcs and show liow ike 
graphs may be used to erlvo cciuations. 

12. Examples on the Straight Line. Solution of Equations. 

Emmpla 1. Draw the straight lines givani l)y the (>(jua,tioiis 
(i);/ = 10.r, (ii) .y=:10.rH-lii, (iii) y-- KU'-* m. 



Equal horizontal and vertical units would giv(i an ineonv<‘nieni 
representation. Let 1 inch aloi% OX be the aMinit hut. let, I inch 
along OF count 10 y-units, that is, take tlie vtutieal unit line to he 
-f'^th of the horizontal unit line. 

The origin (0, 0) is a point on (i) ; to get another point let ^ and 
•we get the point (2, 20). To plot the point (2, 20), move 2 Imrkmtal 
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units ^*0 right iiloiig 0X\ then 20 vertical units upwards ; that is, 
move 2 inches to the light, then 2 iiiciies upwards. 

Eor (ii) and (iii) put 0 and 2 for .r*; we thus get the points (0, 12), 
(2, 32) on line (ii) and the points (0, -12), (2, S) \m line (iii). 

Fig. 13 shows the lines. They .sv?c?a. to be parallel and it is easy to 
prove that they are so. '".riie line (ii) is simply tlie line (i) moved 12 
units up the diagrain ; for if v'o take ani/ two jioints, one on each line, 
having the ,yme ahseisstf, the ordinate given by (ii) is greater by 12 
than tluit given I'V (i). Simihuiy line (iii) is simply line (i) moved 
12 units down the diagram. 

The student will have no diHicnlty in seeing that the line given by 
g = a,v-^h, Avhere o, and h are any two numbers, is parallel to that given 
by;y = </.r; the latter ■))a.sscs through the origin and the former lies 
h units above it when if is positive, but l)elow it v'hen h is negative. 



Fig. 14. ycalo roduced to two-tliirds. 


■^]3y the phrase “ with the same scales” we shall always mean, when two 
or more e(|nations are given, that the r-sealc f)f the one is the same as the 
a;-scale of the other and the ?/-scal6 of the one tlie sa.ine as the 7/*SGale of the 
othei’, not that the a;-seaie is the same as the y-sealc. 
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Two points on line (i) are (0, 10), (3, 'li ) ; two points on lino (ii) are 
(0, 25), (4, 11). 

For scales, let 1 incli represent tho valuo 2 <it .r aiul llio value in 

ol Jf. 

Tlie lines are sliown in Fig. M. Tlio point of intei’soft i<ni A is 
(2, 18) ; so far as we can see from the diagram the .e is exactly 2 and tho 
y exactly 18. 

Since A lies on both lines its coordinates inusl. satisfy hath (‘(juat iou.s 
(§10); trial shows that both eciiaitions are t-rne wlun .c 2, 18. 

The roots of the simultaneous equations (i) a.nd (ii) art‘ tlierth'ore .c - 2, 
y=ia 

It is evident tliat we have now a. giviphieal nu'tliod of 
solving two siinultaneons e(|uation.s oF the liivsi dt^gree ; all 
that we have to do is to draw the lines given by the equations 
and read off the coordinates of their point of intersection. In 
applying this method it is essential that the siUiie senles 
should be used for the two equations. 

Conversely, to find the point of inters(‘eIion of i-wo 
straight lines whose equations are given, w(^ inusi. solve 
the equations, treating them as siniultaneoiis (m { nations. 

The solution of the equation 4i;c+l() = () is e(iuival(Mit to 
the solution of the simultaneous equations 

(i) 2/ = 4a;-fl(), (ii) // = (); 

we draw the line given by (i) and find wlnu-i' i(- crosses tlie 
line given by (ii), that is, find wliere it crosses th(‘ .c-axis, 
whose equation is ;?/ = (). The value of .r for that point is 
the root required. 

For an equation of the first degTeo in one unknown tlu' 
method is of little importance but, as w(*. shall S(‘e, it. is of 
great value for equations of higher (legr(‘es. 

Example Z. Find the e((uation ’ of tho .straight lim^ that passes 
through the points (2, 3), ( -4, 1). 

Whatever may be the values of a, h (m| nation 

axA-hy + <'-0 (i) 

represents a .straight line. Wo must therefov(‘. choose (he nunib<'rs (g 
5, c so that the equation may be true l)oth wlnm .r 2 aiul // 3 aiul 

also when and y==l. Hence we have to solve tlie t\v»> .simul- 

taneous equations 

A~ 36 -j- c = Oj ■“ -f" 6 c 0. 

Since there are only two equations we solve for two of t.lu^ numbm‘.M 
a, 6, c in terms of the thud ; we get 6^- - fc. Substitute Hum 
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values in (i) ; (• will now occur iu every term and may therefore be 
divided out. C 'lea, ring of fractions we find for tlie required equation 

and it is easy to verify that tlie given coordinates satisfy the equation. 

In kiter work the equation of the straight line will 
usually he taken of tlie form 

jl=:ax^h, (ii) 

whicli is really equivalent to (i), althougli it contains only 
two numbers <t, l> while (i) contains three a, b, c. For, after 
division by b and transposition of terms, (i) becomes 

o e 




and the /orni, is now tluit of (ii). We may represent the 
fractional forms — l)y single letters, since each letter 


may represejit any lunnber, positive or negative, integral 
or fractiona^l ; we take ce, b as standard letters, but the a, b 
of (ii ) are of course not the same as the a, b of (i). 

The only exception is tli(‘. case in wliich h of equation (i) 
is zero ; tliat e( [nation is then n;r + a = 0 and represents a 
straight line perpendicular to tine a;-axis. If the two given 
points liappiai to bc^ in a line perpendicular to the jr-axis, 
the form (ii) would give two inconsisieiit equations for 
finding a., b. 


Thus, if th(‘- points are (I, 1), (I, 3), cupuitiou (ii) gives 

and thesis arc inconsistent. E(j nation (i) however gives 
(( "I” h -j- c -“-=0, 0,-1- Sh -j- c — 0 

and now /o-U), <r~~ — a and the e([uatioii of the line is 
o.r — o,-~0, ora;— I. 


If form (ii) gives inconsistent equations, then form (i) 
may be taken; but with a very little practices the student 
will notice at once wliother the points are in a lino per- 
pendicular to tlu^ a;-axis, and will bo able to write down 
the equation without calculation. 

It sliould be noticed that the huo numbers a, b of (ii) 
and tlie two fractions of (iii) correspond to the property 
that hvo points determine a straight line. 
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EXERCISES. V. 

1. f’iud, without dz'iiwing the line, wliicli, il'iiiiy, of (ho |mint.s 


{0,41, 

(.) 


(3,2), (4,3), (-S 

lie on the line given liy 4,r - .''n/ = 

Solve equations 2-15 gi'apliically and viu’ily .''our soliilioii.s hv lestiinf 
whether the eoordinatos satisfy both e(| nations. ' ^ 


3. .r-2//+ll-(», 
2.i'- 3// +]«-■(). 

6. 2,j;+4;y=ir), 
4.r+2?y — ifi. 

9. 3.r- 2y .= 2, 

20.r- 253^+24-^0. 
12. 5aH-3(w/=A()0, 
-t;Kr+45//=: 130. 


4. 4./- T// 1 3, 

•r - Sy 22. 

7. 2.r+y+| I), 

S.r + liy 3 

10. //. 25,r+13, 

V/ 5().r (i2. 

13. ,r+l(iy.. 112, 
3,r+13// Kil. 


2. 3,v-%=0, 

,f-(/ + l=0. 

5. 4.-r+ y=10, 

3.'!.'-4y=17. 

8, 3.e+9y+]4=0, 

9A’+l%/+2=a 

11. 4y=7oa'-124, 

5?/=36a'+ 76. 

14. 2'63.r+3-12y=12, 15 . 23'.5.r+34'5// .810, 

2-14u'-2'36y=5. lS-4.r-. 4(:-(:}/ 857. 

■ 16. Solutions of the equation 3.i.‘+4=rt, are wanted fei' seveiul valinw 
of a ; how may the solutions be obtained gi'a-iihienlly ‘f 

If solutions of 3.r+4=i.i;+t' arc wuinted foi' variinis v.'ilue.s of /> und 
£ how may they be obtained graphically 

17. find the etpiations of the straight limw tlirniitzh flu* iollowino 
pairs of points ; 

(iv) <'"> <"• ■'>' < 

18. Eind the coordinate of the vertices of the Iriunglc w hose side.s 

are given by the equations ; . .. 

.r-2y + 4=0, .?;+y+l=:0, ru--;//r-:7. 

19. Show by solution of equations that the three straiLcht lines 
whose equations are 

4,r=3y, ^=5.'V~n, r»/=x+ l7 
all pass through one point. Verify by drawing tlui lines 
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NOTION OI<' A l'’UN( rrK)N. I’ltAOTTCAL AT’PLICATTONS 
OF OUAPllH. 

1 

13. Variable. Constant, Function. As a pciiut moves 
aloi\^' the strai^^’ht lino o*iven liy the equation ;(7 = Ca: + 5, 
the X of the point t>’oes through, or ta/ve,% a succession of 
values; tlie ;// of the point also goes througli, a succession 
of values, but the \';ilues tliat ;// takes can be calculated 
frorn tlie e({ nation when those of x are known. Or, again, 
we inaj^ say tliat if we give to x a seiies of values, 2 / is 
restricted by the ecpiation to anotlicr series of values, and 
the two series determine a point wliicli moves along tlie 
straiglit line as x goes tlirough its values. 

In other words, ;t is a variable ; so is ;//, but since the 
equation fixes the value of y as soon as a definite value is 
given to x the vai*iaJ)le // is said to be dependent on x. Since 
the values of x aro supposed to be iirst given, x is called 
the independent varialile of tlie equation. We might, of 
course, iii'st assign values to y and tlien calculate tliose of x ; 
y would now be tlu^ independent, and rr tlie dependent 
variable. It is usual 1}^ a mere matter of convenience wliich 
is taken as indepi^ndent ; that variable wliose values are 
the objects of iiKjuiry or calculation is the deperu lollt one. 

Anotlier metluxl of stating the connection bet-weel. two 
variables, one of wliich is dependent on tlie otlirn*, to 
that tlie de])(m<]ent va-rialile. is a function ('if tlie otlie^* 
variable, which is then often called the argument of tlie 
function, 
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The graph of an equation sliows very ch^arly how the 
function varies as the argument clianges. abscissa is 

usually taken as the argument or inde])tui(lent variable, 
and the ordinate tlien represents the fuiud.ion ; tla.i graph 
is therefore often called the graph of the function. Tims, 
Fig. 13 shows the graphs of tlie tlu'ce functions 

lOx, lOx+12, I0.r-~I2; 

the two expressions — “the grapli of the function lO.r ” and 
“the graph of the equation jy= lO.r” — mean tlie sa^nn^ thing. 

Since the graph of the function am + h is a. straight line 
this function is often called a linear function of ;r. 

In the expimsion ax + b there are tliroe letbn’s, but only 
one of these is a vaaiable in the sense now explained. Tlie 
letters a, b denote definite numbers; they fix the pa,rti(‘.ular 
• line we are dealing with. For each set of values of (t and h 
we get one line, and x and y vary from point to |)oint, as 
we go along the line; a change in a ord> would giv(‘ rise 
to a new line and to a new case of the liut^'U’ fuucf.ion. 
Lettei*s such as a, h that retain the same value all through 
any one investigation are called constants. 

It is customary to denote constants by the ea.rli(U’ lettiu’s 
of the alphabet a, b, c , and varialiles by tlie Inf er Id^tia’s 
2 ;, y, X...; but when there is any advantag(j in denoting 
available by a or a constant by tlier(i is of covu’se no 
reason against doing so. 


Emmfle 1. The variables and ?/ are eonnectod by Mu* (‘([uaiion 
%vy - 3a* by -h 7 “ 0 ; 
express y explicitly as a function of .r. 

The equation clearly makes y dependent on for if we to :v 
any value we can calculate the value of y ; in matheniaMcal iaiii;’uaj^% 
the equation is said to define y as a function <tf .r. ^Po sec iuor<* plainly 
how y depeaids upon .r, solve the e(|ua,tion for y in terms of .r ; W(‘ fin’d 


and 


(ar-r))y:-OU*-^T 

;u*-^-7 


H is now said to be expressed (^vplmUy us a fimcfaon of .r whili*., so 
%hg as the equation is not solved foj* y, it is only impliidtly (‘,\pr(‘Hsetl 
as a function of ,v ; in the unsolved form of tlui <*(} nation y is an 
fnneiion of .r wliile in tlie solved fo]nu it is an (wpdeit Jfnn'tion 
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The equation also defines .r as a function of ?/, namely 

% - 3 ’ 

as may be seen by solving the e(j nation for ,v. Both functions are 
fractiomil fimctions of their arguments. 

EmonpU 2. A stone is thrown vertically upwards with a velocity 
of rfeet ])er second ; express the distance travelled in a given time as a 
function of the time. 

Suppose that in t seconds the, stone has risen .s' feet abo\'e the point 
** of projection ; then it is shown in books on im^chanics that, when the 
resistance of the air is left out of account, 

whore g is a constant, efpial to 3*2*2 approximately. The distance 
travelled is therefore a function of the time ; since" the time t enters 
into the expression of the function in the second and no higher degree, 
the distaiu'c .s* is a quadratic function of the time t. 

The velocity 'r at time t is a linear function of the time because 
r = V-gt. 

The graph of the velocity v is a straight line ; the graph of tlie 
distance. .s‘ is a cui’ved line called a ])arabola (§ 20). 

In this example .s*, t are variables ; T, g ai'O constants. 

EmmpU 3. A point moves in a cirede of radius 5, and centre 0, the 
origin of coordinates ; ex|)rcss the ordiimte of the point as a function 
of its abscissa,. 

Let a’, y l.>e the coordinates of P in any one of its positions ; then 


(§ 3 ) = 

and th eref oi’e a;- ~ 25, (i) 

so th at ;?/ — ,sy(25 ~ .r-) (ii) 


To express y fully we must I'ememhei’ tliat the rout may be either 
positive or lU'.gative ; the symbol ^/(25“.r-) is two-'mliied^ namely is 
either -(-^.^(25 - .r-) or - ^/(25 — .r-). The + sign goes with points 
above the .r-a,xis, tlu; ~ sign with points below that axis. 


Equation of a circle. We ba\'() here found the equation 
of a circle. It is eas}^ to find tlie eaiuatioii of any circle. 
Let its ecaitre lx* tlui point A {a, It) and let its radius be 
c ; tlieu if F {x, y) is any point on it we liave (§ 8) 

+ (c) 

which is the reapiired (‘quation. 

The stinlent sliould verify the equation for different 
positions of the centre a-iid diMerent values of the radius. 
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EXERCJTSES. VT. 

1. The base of a triangle /> inches, its lun'glit h indies and its area 
A square inches; write down tlie ecjuatien that ('onniH'ts h mid A. 
If 4 is constant and />, A variable what kind of funet ion is A of 6'^ 
Represent graphically the relation between /> ;uid A whmi /» is eonstmit. 

2. The radius of a circle is r, its cirimndVri'iice is c and its m’<‘a, d. 
What kind of function is (i) c of r, (ii) d of /• f licprescnt: gr;if»liically 
the relation lietween r and c. 

3. When a (piantity of gas exj lands at constant^ tcin|H‘ralnr(‘, the 
product of its pressure, p lb. per s(j. in., and its \oIinnc, r cub. in., is 
constant, equal to 6bsa.y. Express /) a,s a, funct ion of 

4. If the effort, Ij lb., reipiii’cd to raise a. load, M' lb. is a linear 
funebion of the load write down the genera,! e\pr<*ssion for A as a 
function of W. 

5. is given as a funebion of .r by the (apiation 

(tau/ 4 - hv + <•// + ( I - ( ) ; 
express y explicitly as a. function of .r. 

6. Draw (with coiiqmsses) tlie cir(4e whose cind rc is t he origin aiul 
whose radius is 5, and find the eoordina.b's of t he points in which it is 
cut by the straight line wliose equation is 

Tiy^^ar-f K). 

[Ill this case the unit length must be tln^ smn<' for t he y scale as for 
the .r-scale.] 

7. Draw tlie circle, centre (2, 3) and radius 3, and find tlie 
coordinates of tlie points hi wliich it is mit by the st-raight line 

Of wbat two sinndtaneons equations a.re tiiese (’oortlinatos tiu^ roots? 

8. What are the coordinates of the point- or p»>ints in which the 
circle of example 7 cuts (i) the .r-a-xis, (ii) tlu^ //mxis? What, are 
the equations that the values of .r in (.-asi^ (i) and tln^ values of y in 
case (ii) satisfy ? 

9. Find tlie equations of tlie following drclcs ; 

(i) centre (-2, 3), radins—r), (ii) cmitre (2, 3\ radius - o. 

(iii) centre (-ti, -2J?), radins:==^(). (iv) cmitre (2- 1, 2'i), radius 24. 

10. Show that tlie e({uation 

•'C" ‘hr 4" ( )f/ 4" 7 t 

represents a lu'i’clo and find its cimtre a,nd r-adins. 

[The equation may be written 

(.r~2)--|-(;?/4-3)-=d>, 

that is 

By comparing with liiination (u), p. :VI, wo «(■<! Unit iliis (‘qmitioii 
represents a circle, centre (2, -3) and radius or 2* I4t).) 
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11. Sliow that tlie following equations represent circles and find 
their centres and radii : 

(i ) 4- 2.r -- 4v/ 4-1—0. (ii) 4- 4- 4- 4- 4 == 0. 

(iii) :r‘-^4-yH8.r-I2/y = ia (Int) 24-4-%“- 6\r- 2;?/=3. 

12. Show that the equation (where a, 6, c are constants) 

.r- 4- if + + % 4- c =r- 0 

represents a circle and find its centre and radius. 

[The equation may be written 

(.^•+ l«)--i + (y + y;)-= +ia^+17/-=-c= 

The centre is (- ^a, ; the radius is 4r).] 

13. Find tlie equation of the cii-cle through (2, 0), (0, 1), (3, 4) and 
give its centre and radius. 

[The eifuation must of the form given in example 12 ; determine 
a, b, c so that that e<}uation may be true when the coordinates of each 
point are substituted in it. We get tliree equations, namely 
442t«4-c = 0, l4/> + c=0, 25 4- 3n 4- 46 4- c == 0, 
whence a— b=-]p, c—-]lK 

Hence the recpiired equation is 

.r- 4.?/“ — Ij* -r — Ij'// 4 IP “0 

and the centre is (y, and the i-ailius J v^l70 = 2‘17. (Compare ^ 12, 
example 3.)] 

14. hh'nd the centre and radius of the circle tln-ough the three 
points in examples (i)"(iii) * 

(i) (0, 0), ( - 5, 0), (0, 0). (ii) (1, 1), (-1,-1), (1, - 1). 

(iii) (2,3), (-4,0), (0, -5). 

14. Gradient of a Straight Line. We shall now prove 
that the equation y — ax represents a straight line; the 
general case 

y = ax. + h or ax + by + c = 0 

can then he inferred as in ^ 12, lixainples 1 and 8, 

First, let f/. be positive ; for definiteness, suppose a = 2. 

In Fig. 15 l(‘t ()U=1 ; dra.w UA perpendicular to OU 
and equal to 2 units of the ;?/-8cale. On the unlimited 
straight line through () a,nd A take any two points P and 
Q and draw PM a, ml QN ])erpetidieular to X'X. 

The coordinates of F ai*e both positive, those of Q are 
both negative, <‘ind therefore in botli eases the quotient of 
ordinate by abscissa is positive. 


0 . 0 . 
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Again, the triangles OMP, ONQ are )3oth c'qniangnlar to 
the triangle Ot/14 ; hence 

OM OU~-‘’ 0N~6V~-^ 
and therefore M P = 2 Oil/, iVQ = 2 ON. 



PiK. ir,. 


If therefore x and ?/ are the coordinates of aii\' iioint on 
the hne, snch as P or Q. we have ?y = 2,e. In ntl.er wonts, 
the coordinates of car?-?/ point on the line satisfy the 
equation y^2x. It is easy to prove tliat if a, iwint is not 
on the line its coordinates will not satisiy the equation. 

Second, let a be negative, say (t, = — 2. 
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Draw IT A' downwards perpendicular to OU and let the 
length of UA' be 2 units of the ^/-scale; complete the 
construction as iai Fig. 15. 

The coordinates of P' are of opposite signs ; so are those 
of Q\ and therefore in both cases the quotient of ordinate 
by abscisvsa is negcvtive. Exactly as in tlie first case it will 
now be seen that tlie coordinates of every point on the line 
P'(/ satisfy the eij nation ~-2r. 

The proof for othei* valuers of a is similar to tliat now 
given. 0))viously when o = 0 tlie equation is y — 0 and 
represents the .r-axis. In all cases therefore the e(j nation 
yr=iax represents a, straight line through the origin 0 ; the 
equation y = + 5 represents a straight line parallel to 

that given by y = kx. 

Definition. Idle eoeflicient of .r in the (Hjuation y — ax-^h 
is called the gradient (sometimes the slope) of the straight 
line represi^nted by the eijuation. 

The following \N'nys of interpreting tlie gradient are 
important: 

6e(mietrie(illy, the ;r-axis being supposed horizontal and 
the //-axis vertical, the gi'adieiit measures the rate at which 
the line rises or falls. Wlien <t is positive the line lias a 
rightdnuid upward slope; a point rises as it moves towards 
the riglit along the line. When (t is negative tlie line has 
a riglit-hand downward slope; a point falls as it moves 
towai'ds tlu‘ right along the line. When a = i) the line is 
horizontal ; tlie grixiter is (nnmerieally) the greater is the 
angle tlie line inakt^s wdth the horizontal. When a is vei^y 
large tlie a.ngle is nea,rly a riglit angle ; wlien the angle is 
90“ the gradient will Ixi said to be infinite. 

The gradient may of course be obtained by considering 
any portion of the line, long or short. Thus, the gradient 
of the portion UP (Fig. 15) is tlie vortical rise SF divided 
l)y the liorizontal advance RS and this (jiiotient, since the 
triangles RSP, OUA are equiangular, is equal to UA 
divided by OU, tluit is, is equal to 2. Similarly, the gradient 
of RP' is the vei’tical /h/i S'P' di\’ided by tlie horizontal 
advance li'S' and this <|uotient is equal to —2. 

Trig(m(m}(ivh*idljf, th(‘ graxliiuit a is the tangent of the 
angle which the line makes with the .r-axis. ‘ Wlien tlie 
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line has a right-hand downward slope, tihe angle ina_v be 
taken to he the negative, angle XOF or tln.^ ohtims angle 
XOQ'i tan XOF and tan XUQ' are both negative. 

Algebraically, the gradient a measures the rate at wMct 
the function ax+h varies as x varies. When x increases bj' 
any amount, y or ax+b increases by a- times as much. If 
a is negative', y will decrease as at increases; a d(‘crea.se is 
to be considered as a negative increase. 

For example, let ?/==2,r+5. As .<• incron^es from I to *1, // iiioi’eaws 
from 7 to 13 ; that 'is when :v increasohs by 3, // incnh'isrs by i\ or t wire 
as much. 

Again, let -^2.^+5. As .v increases from I to b // <‘hung<*s from 
3 to -3; that is when .v increases by 3, // (lt‘C!'e:is<‘s l)y (J (luHnuise 
-3 = 3-6) which is twice as much as the inertia, se in .r. 

Since the increase of ax + h, wlieii x iiicreastss by any 
amount, is always a times the increase of ir, i\w. lim^ar 
function ax + b is called a uniformly varying runetion ofii;. 
The rate at which the function \"aiies is constant and e((ual 
to a; or again, the increase of ax+b is always in simple 
proportion to the increase of x. 

Ummple 1. What is the gradient of the line givm) by tlu* oi pint ion 
7.r-h2?/ = r>OV 

The equation may be written ?/= - + Kenet* Mo* gradiimt k 

the line has a right-hand downwa.rd slope and falls 7 nuits for 
every 2 units of horizontal advance or a.t the. rate 7 in 2. 

Example 2. Find the ecpiation of the straight line with grndient I 
passing through the point (3, 5). 

Lety=a.r-h/> be the redpiired equation. Tlnm o ■ • r, and tin* iMpialion 
becomes y = |.r + /;. 

Since the line goes through (3, 5) we lia.v(‘ 

5 = y. X 3 -f h or h “ y* ^ 
and the required equation is 

y = 1 %' 4- V- ^r 2;r - 5?/ + 1 1) - (), 

Similarly it may be shown that the etpiation of t-lu^ line wi(b gradimit 
g passing through the point (//, /•) is 

or, in a form that is more easily remembered, 
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Example 3. Show that the gradient of the line drawn through any 

point at right angles to the line y=cr.r+6 is 

The gradient of the line throiigli the origin 0 perpendicular to the 
line will clea-rly be that refjuired. Draw OB perpendicular to 

OA (Fig. 15) and let D/>cnt EA'titB; then, taking Oxi as the line with 
gradient a, we Imve /hi =a. 

Now the triangles BUOj OEJ a, re ecjiiiaiigular, so that 

BU_^or , \ 1 

The length of the oidinate CB is !/</ V)ut the sigii of the ordinate UB 
is opposite tu tlmt of UA, Hence both in size and in sign 

UB^ - 

a 


But the gradient of OB is /7>, since OEis unity. 

In this |)roof it is a-ssumcd that, the \init line for the oi'dinates is of 
the sann‘, length as 0C\ the unit line bn* the abscissae ; if these units 
are of ditlerent hnigths, the tria.ngh\s BC'O, OEA will be distorted and 
will not be siniila.i’. The student should note e.\a.niples 17, 18 in 
Exercises VII.; if the lines arc correctly drawn they will not seem to 
the eye to 1)0 perpendicular to each other. 


EXEBClbSES. VII. 

Find the equations of tho straight lines through the points in 
examples 1-4 and state thegi'aditml of each: 

1. (2,4), (-3, 1). 2. (-4,b),M, -6). 

3. (-7, -11), (4,0). 4 . (3, 7), (-7, 3). 

Find the e( {nations of the straight lines passing through the point 
and sloping at the gradient given in exani{)les 5-10 : 

5. (0,0), 1-5. ^ 6.’ (3, 2), -5. 7. (^5,-4), S. 

8. ( 3, 0), - 2-5. 9. (4, - 8), ™ 1 . 10 . (6, - 3), j,. 

Find the tapiationsof the straight lines tlirough the point (3, 4) per- 
pendicular to the lines in (‘xamplcs 1 1-1(1: 

11. v/-3.r + 7, 12. .y- -3.r4-7. 13. 4,.i;-2?/ = 5. 

14 . *4.1;+ 2// = 5, 15. 5.r + (!//+ 1-0. 16 . ().r-5// = 12. 

17 . Taking the unit for the .e-s<^alc to l>c 1 inch and tliat for the 
y-scalo to l.)c ,V)th of an inclg draAv the straight line y/=10.raud the 
straight line through the origin {H'-rpeiidicnlar to ?/==l().r. 

18 . Tlie same prol>lem as in example 17 for the straight lines 

p — “ lO.r’j y/ = 20. r, y/ — - I5.r. 

19 . y/ and arc ea,(4i linear functions of .r, but ?/ increases twice as 
fast as ; when .r— 0, y/ = 2, ^;=6 ; when a;=12, g = At what lute 
dues j increase 
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20. y and ^ are each linear functions of but // decreases tliree times 
as fast as 2 ; increases ; when .r=0, z= —Z ; when .r - .* j , // I . At 
what rate does .s increase ? 

15. Applications of Graphs. We sliali now git-e some 
illustrations of the way in whicli graphs may be applitMl 

The student will probably have noticed tliat a. straagid. 
line, referred to coordinate axes, can bo used as a, kind of 
multiplication table or of combined addition and midti- 
plication table. Thus the ordinate of lino (i), Fig. 14, gives 
the value of 4a;+ 10 for every value of x within tlie raaig(‘ of 
the diagram ; when x is, for example, 1*() tlic value of 4;r.4- 1 0 
is at once found from the diagram to be I O' 4, l)eeaiisc I( )*4 
is the value of the ordinate when x is TO. Simikirly the 
ordinate of line (ii) in the same figure shows that 25 — d*r>a.’< 
is 19'4 for the value 1*6 of x. 

When no great accuracy is required a- gra])1i nh‘iy ustd’ully 
replace a table or servo as a “ready-reckoner,” as in (he 
following simple examples : 



2 4 6 

Scale of Quantity, f to 8 ewt 


Fig. IG. Scale reduced to two-tliirds. 

Example 1. Consti'uct a graphical ready- reckoner t.o show (he 
place of coal at 9d. per cwt. 

Let distances measured along OX (Fig. IG) refu'escuit tlu^ nuinlx'r of 
^t., the scale being say 1" to 2 cwt. and let dista.Tuucs measured along 
OT represent the cost, the scale being 1" to 2 shillings. 
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If a.' cwt. cost ;/ sliillings then y — ; the relation between x and ?/, 

since this equation is of the lirst degree, can be represented by a, 
straight line. Wlieri .'r=0, ?/==0 and when .?; = 4, The line 

through 0 and the point (4, 3) will serve as a ready-reckoner. 

Thus, when = y = 44 ; that is, 6 cwt. cost 4s. 6d. Again, when 
y=:5, .r = 6§ ; tlius for 5s, one can buy OJ cwt. 

It is ol)vious that with a large sheet of paper it would be possible 
to obtain from it a, considerable range of quantities and prices with 
fair accuracy. 

Example 2. Represent gTa]jhically the relation between the Fahren- 
heit and Oentigi’ade scales of temperature. 

Let F and C indicate the readings on the two scales con*esponding 
to the same tein|)erature ; then 


F-32+IJJo; t! = i;(P-32). 


To indicate with fair accuracy temperatures from, say, 0°C to IOO°C 
a large sheet is necessary, but if a, much smallei’ range is all that is 
required, a range from 20" to 50' C- for e.Kamplc, we may proceed 
as follows : 

Take the vaJues of F a.s a1)sci.ssae, the scale being 1" to 20"' F, and the 
values of 0 as ordinatt.ss, tlu^ scale being 1" to KTC'. The least value 



of F that has to be shown is 08 Ix^cause F ~ 0iS when 0 = 20 ; since no 
point to the le ft of or helotr the point ( 08 , 20) is re(juire(l, it is convenient 
to tneasuix^ the coordinaO's along lines drawn through tins point |)ai‘allel 
to the (U)ordinate a.xcs. Hu’s device is often UH(vful ; it might l)e refei’nid 
to as a cliange of axes to parallel axes througlx tlie point (08, 20). (Fig. 17). 
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The equation between E and 0 is of ^ the first degi'ee and 
therefore the relation Ijetween F and C will lie re|>reseHted by 
a straight line; to draw the line take the points ((58, 20), (122, 50). 
It is easy now to read off the diagram corresponding values of 
F and C ; for example 

100° F-37°‘8 C, 45° C = 113° F. 

Determination of a Graph by a limited number of Points. 
When the relation between two (jiuintiiies can be 
expressed by an equation of the tinst degrm*. the ^’ra|)h 
that represents that relation, being a straight liiu*, (‘n.n be 
drawn after plotting two points representing two jiairs of 
corresponding values of the quantities. Wlieii tlu^ ndat ion 
can be expressed by an equation that is not ol* the first 
degree it is still possible to draw the grapli tluit re])resi‘nts 
that relation, as will be shown in sulisiMjncni eliajiters. 
But in many cases the quantities considered are not given 
as satisfying an equation; only a lim/tUd ninnher of 
corresponding values is given and therefore only a limited 
number of points can be plotted. To draw the grapli that 
represents the general relation between thci two (juantitiiis 
(as the straight line for example represents fbo gciu'ral 
relation between the Fahrenheit and Ccntigrad<‘ scales) is 
in such cases apparently a probl^i that does not a-dmit 
of a definite solution; because tlii^gh a limited 'nwmber 
of points we can obviously draw as many curves as we 
please. 

The problem however is not so indefinite as it a])])ears to 
be. In experimental work like tliat of a pliysical or 
chemical laboratory it may usually be assumed tiuit some 
definite relation or law connects the two ({uantiti<\s con- 
sidered; when corresponding values of these {|nantities are 
taken as abscissa and ordinate and tlie points plotted, the 
simjdest curve that passes evenly among tlic points may he 
taken as the graphical representation of that relation ox- 
law. When the curve has been drawn it may sometimes 
be possible to find its equation and thus t() obtain an 
algebraic expression for the relation. 

In the case of statistical results, on tlie other hand, it is 
probably best for the beginner to join successive points by 
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straight lines ; when the graph consists of a succession of 
straight lines each of which makes an angle with the two 
lines adjacent to it, the graph is called a broken line to 
distinguish it from a, continuous curve like a circle or a 
parabola. Problems on prices may also be represented 
graphically by broken lines. 

When used witli proper precautions this graphical 
representation is of the utmost value, but it is only by 
experience that tlie student will understand the justification 
of the assumptions made as well as the limitations inherent 
in the method. 


16. Statistics. Prices. Problems. 

Example 1. The foliowing table from Mulliall’s Biciionarp of 
SiatMes, p. 442, giv(\s for tlie years named the population (in millions) 
of the United Kingdom, Prance and (4ernja.iiy : 



1800 

1830 

1800 

1880 

1890 

United Kingdom, - 

16-2 

^ 24-4 

29-1 j 

35-3 

38 -2 

1 

Pi'anee, - . - - j 

27-35 

32-5 1 

36*7 

37-6 

88-8 

. Germany, 

23-18 

20-7 

38-1 

45-2 

48-6 


Take the abscissae to represent the time to a. scale of 1" to 30 years, 
and the ordimites to rej>resent the niimher of millions in the population 
to a scale oF V to io milli<ms ; measure these numbers along lines 
througli the|.M»int (isoo, ](•>) parallel to tlie coordinate, axes. (C/ompare 
§ 15, exampl(‘ 2.) 

Plot the {)oin(s for each country and join consecutive points for the 
respective countries ]>y a straight line ; mark the diagram as shown 
(Pig. 18). 

The diagram shows vei*y <iearly the comparative rate of growth of 
poymlation l.)oth of the sa.n)e country at dillerent ]>ei*iods and of 
dilferent countries at tlie same ])cri()d. 

Assuming tliat tlie growth of jjopulation in eacli period is uniform 
for that period, we can find the yiopulation at any date between 1800 
and 1890; to take, tlie straight line as re]jresenting the relation 
between the population and the year during any interval is equivalent 
to the assumption tliat tlie ])opuiation grows a.t a uuifonn rate duiing 
that interval, and the gradient of the line measures tlic rate of growth 
(§ U), 
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For 1845, for example, the ordinates are 26*7, 34*6 and 33*9 respec- 
tively and the population is therefore given by these iHna])ers (in 
millions) Values obtained in this way from a diagram are said to 



Example 2. In a, certain ]jrice list tlic cost (/’ pence) of sancepa,us 
of capacity C pints is given as follows : 


a 

2 

3 

4 

3 j 

p 

16 

19 ' 

i 

22 

1 1 


What is the probable cost of saucepans of capacity (> ]>in{s and 
10 pints respectively ? 

Plotting as shown in Fig. 10 and joining consiMmlivo points by 
straight lines, we see that when (7=6, P=26 and when (b {p, /*. 34.\ ; 
the cost therefore is in one case 2s. 2d. and in tlu‘. other 2s. Hd.d. As 
a matter of fact, the listed prices are 2s. 2d. and 2s. Od. ; |)robal»ly the 
12-pint saucepan is too dear. 

Example 3. If 100 tickets are taken for an (v.x(uirsion tln^ cost of a 
ticket will be 7s. 6d. but if 150 are taken the cost will be «)nly Os. ; 
what will be the. probable cost of a ticket if 120 a,r(^ taken I 

The I'eceipts from 100 tickets would be 750 shillings and from 150 
tickets 900 shillings. Take the number of tickets as abscissae and the 
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number of shillings in the receipts as ordinates and plot as shown 
in Fig. ilO. 

When the abscissa is 120 the ordinate of the straight line is 810 ; 
the receipts from 12l) tickets would therefore be 810 shillings and 
each ticket would cost 6s. 9d. 



Another uiotliod of solution in this case is tlie fuliowing, which how- 
ever is merely the algebraic iri ter] ) rotation of the graphical solution : 

Let the receipts from ,v ti(bets be v/ .shillings. If the receipts are in 
simple proportion to the number of tickets, then )/ — ax where a is a 



Tickets 
Fig. IJO. 


constant ; but the n‘C(n])ts are not in simple proportion to the numher 
of tickets because the fractions 

and 


100 


150 


are not equal. Try now the e(|uation + h wliere a and h are 

constaaits ; with this relation between x and vy the rate at whicli the 
receipts increase is constant and etpnil to a. 
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To determine a and h we liave two paii's of value.-i 

of and ?y, giving 

750 == 100a + h, 000 1 Oi h t + h, 

wlience a — 3, ^ — 450, and therefore 

jf ~ 3.r -j- 450. 

Fi’oni this equation we liud as before that// — ^10 when .r- I2n, so 
that the cost of one ti(^ket is 6s. Od. 

The beginner should always hea,r in mind tliat o sirtthjhi (i/h' ijntph 
implies ihatj as one qmniitp vJmm/es^ ike other (jaaiititji (‘hamjes at a 
constant rate. 

Kvmi'ple. 4. At wdjat time between 2 and 3 o’clock are. tlu^ two 
hands of a watch (i) together, (ii) 5 nniiute-s])a.ees apart 't 

Let abscissae denote the time in minub^s a.fter 2 o'elook at. wiiieli 
the hands arc in any particular position and let ordinates denoU' the 



iiuinl)er of minute-spaces past 12 o’c.lock. For ab.s(,‘issa(\ I" may 
represent 10 minutes aaid for ordinates 1" may renr(\s(‘nC 10 miuutte 
spaces. 

The long hand moves at the constant rate of 1 m5nu{.t‘*s})aee p('r 
niinute ; the graph that represents its motion, is th(‘.r{‘f<»r(^ a. si, might, 
line. This line goes througlx the origin and the point (iU, 10) ; the 



APPLICATIONS TO PROBLEMS. 


45 


point (20, 20) will perliaps give a inoi'e accurately placed line than 
(10, 10). The line is OA (Fig. 21). 

The short hand moves at the constant rate of 1 rninute-space per 12 
minutes. At two o’clock, that is when the abscissa of the point that 
represents its position is zero, the shoi’t hand is 10 minute-spaces in 
advance of 12 o’clock ; the point that represents its position at 2 o’clock 
is therefore B(p, 10). Another convenient point is (7(24, 12) because 
in 24 minutes it has advanced 2 minute-spaces ; draw the line BC. 

The point D wliere BC cuts OA corresponds to the position in which 
the two hands are together ; the abscissa of D is 10*9 and the hands 
are therefore together at 10'9 minutes past two (approximately). 

The hands will be 5 minute-spaces apart at the time represented by 
the abscissa of a point on the ordinate through which the two lines 
OA, i? (7 intercept a lengtli of 5 units. By sliding a graduated ruler, 
keeping its edge |)a.raliel to tlie axis of ordinates, we find there are 
two ordinates on whicli the intercepts A'F and (Jli are 5 units; the 
corresponding al)scissae are 5*5 and 16*4. The required times are 
therefore 5*5 and 16*4 minutes past 2 ; tliose numbers are of course 
approximate. 

Data for statistical examples will be found in MulliaH’s 
book, quoted in example 1, in Whitaker’s Almanach, the 
Daily Mail Yf'ar Book and similar compilations. A few 
examples are given in the following Exercises, but the 
pupil should be encouraged to obtain the data for himself 
and to interpr{3t the meaning of tlu? graplis; the plotting 
of graphs (xiu l)e made a most valuable adjunct to tlie 
lessons in geograplij’ and history. 


EXEBCTSES. VIII. 

1 . E.vprcss graphically tlie rclatam (i) b(4.\veeu the inch and the 
centimetre, (ii) between tlie jiouiid and the kilugramme, given 

1 in. “"2*54 cm., 1 Ih. =0*454 kg. 

Froin yonr (liagrains find the number of inches in 3*0 centimetres 
and the numluu' of pounds in 3*2 kilogra, mines. 

2. (hveii 1 litr(^= 1*700 jiints find by a graph the number of litres 
in 3o- pints. 

3. Find by a gra|)h tlu^ tcmqxu'ature winch is expressed by the 
same numlH*r on tiu‘. Fahrenheit a.nd Oeatigrade sealcis. 

4. 1’he high(‘st marks obtaimxl in an exiunination are 132 and the 
marks are: to be: reduced so thak the higluist marks may be 100. Show 
how to do this graph ictally a.nd state wliat marks will he assigned to 
papers which obtained (i) iOO, (ii) 70 marks, giving the marks to the 
nearest integer. 
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5. The highest and lowest marks obtained in an exjuni nation are 
283 and 110 respectively ; the marks are to be reduced so that 283 
shall become 100 and‘ll0 shall become 50. Blunv how to do this 
graphically and state what marks will be assigned to |)apers which 
obtained (i) 248, (ii) 124. 


6. The tonnage, T thousands of tons, of vessels launched (i) on the 
Clyde, (ii) from all Scottish yards during the month <»f dune in each 
of the ten years from 1894 to 1903 is given in th<‘ table ; 


Y ear, « 

1894 

1895 

1896 1 

1897 1 

1898 j 1899 1 11)00 | 1001 | 1^02 

1903 

(i) T, ■ 

39-7 

42-1 

1 

0().0 

47-9 1 36-1 1 52-0 1 -M-O j 39-2 

28-4 

(ii) T, - 

40*7 

45-5 

28-4 

32-0 

511) j 38-6 j 52T) | 47 “0 j 47*9 

29-9 


Illiistrate graphically. 


7. The number of thousands (N) of ]MM>])le who emigrat»*d from 
Ireland between 1870 and 1885 is given in tla^ table : 


Year, • 

1876 i 

1877 

1878 ’ 

1879 

1880 ! 

1 

1881 

1SS2 

1 1 

1SS3 

1884 1 1885 

iv, - 

37*5 

38*5 

41*1 ; 

1 47*0 

95-5 

[TSMi 

89*1 

lOK'T 

75*8 62*0 


Illustrate graphically. 


8. The number of millions of acres under cro])S in Ireland during 
the years 1877 to 1886 is given in the tabic, wlieri^ 7Ch*m»li‘s th<‘ (o(:il 
area under crops, i)/ the area under meadow and clovivr, (' tin* area 
.under cereals and (J the area under green crojjs.'^' 


Year, - 

1877 

1878 

1879 

1880 

I ISSl 

1882 1 

1 883 j 1884 1 

1885 

1 

1880 

T, - 

5*26 

5-20 

5*12 

5*08 

5*19 

5*08 

1 4-93 1 4*87 1 

4*95 1 

5*03 

1 

i/, 

1-92 

1*94 

1*93 

1*90 

2*00 

1*96 ' 

[ 1*93| 1*96| 

2*03 

2*09 

0, 

1 

1*83 

j 1*76 

1 

1 1-77 

1 1 *75 i 

1 *67 1 *59 1 

1 *59 

1*59 

a, - ; 

[ 1*35 

1-31 

1*29 

1-24 

I *27 

1*24: 

1 1 *23 ! 1 *22 


1**22 


Illustrate graphically, ])utting all tlm data on oiu^. slusd.. 


* Examples 7, 8 ai’e taken from ati inb'.resting litlhi hook Fmis ((bout 

Ireland: A CMwe-hidory of remit years h\ Alex. Ii. MavDowall, M.A. 
(London; Edward Stanford, 1888.) 
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9. The average annual preminius (£P) for whole life assurance of 
£100 for the age at entry (..I years) is given in Whitaker’s Almanacks 
from which tlie following table is extracted : 


A 

21 

25 1 

30 

35 

40 

45 

50 

P 

1T>S 1 

1*83 

2*08 

2-39 

2-80 

3-33 

403 


What is the ])remiuni for ages iTi anti 38 ? 


10. The number of yeai‘s E that a male aged d years may be 
expected to live (that is, “the expeetation of life” as it is called) is 
given in Whitaker as follows : 


A 

0 

4 1 

S 

12 

10 

20 

24 

28 

32 

3G 

E 

41*35 

51*01 

49*10 

45 -oi; 

•12-58 

39*40 

36*41 

33*52 

30*71 

27*96 


What is the expectation of life of males aged 7, 14, 21, 35 ? 

11. Tile number of year.s’ ])urchase N <->f an annuity payable for .r 
years, compouml interest at 5 per cent, per ami inn lieing allowed, is 
given in Whitaker as follows : 


;r 

5 


13 

17 1 

21 

25 

29 

N 1 

4*33 

7*11 

9*39 

1 11*27 

12*82 

14-09 

15*14 


What is tlie number of yt'ars’ purchase of an annuity payable for 10, 
20, 27 years resiiectively ? 

12. A. man aged 30, in the rireipt. of a [lension of £100 a year, 
wishes to commute it for a present payment, interest being reckoned 
at 5 per cent. Ilow imicii will he receive ? 

(XoTK. The number of years’ purchase of an annuity is the ratio of 
the purchase j.irice to the annual payment.) 

13. a'he c'ost. of fuel, L\ ])er week of 54 houi’s, for an engine of brake 
horse-power, 1\ is given in a certain jirice list as follows : 


1 

P 

10 

20 

no 

! I 

SO 

100 

i. 

i4.s. lid. 

L 

9s. 3(1. 

2ls. 9(1. 

31s. 8(1. 

39.S. 6(1. 


What is the ]>rol>a,ble cost for an irngim^ of 30, 70, 9t) horse-power? 

14. The pricc‘, p .shillings, of carriage cases of hmgth I inches is 
given in a certain prici^ list as follovvs : 


/ 

18 

1 

24 

26 

V 

9 

10 

12 

1.3 


What is the prolialile iirice for a ease 22 inches long ? 
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15. A contractor’s weekly outlay for wages and incidental expenses 
was found on the average of several years to be :£;57 for 'di) men, 
£54 for 30 and £68 £01*^40. What will be tlie outlay for ii5 and 
for 35 men ? 

16. The price, £P, of certain engines of l>ra,ke horse-power // is 
given as follows : 


S 

3 

64 

10 

1 

144 

p 

105 

160 

20S 

255 


What is the probable price of engines of 4 aaid of Id horse-])ower ? 

17. Eor a dinner at which there are (>0 guests a restaurant keeper 
charges 10s. 6d. per head but if tliere are 100 guests the (4 large is 
8s. 6d. per head. What will be tlm probable (ha,rge. piu' head for 
75 guests? 

18. A cyclist sets out at 9 a-in. from a town A and rides t wo hours 
at a speed of 10 miles an hour ; he rests lialf an hour and then n^airns 
at a speed of 8 miles an hour. A second cyclist leaves A at 0*30 a,. in. 
and rides at a speed of 7 miles an hour; when and whmn will the 
cyclists meet ? 

19. Two cyclists A and B set out at the same time. J rides for 
2 hours at a speed of 9 miles per hour, rests 15 minutes and then 
continues at 6 miles per hour, Jj rides without st()]>ping at a speinl of 
7 miles per hour. When will B overtake J ? 

20. From the same spot on a circular coursi^ one mile in eirimm- 
ferenee, two boys A and /> start at the same moment, to walk round it, 
travelling in the same direction ; A walks at 4 and B at 3 miles an 
hour. How often and at what times wall they meet if tluiy walk fur 
an hour and a half ? 

21. If the boys of example 20 walk in o])posite dinadions round 
the course how often and at what times will they meid ? 

22. At what times between 4 and 5 o’clock are tlui two hands of a 
watch (i) together, (ii) 15 minute-sjjaces a, part ? 

^ 23. At what time between 3 and 4 o’clock is the long hand of a 
watch as far behind the short hand as 10 minutes lattu' it. is in front 
of it ? 

24. A can do a ])iece of work in 3 days and B caai do i(. in 5 days ; 
in how many days can they do it wdien working togidlnu* ? 

25. A cistern can be filled by a pi[)e A in 20 minnb^s and by a 
pipe B in 15 minutes while it can be emptied by a. pijie (• in 1:1 
minutes ; if all three pipes are set running when tht‘. cisbirn is mnpty 
in what time will it be filled ? 

26. If in example 25 tlie pipe G is not o})ened tall .4 aaid B have 
been running for 5 minutes in what time will tlie cistern be filled ? 
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27. In what proportion must tea at 2s. 6d. per lb. be mixed with 
tea at 4s. per lb. so that the mixture may be sold at 3a. 6d. per lb. ? 

28. How many lb. of tea at 2s. 6d. per lb. must be mixed with 
6 Ib. of tea at 4s. per lb. so that the mixture may be sold at 3s. 6d. 
per lb. ? 

17. ^ Continuous Graphs. Physical Applications. We shall 
now discuss some examples in which the plotted points are 
to be connected by a smootlt curve. 


Example 1. iJraw a curve to illusti'ate the variation of temperature 
in the course of a day from the following data, the temperature ]:)eing 
in degrees Fahrenlieit. 


Time, 

8 a.m. I 0 a.m. 

10 a.m. 

U a.m. 

12 noon. 

1 p.m. 

2 p.m. 

Temp., - 

52 '2 1 r>;v-t 

61-0 

09*8 

75-7 

77 ’S 

78 *1 




Time, 

3 p.in. 1 4 p. m. 

5 p.m. 

0 p.m. 

7 p.m. 

8 p.m. 


Temp., - 

70 -I) [ 72-5 

(>7 ’8 

66 -S 

60 -0 

51-1 



Let times l>e i*e]3i.‘eseuted by a.l)scissao to the scale of 1'" to 2 hours 
and temperatures l»y ordinates to the scale of to 10 : m'=*asure 

along lines through the point (8, 50) parallel to the i di!.f:ic axes 
(Fig.' 22). 



Sa.m. 10 12 2p.m, 4 6 8 

Time, f'to 4 hours 


Fi/v. Scale reiliuuul to uuo-half. 

Join the plotbid points liy a smooth curve as shown. 

By interpolation Ihc t tmiperature at any time during the day can be 
found ; thus at- 10.30 it- is 05''*r), at (>.15 it is t>5''\S. 


G.G. 


D 
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In the same way a curve represeutiiii»‘ tlio \'ariation in 
the height of the barometer may be drawn. Fre(iu(mtly 
however the temperature for a week or a month is given 
by stating the maximum and minimum temperature for 
each day of the week or montli. In svieli cascAs tlie data 
may be considered statistical and the represtmtative grapli 
is perhaps better shown as a broken line after t he ma^nma' 
of statistical graplis. 


E;mm'ple 2. In a test of a Poitou w1uu‘l with a (.'ouslatit Ik^’kI of 
water the brake horse-power (u.ir.r.) at N n^volutions ptu' iiiiuiit.(^ was 
found to he as follows : 


lY 

1180 

1375 

1560 

1750 

1950 

21'2() 

2320 

2500 1 

2700 

2K7r> 

B.ll.P. 

0*640 

0*671 

0*669 

0*6()0 ’ 

0*650 

0*600 

0*560 

0-.'t80 

(>-3S0 

O'270 


Draw a curve to represent the relation lH‘tw(‘en tlu^ niunhor of 
revolutions and the brake horse-power. 

Take the values of N as abscissae to a. seahi of 1" to TiOO and the 
values of the b.h.p. as ordinates ton, scale <h* \" to (ri (Kig. 21^). On 
the scale chosen for the ordinates each digit in the. vaint‘s of the. 
ordinate can he represented ; the side of a, small s(|uai‘(^ rc])i'esent.s 
0*01 and by estimation of the divisions of the sitle of a. sma.ll srpiare 
the effect of the thhd digit after the deciina,! can 1)«‘ dctei'mined 

with fair accuracy. 

When the points have been ])lotted a fair (mr\'e is drawn frc<‘ hand 
to pass through or very near them ; usually sonn* of the points will 
not fit in to the curve hut no one point should he at a relatively great 
distance from it. 

The next example is one of a type tliut oecui'.s frcinieutly 
in laboratory work. The plotted points He a,p]irnx'iinatoly 
in a straight line and it is often o.s,seiitial to olitain the 
equation of the line. Before proc(‘.cding to tlii.s example 
the student should try ExerciHe.s IX. 10 iuid 11. The 
points will he found to lie on or near a straight lim^ Since 
the equation of a straight line is of the Conn //--<(, r + ?» 
all we liave to do to obtain its eiination is t,o slHect two 
convenient points on the line, r(!ad their (looidiiiates off 
the diagram and then, by substitution in the (^<(uaiiou 
y = ax+h, determine the values of a and h. (Compare 
§ 12, example 3.) 
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When the o«raph is not a straight line we are not yet in a 
position to iind its equation ; some simple practical cases 
will be given in later chapters. 



E^^anipJe 3. In jui expen'inent ^vith a Wcsto]i IMiierential Pulley 
BlcxP the elTorl, E 11)., required to raise a. load, W lb., was found to 
be as folio w.s : 


n j 

10 

CO 

:io 1 

40 j 

aO 1 

00 1 

70 

80 1 

90 

100 


at ! 

n 



1 11 

1 1 


1 1 

15 

10 ^ 


Plot the loails as abscissae t«>a scale of V' to 10 lb. and the efforts as 
ordinates to a, scale of T' t.o *2 11). ill). 

Tlie points lie nearly in a strai.e:ht line, whidi is therefore the 
simplest mirvc that passes evenly amono; them. To iind the line that 
best fits the points, stretch a thread on the paper and shift it about 



52 


TREATISE ON GRAPHS. 


till the plotted points are either covered by the thread or al)oiit eciiially 
distributed on opposite sides of it. It is very niilikel\' tliat all the 
points will be on the straight line, becjiuse ex])eruiienta.l work is 
always subject to error, but of course we a.re only entitled to eonelude 
that the straight line is the proper graph if no points a, re at r<?la.ti\<3ly 
great distances fi'oin it. 


74!- ■ - 


!- 

c 

Co 121 


. 1 ^ I ■ ! ■ , 

t .S' o 

,0 5 2, --r...-. 

Ow I - 

Js:* r ■'■'i 

(3 j- 


co / 

Co I- 


: ‘ • : ■ 

|. ' ! i :■ 






■ ; ci^FVClENpYi 









10 ^ 20 30 40 50 60 7D 80 

Loads, 1 Inch to Sd tbs. 

Fig. 24. Scale rodnced to orje-third. 


Since the graph is a straight line, the ehbrt is a linear fiinelion of 
the load ; therefore 

A’=c/)r+^ (1) 

where a, b are constants. To find the vahua; of (( and b, oeleei any 
two coirrenient points on the line; it rniglit hap}»(ni that tli(‘ lin«;did 
not go throiigli any of the plotted pointn, but. in this ease it goes 
through (30, 6J) and (TOO, 16.1). Substituting these (‘oonlinateH in 
equation (1) we get 

01 = 30^/, + >r; I ^ 1 00^^ -p 

These equations give fr==.0'146 ... , ’857 ... . We might take 0-15 

for a and 1*86 for b ; but if we substitute these vaJm's in ( 1) atul t lnm 
calculate the values of A' for IT equal to 10, it. will be found 
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that the. calculated values do not agree so closely with the given 
values as when we take 0146 for a and TSO for h. We lake 
therefoi'e for the i*elation Ijetween E and Ik, or tlie law of the 
macliine as it is usually called, 

A^=0-146ir4-l-8a (2) 

It is always advisable to test the law by calculating E from the 
equation found and comparing with the given values. 

It is shown i]i books on mechanics that, if r is the velocity ratio of 
the machine, tlie work lost through friction and otherwise is 
proportional, for a given rise <>f the load, to vE - W, The force 
rE - (bis often taken as measiiring the friction of the machine; we 
may denote it l^y F, 

In the case in hand r veas 24. From tlie equation 

If 

calculate the vabies of using the given values of Abind If, and then 
plot the ])oints for If and F as has luunj done for If and E. The 
points will be found to lie m^ariy in a straiglit line ajid the equation 
of tlie line can be found as before. That equation might be got by 
means of (^2) ; for 

24 E~W^ 2-504 If-f 44*64. 


.This e(piation should be compared witli that obtained from the plotted 
points. 

The etiiciency c of the machine, expressed as a ])ei'centage, is 


‘ ^ "":5-r)0-i jr'+ 44-64’ 


( 3 ) 


whei’c the last fraction is o]>ta.in(Hl by using (2). 
Corresjionding va-lucs of If and c arc given by : 


If 

10 

20 

30 

It) 

50 1 

no 

70 

so 

90 

100 

e 

I'J-S 

17-1 

20-0 

1 1 

1 22*2 

2;m 

1 2;kS 

23-8 

24-2 

25-0 

1 25-3 


the values of c iMuiig ca,l<*ula.te<l fi*om the given values of F and If. 

Keeping the scale of If as before^ |)lot e a.s ordimite, to a. scale of 1" 
to 10. The points obtaimul are not in this ca.se in a, straight line ; we 
tlierefore di’a.w with a. free ha,nd, as in examples 1 and 2, a curved line 
fiassing through or m*ar them. Had c btani ealculatcd from the last 
fraction in e<j nation (f>) (lu* points would ]ia.vo heen distributed a little 
more I'cguhirly than those actually jilott.cd, but the curve obtained 
would be practically tlu^ .same as that .shown in Fig. 24. 


In Exercises JX. several examples ari'. given of (fiiantities 
connected by a. lin(\ar law; the nietliod of obta-inino’ tlic 
algebraic equation between the quantities is always the 
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same as lias been illustrated in this example. Tlie student 
should note examples 29-31 of the next set. Ilicsc show 
how in certain cases tlie equation of a ciirved line may be 
found; similar devices are soiuctimes useiiil in otlier cases 

(see for example § 34) but except in very simplt^ examplijs 
the problem of linding the e(|uation ()i. a curv(‘, in. this 
manner is too difficult to be discussed in an eleinmitaiy 
book. Fortunately the curves anH‘na))le to (‘h^inentary 
treatment are of considerable practical im[)ortance. 

18. General Remarks. Tlie student may hav(‘ a. diificuHy 
in deciding which is the simplest curve tlifd, passes <'venly 
among the points. As he procee<ls iu Iiis stiidy <>} the 
graphical representation of e(|uations ]u‘. will find (bat {ill 
ordinary equations are represented 1)y cur\'(\s, tli{it 

is, by curves without angular points lik<^ tln^ puitli ol {i s{iw; 
the curve bends gradually, tlieris is .no {il>ru|)t cli;ing(‘ of 
direction in passing along it. It is only in wsy spi'cial 
cases that such abrupt clningc takes phieii ; the rule is that ^ 
the curve is well rounded. 

Hence when the giapli. is to r(q)r(^sent some physical 
process, or some roiation deduced Irom obs<‘r\'{ition or 
experiment, the curve should not, as a rule, possess siu'irp 
angles; the bonding should ho gr{idinil. It unny bt^ of use 
to study the traces of tlic sclf-rt^gistcring insiruinents 
so common now for recording tlie tom])er{itur(^ of the 
atmosphere and the height of tlie harounq.m* ; it is (he 
exception for these graphs to show sluarj) {ingh‘s. 

In dealing with statistics on tlic other Inuid it is p(‘rlnips 
best to follow tlie met]io<l of Ki ; prol)l(.vnis on ]»i'i(M\s also 
may be treated as in that section. 

In deducing conclusions from the study of n gr.'ipli ont^ 
must not go beyond tlie range fixed by (h(^ d{i(.;i; (hus we 
may find from the gra|)h of (^X{im]>le 3, 17, or the 

equivalent equation (2), tlie effiort reipiirtMl to ivnhse ;iny 
weiglit between 10 and 100 pounds Init wc^ {ir<‘, noi, justihhal 
in using it to find tlic effort to raise 200 pounds. .In iin'vny 
cases the law seems to bo different for diffm*(mt r{ing(js of 
the variables ; or it may be tlmf the law whicli holds for a 
wide range of the variables is somewhat complicjitcd but 
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may be rcprcHonted appro-Kiiiiatoly for .smaller riiiige.s by 
expreissions or graphs that are comparatively simple but 
that differ for different raiige.s. 


EXKR(!|.SI‘>t IX. 


1. Draw a ciU'vo to represent the va.riati(>u of teiuju-irature given 
by the following data, the tempcratnre being in degrees .Fahrenheit : 


Time, - 

2 a.m. 

4 a. in. 1 

6 a.m. 1 

S a..m. 1 

10 a.m. 

12 noon 1 

2 p.in. 

Temp., - 

42*2 j 

40-8 

3SvS 

40 -S 

43*8 

42*2 

48-7 









Time, ■ 

1 

1 

!' ;; 1 

10 ]).m. 

12 midni 

igiit 


Temp., - 

1 46 *9 

42*6 

41*3 

1 38*0 

34*4 




Time 

3 a.m. 

1) a.. 111 . 1 

9 a.m. 1 

12 noon | 

3 p.m. 

6 p.rn. 

9 p.m. 

12 night 

H 

29*87 

*29*90 

30*01 

*29*96 1 

29*91 

29*94 1 

29*98 

29*94 


3. The niaxiniiiin and ininiinuin sliade temperature, in degrees' 
Fahr., and the height, // iiudies, of the l.,>aroiueter as recorded at the 
Observatory Olasgow for dune 1-7, 11)03, a, re as follows : 


Bay, . - - - 1 

1 

2 j 

3 j 

4 

5 

6 

7 

Max. Temp., 

59 

1 

59 j 

(U.) 

68 1 

70 

75 ' 

69 

Min. Temp., 

49 

1 4:i 

•IS 

47 

52 

52 

53 

1 

29*88 

1 30*12 ‘ 

30 - 4 (» 

30*45 

30*39 ' 

30*43 

30*43 


Illustrate these. n.‘sults graiilucally, putting the two curves of tem- 
perature on the same slnait.* 


* Niunei'ous exercises like 1-3 can be coustructed from the data in 
the daily newspapers. Bee also Whitaker’s Almanack for the several 
months. 
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4:. The rainfall in inches, and the (lust fall, nieasni rd l»y tht* w 
of dust, in grains, falling on a dish of To s(|, in. ar(‘a, at Kdinhurgh 
during the year 1902 are given as follows : 


■ 

Mouth, 

J an. 

Feb, 

Mar. 

Apr. 1 

IMay 

1 Jvnui 

Rainfall, - 

0-955 

O-S!);") 

0-805 

MOO 

1 1 

2-100 

2-1.15 

1 

Dustfall, - 


25 

1 

1 KHb 

.11) 

29 

Month, 

! July 

Aug. 

1 1 

1 fSept. 

1 Det.. 

Nov. j 

Dec. 

Rainfall, - 

2-835 

1-385 1 

1-200 

I 0-705 

1 

0-408 

1-334 

Dustfall, - 

26 

80 1 

00 

12(t= 

100-=^ 

[ 140* 


The * indicjates that in these inontlis there was sand in (h(‘. dish. 
Illustrate these results graphically. 


5. A heaher is filled with water a.t> a t(‘nip(n‘atnr<‘ of liv heat, is 
then applied to the beaker and tln^ tein])era.tiu’e., '/hh'griM-s (lent., at. the 
end of t minutes is found to be as follows : 


t 

0 

5 

! 

15 

20 

T 

1 

15 

20 

1 24-4 

28 -4 

:« 


I)raw tlie time-temperature curve. 


6. In a test the pressures, P lb._ ptu' s«j. in., iMU'rt'sponding to 
delivery of C cub. ft. of water per min. is gixMui by the tabh^: 


P 

250 

400 

500 

000 

750 j SOO 1 900 j lOOO 

G 

0-()4 

0-80 

0-91 

O-D!) 

1-12 j M5 1 1-22 1 1-2S 


Draw the curve representing the j-edation lad ween /\'ind (\ 

Draw the curves representing (he i-(da.tion Ixdvween (he number of 
revolutions per min. (iv) and the ])nik<i! hors(^|)ow{n* (n. n.r.) in (\\ainpi(\s 
*7, 8, the data for which were obtained from t(^s(s on a, PeKon w luMd. 


7. 


N 

[ lb50 

1450 

1770 

1 2100 : 

1 2400 

1 2720 : 

1 3040 


B.n.p. 

0-99 

1-10 

1-20 

1-21 

1 -15 1 

1-03 [ 

0-87 

()• 


0 * 0 () 
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8 . 


N 

1750 

2050 

2350 

2625 

2900 

3150 

1 

05 

QO 

O ! 

3575 

B.H.P. 

2-38 

2-56 

2-70 

2-77 

2-79 

2*70 

2*57 

2*40 










N 

3850 

40d0 

■-1270 

4475 

4650 

4825 

5000 

[ 


B.H.P. 

2*20 

1-93 

1-63 

1 1-29 

0*89 

0-46 

0-00 



9. Draw a ciu’ve representing the efficiency in the case of 
example 7, N l>eing as before the number of revolutions per min. 


N 

1150 

^ 1450 

i 1770 

2100 

2400 

2720 

3040 i 

3340 

3675 

3975 

E 

38 '6 

44-6 

46-0 

40-2 

43-8 

39-3 

33-2 

20-2 

i 

13 '4 

0 


10. Plot the points given by the table : 


X 

1 

2 

3 

4 

5 

y 

3’71 

3-28 

2*86 

2-44 

2-10 


and hnd the (Mpiation of the line on which tliey lie. 

11. Find tlio e(ju:ition of the straight line that best fits the following 
points : 


X 1 

0-5 

1 

l - f ) 

2 

1 i 

2-5 

3 

y 

12. The linear e: 
load, ir ll)., is given 

0-31 0*82 

^Innsion, 1 im 

1 by the table 

1-20 

•lies, of 

1*85 2-51 3 '02 

■ a cop])er wire sti'etched by 

ir 

11) 

20 


40 

50 

60 

1 

0-06 

0*11 

( 1-17 

1 0'22 

1 0-275 

0'32 


8howthat the extension is proportional to the load for loads up to 60lb. 

13. In an ex})eriment on the stretching of an iron rod the linear 
extension, I inches, for a. load of TP lb. was found to l)e as follows : 


IP 

600 

1100 1 

1600 [ 

2100 

2()00 1 

3100 

3600 

4100 1 

4600 

5100 

1 

0-004 

(>•009 

0'013 ! 

0'018 

0*022 

0-027 

(>•032 

0'037 

0'043 

0-050 


Show that for loads under 3000 lb. the extension is proportional to 
the load. • 
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14:. A lath of yellow pine, 1" broail and (> r»r)" (h'cp, is suppoi'tod at 
points 24'' apart aiid l()aded at tlie point midway hotweioi tin' points 
of support. The deliectiou, d iiiohes, for a loa,d of IT Ih. is as follows : 


IF 

0 

8-6 

18*6 

28-6 

384) 

48*0 

584) 

();14J 1 ()S4> j (504) 

704) 

d 

0 

0-15 

0-36 

0-57 

0*78 

POO 

P23 

j 1 *3(5 j 1 '70 j 1 *78 

PK() 


Show that for loads under a eertain amount t lu^ defh'ftioii is propor- 
tional to the load and lind what the limit of load is. 


15. When the points of support of the lath of the prortHling example 
were 12" apart the results were as follo\N’s : 


IF 

0 

8*6 

28*6 

48 -6 

68*6 

88*() 

0845 

los-d j 1 1845 

12.345 

128*6 

d 

0 

0-02 

0*07 

0*12 

0-17 

0*22 

0*25 

(5*20 0‘32 

0%31 

1 0‘37 


For what range of load is the deliectiou proport ional to t he load 'i 

In examples lfj-18 iind the law of lh(‘ machine and th(‘ fi’ict ion ; plot 
also the efficiency curve. The notation is that adopted in 17. 


16. 


IF 

10 

20 

:i() 

40 

50 

(50 1 70 SO 00 1 1(H) 


1 

li 

O 1 

or; 

ar 

•‘C 1 '!.} 1 •"> 1 1 « 

Velocity ratio = 

= 89. 




17. 






IF 

6 

11 

16 

21 

1 26 

1 ;u 1 1 ; ■"> 1 ■">1 


0*53 

0*875 

1*22 

l-()« 

! 1-04 

1 2-;u 1 2'02r> 1 ;M2r. 1 | .-i-T") 


Velocity ratio = 51 '5. 

18. 


IF 

24 

i 

44 

(54 

8*|. 

1 104 1 12 

E 

0*55 

0-87 

1 -lo 

1-44 

i-(in 1 i-ii; 


Velocity ratio = 85. 
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19. In an experiment to determine tlie friction of Ijrass on iron 
(rubbing surface aljout 5 square indies) tlic friction F lb. for a load of 
W lb. was found to be : 


(i) for dry surfaces 


w 

' 2 1 

4 

6 


10 

13 

F 

0-38 

0-8S 

1*25 

1-75 

0-25 

2-88 


(ii) for lubricated surfaces 


„-i 

3 1 13 1 

23 

! 3;! 

43 

F 


Is 


2| 


16 


:b63 


Find the relation connecting 7^\and IT in each ca,se. 


20. The angle of twist, 1) d(\grces, produced by a couple or torque, 
J pound-inches, in a wire was found to ].)e as follows : 


T 

1-4 

2'75 

5*5 

8*25 

11 

1375 

16*5 

D 

1-0 

3 

6 

0 

12-5 

15 ’5 

IS 


Show that the twist is a.])}iroxiniately ].)ro[)ortional to the torque. 


21. Tlie angle of tw’ist, D dc'grecs, jiroduccd liy tlie same torque in a 
wire of length I inches is a.s follows : 


4 

6 

8 

]() 

13 1 

16 

17 

26 

34-5 

4‘) 1 

! 

56 

m 


Show that the twist is apiproxiinately proportional to the length. 

22. In a comparison of two voltmeters corres|)onding readings G and 
were found to be as follows : 


a 

3*8 

5-5 1 7-55 1 9*6 

11 -5 

13-55 

1575 

K 

1 1 -5 

1 l()*r> I 22-5 1 28-0 

1 33-5 

39-5 

45-5 


What is the relation between C and K ? 



60 


TREATISE ON (J HA PITS, 


23. Tho battery resista.nco, h ohms, for a eurreiib <»f auqHU'ei-; was 
found in a certain test to be a.s follows : 


h 

1 

i 

! 

4\S 

5-0 

5-S 

7b 

S-5 

IPO 

c 

0-21 

j 0’16 

0-14 

0-10 

0*0t)() 

1 1 

oik; 

O-tM. 


Illustrate these results gra,})hically. 


24. The temperature, at the deptli D )iK*tr(‘s lu'low l lio surface 
of the ground, as determined by borings at I'aruschovvit/., Silesia 
{Brit. AtW. Iteport, 1901), is as follows : 


D 

6 

87 

OS 

9<) 

180 

1(11 

192 

228 

20.} 

2<S5 

T 

12*1 

18*1 

14*8 

14‘() 

1 15*0 1 

KPO 

lO'o 

17-8 

isV'l 

: , 1 

181) 


Plot the points. Show that (i*oughly) tln^ gradioiil- is aboiil, I 'd in 
42 metres ; for the de[)th from 192 to 2*S5 metres the gruAlient. is nioru 
nearly 1“ C. in 40 metres. 


25. At the greatest depths reached in the boilngs referr'*!] to in 
example 24 tlie observations wiu’c : 


D 

1680 

1711 

1742 

1778 

ISO! 

1 S.‘>o 

KStlt) 

I HOT 

192S 

1950 

T 

,60-8 

6P4 I 

(')2*1 1 

08*() 

04-8 1 

05 b 

j <i,V5 ! 

1 i 

001) 

07 *5 

09-8 


Show that the gradient for this range is about P'd in ?,:) nu'lres. 


26. A test-tul)e containing sonn^ wal.(U’, initially at a temprratniH* of 
29" C., is ])lunged into a freezing mixtnr(\ and the temperature of the 
water is read every minute; i*(%a,dings a,r(‘ taken for :io\Tral miimlas 
after the water has all frozen. Th<^ following table* giv(‘s tho roadings, 
M denoting the number of minutes after stalling and 7' tlu^ tempera- 
ture in degrees Centigrade. 


M 

1 

1 0 1 

1 

2 

8 

4 to 12 

18 1 

M 

15 j 

10 

i 17 

! 

IS 

T 

29-0 

5-2 

OT) 

0*2 

0*0 

-0b| 

- 2-tl 1 

,1 

■ .di 


■ tl*l 

^••10 


Draw a curve to show the variation of t<mip(*ralau’e with t iim*. 


27. A test-tube^ containing some ie.e, initially al- a. tempfu'ature of 
~ 10" 0., was held in a current of ln>t air a, ml tju‘. t.emp(M*a4 ui'c. of tho 
contents of the test-tube was read r.vwy miimtn. (tin* bulb of tho 
thermometer was imbedded in the i(te) ; readings we.rti talvcm for* sevr'ral 
minutes after all the ice had melted. Draw a curve to show the varia- 
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tion of temperature with time from the following readings ; M denotes 
the number of minutes after starting and T the temperature in 
degrees Centigrade. 


ili 1 

0 1 

1 

2 

1 3 

4 to 19 

1 20 

21 

22 

23 

T 

-10*0 

-C)*5 


- 0*4 

0*0 

0*5 1 

2*1 

4*5 

9*0 


28. A mass of liquid wax contained in a test-tnl)6 was allowed to 
cool in air. The tom])ei*atnre of the wa,x was read every two minutes, 
readings Ixdng taken for some time after the wax had solidified. 
Draw a ciir\'e to show the vai'iation of temperature with time from 
the following readings; YDlenotes the temperature in degrees Centi- 
grade, i/ minutes after starting. 


M 

0 

2 

4 

6 

8 

10 

12 

14 

10 

18 

T 

75*8 

05-9 

57 *0 

51*0 

49*3 

1 49*0 

49*0 

48*9 

48*8 

48*0 


M 

20 

22 

24 

20 

28 

30 

32 

34 

36 

*38 

T 

48 '2 

47*9 

47*4 

40*8 : 

40*1 

45*2 

44*1 

42-9 

41*2 1 

39*5 


M 

40 

42 

44 

40 

48 

50 

T 

O'- . J 
.J 1 4 

35*2 

33*4 

31*9 

30-0 

29*5 


29. Plot the })oints given by the scheme : 


1 

U' 

1*0 i 

1 

1-7 I'O 2-9 

3-0 1 

4‘^-i 1 

6*0 

V 

0*8 

D2 1*3 IT) 

TS 

j 

24 

2*4 


and draw a smooth curve piissing through or near them. 

Put u — 1 /.r, 1 /// and cah'ulate the values of and r coi'responding 

to the values of .r and // : thus — 1 when :r— 1, and r = 1 *25 when ; 

?/ = 0*r)9 wlioii .r 1*7 and when y~l‘2 and so on. Show that 

the points (v/, r) lie on a straight line and therefore that ii and r satisfy 
an equation of the form 

o?/ c==0. 

The equation of the curve on whieh the points (.r, y) lie is therefore 

a .--hli . H- c “ 0, 01 * a t/ + hv + c.vif - 0,. 
a: y , . 



62 TREATISE ON (IRAPHS. 


30. Find as in example 29 the equation of the curve on which the 
following points lie : 



0'84 

1-24 

2-00 

3*34 

o-OO 

1 6*fc>7 

y 

10-92 

3T)4 

2*38 

i-im 

1 

1-()S 


31. Find the equation of the curve on wliich th(‘ following points lie; 


X 

1*3 

2-4 

3-6 

4*9 

9-7 

8-5 

y 

14-1 

18-8 

! 

2 1 '2 


24- *0 

24-8 



CHAPTER IV. 


QUADRATIC PUNCTIONS. 

19. Plotting of Curves from EcLuations. When an equation 
is given tl vat contains % and y, but that is not of the first 
degree in these variables, it is still possible, by giving a 
series of values to x, to calculate a corresponding series of 
values of y and then to plot the points as in § 9. It will 
be found however tliat the points do not now lie on a 
sti^aight line ; but, wlien the difterence between successive 
values of x is small, the points will be arranged in such a 
way as to suggest a definite curve on which they all lie. 
If we draw a curve freehand through ail the plotted points, 
adapting the curve to the general trend of the points, 
it will be seen by trial that the curved line so drawn 
possesses (within tlie limits of accuracj^ prescribed by the 
diagTain) the two properties noted in § 10 as characteristic 
of the straight line in relation to its equation, namely : 

(i) all points whose coordinates satisfy the equation lie 
on the curve ; 

(ii) the coordinates of everj^ point on the curve satisfy 
the equation. 

The process thus described is called “plotting the curve 
from its equation.” As in the case of the straight line, the 
curve is said to be represented by or to be given by or to be 
the graph of tlie equation ; in reference to the curve the 
equation is called the equation of the curve or graph. 

^ It may be well to warn the beginner t.hat the word cu7've is often 
used to include straight line as well as cu7'ued line. 
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The equation will detine y as a fimetion of .r ((example 1, 
p. 30) and the ordinate y will represent tlu^ runetion. 
Hence the curve is often called tlie graph of the function. 
Thus the curve represented by an equation such as 

is often called.the o-raph of the function o.r-- — 2.r+ I. The 
properties of a function — its o;reat<\st aiid h‘as(. va.Iu(‘s, the 
way in which, it increases or decron-stss as x e.hajn»*es, etc., — 
are usually understood most n^adily by studyii\it the 
graphical representation of it. 

We shall now plot some simph^ curv(‘s ; hut W(‘ first 
remind the student of what was saJd in 10 about the 
condition that a point should lie on a. curv (‘ whos(‘ (Mpiation 
is given. For curved as well as stijiighf. liiu'.s. flu* soh^ test 
is that a point lies on the curve if and only if its (coordinates 
satisfy the equation of tiie enr\’e. 

20. G-raph of = For tluc monumf. l(‘t ns confine 
ourselves to values of rr from ir = — 2 to .r - -f 2, and let m 
take the horizontal and vertical imif- liiu's of the same 
length, say one inch. 

To obtain a convincing proof of the form of graph, 
we must take the ditterenee hetwetm (*onsecutive N'alutcs 
of X fairly small; we must plot tln^ curve, so io speak, 
point by point. The imagination of exjxshsHM^ will enable 
the student to reduce the numlwu- of |)oint.s whose (,*o- 
ordinates must be calculated, but his knowledge of curves 
and of functions will rest on no sound basis unless, to Ingin 
with, he plots p(3ints enough to assure hiiiiself that 1 k‘ has 
obtained the propei* bending of the ciir\’e. 

Let the successive valu<‘S of x dilhu’ by fh], that, is let a’ 
increase or decrease by Od ; ih(‘ su(*(*essiv(‘ inei’euuuits of 
y will therefore be also fairly small, as the calculations 
show. Tabulat(c as follows : 


1 

O'l 

0*2 

1 

1 

1 1 1 

1 

O-Ol 1 


1 1 

PLU 1 

IvM 1 
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X 

-O'l 

-0*2 

-1 

-1-1 

-1-2 

-2 

y 

0 01 

0-04 

1 

1-21 j 

1-44 

4 


The student can fill up the gaps ; it is advisable in view 
of graphical work that he should draw up for himself 
tables showing the values of oi?, for values of x from 
aj = 0 to = at intervals of OT (as above); and from x=^2 

to aj = 10 at intervals of 0 5, that is, for a; = 2'5, 3, 3'5 

Only positive values of x need be taken. 



X’ - k 

(0, 0), (0-1, 0*01) ... , (-01, 0-01), (-~0‘2, 0-04) ... , 


and draw a curve through them (not merely near them) ; 
the result is shown in Fig. 25. 

The cc-axis is a tangent to the curve at the point 0. 
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21. The Symmetry of the Curve. It. is obvious that in 
this case half the calculations iniglit liave been avoided, 
since any two values of x that diifer in ^i>ive the 
same value of y; thus 2 /==l *00 both Avheii .^^ = r4 and when 
x= — 1-4. A^o^ain, the points (1‘4, 1'bb) and ( ■—1*4, I'DO) are 
symmetric (§8, p. 10) with respect to the //-axis; and, in 
general, to my point P on the curves, with a positive 
abscissa there is a syminetric point P' I.ying at the same 
distance to the left of the /y-axis as P dot^s to the right. 
The curve is therefore sai<i to be symmetrical about the 
//-axis. 

Hence, to plot this particular curve it is snllieient to 
calculate y for positive values oT .r ; t.hc ])oints A\ R\,., 
on the left of OF are symim^tric to th(^ points /I, B , ... on 
the right and can be plotted as soon as A, are laid 
down. In fact, the part OAl) will coineble with the part 
OA'JD' if it is turned over ami A la-id on A' and 1) on iJ; 
or, again, it may be said tliat the part 0.17/ is tlu^ image or 
reflection in the ,//~axis (considered as a. mirror) ol* the 
part Oil 2). 

As a rule a curve is not symmetrical about either axis, 
but the student sliould bo on the waitch 1‘or symmetry 
because its presence saves labour. 

22. Turning Points. Maximum and Minimum Values. As 
a point moves along the curve (Fig. 20 ) IVom any position 
on the left of OF to any position on the right, th(‘ ordinate 
of the point decreases till the point r(‘acli(‘s 0 and then 
increases. The point 0 is there Tore calhs l a turning point 
of the graph; and, by analogy, tlie value of tlH‘ o^’dinate (or 
function) at 0 — in this case, zero — is calhtd a turning value 
of the ordinate (or function). 

In general, those points on a grapli at whic.li tlu^ or<linate 
either ceases to decrease and bc^gins to increa.s(y oi* else 
ceases to increase and begins to d(‘cr(‘a.S(y arc called tinm- 
ing points of the graph, and the valiums oT t.luj ordiuatt^ (or 
function) at the turning points iivo ealhal tvuaiing N’ulnes. 
The value of the ordinate (or function) at» t.hat turning 
point where it ceases to decrease aiid b(‘gins to inert vise 
is a minimum value ; at a turning point where it ceastss to 
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increase and begins to decrease, the oiidinate (or function) 
has a maximmn value. 

The meaning now given of the words maximum and 
minimum is that generally understood in mathematics and 
should be particularly noted. A maximum ordinate is one 
&at is greater than any other ordinate of the curve near it 
and on either side of it ; it is not necessarily, though it 
sometimes is, the greatest ordinate of the curve. Similarly, 
a minimum ordinate is merely one that is less than any 
other ordinate of tlie curve near it and on either side of it. 
A minimum ordinate may even be greater than a maxi- 
mum one. 

For example, on a contour road map the trace of an undulating 
road luw several turning points, but the lowest point of a hollow (at 
which the height of the road above the datum line is a minimum) 
may well be at a greater height above the datum line than one of 
the crests of the road. 

Again, let the student note how slowly the length of the 
ordinate changes near the turning point 0 in Fig. 25 ; this 
property of slow change near a turning point is characteristic 
of turning points on all ordinary graphs and should be 
verified in all graphs the student draws. 

The manner in which the length of the ordinate (which 
measures tlie value of the function x^) changes at different 
parts of the curve should also be studied'. Thus, as x 
increases from 0 to i, the ordinate (or function x^) increases 
very slowly ; as x increases from to 1, the ordinate in- 
creases more rapidly ; and as x increases from 1 to 2, the 
ordinate increases still more rapidly. 

It will be readily seen that as x increases beyond 2, the 
ordinate grows very rapidly and, with the units chosen for 
the diagram, could not be shown on a sheet of moderate 
size even for sucli a small value of x as 5 not to saj^ 10. 
For such cases the vertical unit step must be taken smaller 
than the horizontal one ; in special cases it may 1)6 necessary 
to draw moi*e than one graph, with different scales, so as 
to get a complete knowledge of the curve. See also § 24. 
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EXERCISES. X. 

1. Draw, witli the scales and values of :r g'l , 

-2 to ^‘==2 the graphs of 

(i) y = + 1, (ii) 2 / == ~ 1, (iii) y = “ + 1 , ; .. I . 

State the turning points of the graphs and the i\ .!^u . ■ IIhi 

functions. 

2. Draw the graph of y — lO.r- from - 2 t ‘ v t 

values of in §20 but making the y-scale one~t ,i ; , . 

say, 1" representing the value 1 of .r and t]it‘ value lu or v/. e;ompare 
the graph with Fig. 25. 

3. With the scales and values stated in exam|)le 2 draAv the graphs 

of (i) y = 10.^2 + 10, (ii) y = lO.r- - 1 0, (iii) v/ - 4. |o^ 

(iv) - lO.r^-IO. 

State the turning points and turning vahu's. 

4. Draw the graph of y = YV-“ .r“-2 to .r-~2 taking the 
y-scale 10 times the .r-scale. Oompai'e with Fig. 25. 

5. With the scales of example 4 draw the graphs <.)f 

(i) (ii) y=-i\r^*"-“ i\), (hi) //■"■" 

(iv) y=-TV^’2^lV 

State the turning points and turning vahu‘s. 

6 . Draw the graph of y = .^*- from .r~0 to .r-'K), taking the values 
of se suggested in § 20 ; for scales let 1" represent tln.^ \ulue 2 of .<■ and 
the value 20 of y. 

How is the graph of y= - .r- related to that of y y 

7. On the same axes and with the sanu*- soales (§ 12) draw the 

graphs of 4y = ar and Gy = 2;r 4- 3 

from .r= -1 to .r— 3. 

State the abscissae of the points of intersection of iht*. t wo graphs 
and write down the equation of which these ahsrassat^ are the roots. 

8. The same problem as in example 7 for tlu* (nations 

y = 10-10.rii, 4i/=:24 -ll.e. 

9. Plot the points given hy the talde : 


X 

\ 0 

! 0-3 [ 

0*7 

1-2 

1 -5 

1*8 

2 *4 

y 

0 

0*3 

l ':0 

4’G 

7*2 1 

l(r4 j 

18-5 


and show, by Gliding the value of c/, that they lie on the graph of an 
equation of the form y = a^^. 
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10. Plot the points given by the table : 


X 

0*25 

0*37 

0*84 

1*27 1 

1-65 

y\ 

9-S 

10*1 

14*6 

21*9 

30-8 


and show, by finding the values of a and 6, that they lie on the graph 
of an equation of the form 

11. State which, if any, of the points 

(1, 2), (~1, 3), (-2, 5), (2-4, 6-57), (-3, 9), 
lie on the graph of the equation 4y=3a’‘^+-9. 

12. Find the gradient of the line joining the two points on the 
graph of y = whose abscissae are 

(i) 0 and 1 ; (ii) 1 and 2 ; (iii) 2 and 3 ; 

(iv) 1 and 1*5 ; (v) 1 and 1*1 ; (vi) 1 and 1*U1. 

13. Find the gradient of the line joining the two points on the 
graph of whose abscissae are 

(i) 1 and I-P// ; (ii) a and a-hA. 

What would you suppose the gradient of the tangent to the graph 
at the points whose abseiss^ie are 1 and a to be ? 

23. Graph of For any given value of a, say 2 or 

10 or —5, we can plot the graph as in §20, namely by 
calculating the values of y for chosen values of a; ; it will 
be instructive however to indicate another process. 

First, let a be positive, say a = 2. Denote by y any 
ordinate of the graph of and by Y the ordinate of the 
graph of for the same valwe of x. Then whatever value 
X may have, y twice F: thus, when y = i-, F=-J; 
when aj = l, y = 2, F=1 and so on. Hence, having first 
drawn the graph of .r-, we can construct the graph of 
by simply doubling each ordinate of the graph of x^. 

In the same way we can construct the graph of Sx^ by 
trebling and the graph of by halving, each ordinate of 
the graph of ; and so on. 

The curves above the cc-axis in Fig. 26 are the graphs of 
x^, 2x^ and the diagram is not large enough to show the 
whole of the graph of x^ and of 2x^ from x— --2 to x=^2. 

Secondly, let a be negative. If a = — 1, the equation is 
and the graph is clearly symmetrical to that of 
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y = with respeet to the .?>axi«; bccaixwe tho value of y 
given by y= for any cliosen value of ./'olifters only m 
sign from that given by y = for the same \'alue of j\ 



Pig:. 20. 


The graph of —2x^(a = -2) may be obtaiimd by doubling 
the ordinates of that of —x^; or it may be gx>t 'by taking 
the image in the «-axis of the graph of 2,tr. Similarly tlie 
graphs of —^x^, — 3£b“ ... may be constructed. 

The curves for negative values of a lie below the a;-axis 
in Fig. 26. 

The equation hy=co^ may be written y=p>r ajul is 
therefore of the form just discussed. ' " 

In practice it is usually best to draw the graphs by 
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plotting points but the process just considered shows that 
the graph of aoo^, for different positive values of a, is of the 
same general character as that of o? and that the graph 
of aa'}, for different negative values of a, is of the same 
general character as that of The greater a is the 

more rapidly does the grapli recede from the a>axis. 

If h is positive, tlie graph of + 6 is simply that of ao(?‘ 
moved h units up the diagram, for it may be obtained from 
that of ai)(? by increasing each ordinate by h. Similarly 
the graph of ax^ — h is that of ax^ moved b units downwards. 

The origin is a turning point on the graph of ax ^ ; but, 
if a is negative, the ordinate at the origin, namely zero, is 
a maximiim, when considered algebraically ; because every 
ordinate except that at the origin is negative and zero is 
algebraically greater than any negative number. 

Tlie curve given by the equation y=::ax^+b is called a 
paraholp- (§ 29) ; tliis equation is a particular case of that 
of § 29. 

24. Change of Scale. There is another method of con- 
sidering the grapli of ax^ depending on the scales used in 
plotting it. The graph of y = a? (Fig. 25) will, if the 
vertical unit line be properly chosen, represent the graph 
of y = ax^ for any positive value of g. 

For example, 1 et a = 1 0. When a? = 1 , the equation y=l Ox^ 
gives y = 10; let therefore the segment OV which in §20 
represents 1 now represent 10. In other words let the 
new vertical unit segment OV' be Toth of the former unit 
segment OV. Every vertical step therefore will now 
represent a number 10 times as large as it represented on 
the first scale. ED for example is 40 F, that is, 400 F'; 
when 0 F is the unit tlie ordinate of D is 4, but when 0 V' 
is tlie unit tlie ordinate of D is 40. 

Now, every ordinate of the graph of y^l^x^ is 10 times 
the ordinate of the graph of y — x^ for tlie same value 
of jr ; but on the new scale every vertical step represents 
a number that is 10 times as great as the number it 
represented on the first scale. Therefore the graph of 
y — lQx^ is simply that of y^x- with OF', instead of OF, 
representing unity. 
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Similarly the graph of = eonstrueie<i uith OV as 
unit, will be the graph oF y^iu? {a being positive) provided 
the scale is changed so that OF shall rei)res(mt, not 1 but, a. 
Thus it will be the grapli ot‘ 2.r" if 0F=^2, of if 0 F=:| 
and so on. 

The graph of y= — .r- stands in tlie sjum^ relation to that 
of y — ax^ when a is negative iis the gi-aph of y^^x- docvS to 
that of y = ax^ wlien a is positiv(\ Tims tln^ graph of 
qi=i will represent tliat of //= — lO.r- ])rovi(h‘d 01’^=: K) 
(Fig. 26). 

These considerations a, Iso sliow tliat a- eliange of scale 
like that just treated is eqniv'alent to a, st.retehing or con- 
tracting of all lines in the paper parallel to the //-a,xis. 



In studying the purely geoinetricaJ ])ro])eri.ies of curves 
it is desirable that the two unit ste])s 0//, 0 V should 1)0 of 
the same length ; but such a choic(‘. is often ini))racticable. 
The more advanced student will readily ^ee that a, change 
in the length of the steps OU, OF, so long as the lengths 
are kept equal, merely changes the size and not the sliape 
of the figure because all lines arc altered in the same pro- 
portion. When OU and OF are of dijferent lengths the 
curve is distorted and its geometrical proj)e.rties an^ often 
much disguised; for example, a circle would be fattened 
and appear to be an ellipse. 

Fig. 27 shows two curves both of wducli laqu’esent y — x^. 
In both the ai-scale is V to 2, but in the u})|)(‘r curve the 
2/-scale is 1/' to 2 while in the lower ciir\'e it is I" to 20. 



BOLUTION OF QUADRATIC EQUATIONS. IB 

In interpreting a graph it iw essential that the scales he 
known. 

From what lias been stated in this article and in § 23 the 
student should now have no difliculty in picturing to himself 
the graph of y==ax- + h; in employing the graph for the 
solution of problems very much depends on a proper choice 
of scales. It will not now be necessary to choose the values 
of X so near to each other; a few points, to act as guide 
points, will generally be sufficient. The proper rounding 
at a turning point should be specially attended to. 

Before proceeding to § 25 the student should work several 
of the examples in Exercises XI. 1-10. 

25. Applications of the Graph of We shall take two 
illustrations of the way in which the graph may be usefully 
applied. 



Example 1. Solve graphically the equation 

2ru'- + ]ai;-5=-0 (i) 

Write the equation in the form 

-iar+r>, (ii) 

then di*aw the graphs of 

y = (ii i ) and ?/ = - 1 8.r + 5 (iv) 

These graphs intersect in two ]3oiiits /I and B (Fig. 28). The 
coordinates of A satisfy hot/i of the eipiations (iii) and (iv), because A 
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is on both graphs. At A therefore the // of (iii) is the ,aiue 
(iv), and the .-r of (iii) the same «*i,s the 
point A is such that 

^25a'*' IRr + o ; 

in other words the .r of the point J satistie. ,• ,! ?> t w ‘ i wilcnt 

to(i). 

Similarly we see that the .r of H satisfies ([ i. 

Thiis^ to solve equation (i), plot tlxe gxapit • 0 / ioius lyh* aiiii q?) 

and read off the abscissae of the points of inte , u a Thr :»» . 
are the roots of the equation. 

A preliminary rough sketch of tlu^ jjjraj ** . will imhv n ,, 
intersect a little to the right of 0 and a. little . - • * hi « 
for which .r= -1 ; we only require, thend'ore * ; ■ c - < uhs * , < . 

fully near these points. 

The roots are approximately 0’21 a,nd -0*1)3 ; on the scale to which 
the figure was originally drawn tlie roots rt'ad as 0*iJl4 and 

-0*934. The roots, when the equation is solvi'd algi4>raically, are 
0*2141.., and -0*9341.... 



In general, the roots of ax- + hx+c -0 may l)o IVmnd as 
the abscissae of the points of intersection of tlu^ graplis of 

y = ax"^ and ;// = — bx — c. 

Sometimes it may bo more convenient to take the gi*aphs 
y = ax^ + G and y = — bx. 

In many cases however it is preferable to use the method 
shown in the next example. 
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2, -■■'M nation 523a'- ■'-72Ri’- 213 = 0. 

ro . /fT !'•' ch*:* ‘ s' of .t?-, exjH'oss the fractions as two-place 

r/riio -3 ..“bioii in the form .i’-= LSOa’-f 0'41. 

'^V: draw ib • ' ,, b take the points (I, 1*80) and (L -0*98); 

V lie- b' ' 1 '. ’ • VC f*, as a test of accuracy, whether it crosses 

th,} c a },■ . 'r,ii .:,c' ■■•crv 'Al ahove the. origin. 

' j!? ^ 4 ' < f t iu ;.;.u})]i of a.'- slicws that the two abscissae are 

1 ,iiid ?h'.* N>ots are then easily found to be 1*64 and 

- >25 (Fir 

c''!! C Oc. ,v . la.rge tliis method should be taken; indeed, 
it is nsuaH) », ■ '* si c >d. If many equations have to be solved it 

IS /f crul it) ^ a : ‘.V i -, wii graph of .r-. The straight line need not* 

lie at r i J'h di" ' ';i ■ ‘ » ' • placed in the position for drawing the line 
Vviii ciiaoie the I'uOu's to r* 1 



Example 3. Corresponding values of two quantities E aaid It are 
given by the table : 



0-50 

1'12 

1 *53 

2*16 

2-74 

3-25 

[ 3-83 

R 

o*otr 

0*33 

0*72 

1*26 

1*92 

2-94 

4'22 


the values being subject to small errors ; find some simple relation 
between E and il. 

When the points {E^ R) are plotted (Fig. 30) the curve suggests that 
is proportional to j&- ; try therefore if the equation R^aE^ will 
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suit the table. To find take the point (5, 1,M>9) i;; on 

graph ; this point gives 

1 •09 = 40 , ; 0 = 0 * 2725 . 

Try another point, say 2*46) tbis giv(\s 

= ; o. --0*273... . 

We might therefore take o = = 0’273, which gi\ es (In* relation 
A* =0*273 a;-. 

AWien the values of R. are calculated from (his e(|ua(ioii, for the 
different values of the ivsults a.r<‘. fouml t<» a.gr(‘c j>r(4ty well with 
the given values ; the al)ove I'clation is th(n‘<4*or(‘. the one sought. 

When the curve suggests the eqiuition /ib o /i7*’ H- tovo points must 
be taken to determine the two numb(u*s o, 5, (‘.xactly as in the case of 
the linear graph 17). In this ca-se it. is somethnc.s (uisiei* to plot, 
not the points {E^ li) but the points R), I1ia,t is, wbeu the graph 
suggests the equation R — aE'^-\-h^ begin ovau* again ; ('alciilate the 
values of ta,ke, these values a,s a,bs<*issa,(^ and the, oori’(^s})onding 
values of /ibis ordinates. If be denottul by A’’, say, and if it is found 
that the points (i^, R) lie on a straight, line, t.lnm /^bind R .sati.sfy the 
linear equation R — aF-^-h^ so that E and A* sa-tisfy th(^ rjuaflratio 
equation Naturally, this uu^thod involves a good deal of 

calculation but it is soinetinies very useful. 

Abetter method of detenuiniiig a when R --aE- is the following. 
Calculate the quotient RjE'^ for o^ach pair of <‘orresp<)mliug values; 
for the above set these (Quotients are, in order, 

0*240, 0*263, 0*307, 0*270, 0*250, 0*278, 0*288. 

These quotients are not equal Imt/, ahowa-iice l>eing made for the 
errors of observation, they may be eonsidertH’l as iM^mil. Hence 
RjE^ is constant, so that R^aE-. 

The value to be taken for a is the imun of the* quot ients, tliat. is, the 
sum of the quotients divided by the number of them, in this case 7. 
AVe find 

I *902 

sum of quotients = 1*902 ; rnean= v 0*272 ; 

i 

so that A!=0*272.^‘^. The value of a suggested by tlie, points taken on 
the graph was 0*273 ; one value can hardly l>e considen'd mmvli lietter 
than the othei*. 


EXEIICISES XI. 

1. CIrapli the eq uath)ns^iy= 100a/** and v/= lOO.i*" -- HJ l from.r=0to 
:r = 5. 

2. Ora.p]i the equation y = 250 — Kb/** for positive values of y. 

3. Gi'aph the eqiiatioxi 22.r“-|-5y=80 for positive values of y. 



EXERCISES. XL 


. I , . V i- Hrge scale the graph of from .^=6 to ; 

.'k ,!■ ^ pi. : i, as accurately as your scales allow, ^45. (The 

',:ir - > ’ .{ should be outside the sheet.) 

5 , Ir .:t- ; .it g. j-ph of How is this graph related to that of 

: bow is the giuph of related to that of 

: ^ , s : le axes and with the same scales draw the graphs of 
. ’ :,i ' , carrying the curves sufficiently far to make sure that 

•c, ■ . : :Vv. ; > * 5 li t heir points of intersection. State the abscissae of the 
poims ox intersecuou and write down the equation of which these 
abscissae are the roots. 

7 . The same problem as in example 6 for the equations 

8 . The same pi’oblem as in example 6 for the equations 

9 . The same prol^lem as in example 6 for the equations 

+ 1 0, ?/- = ;r + 4. 

10 . The same problem as in example G for the equations 

9^.2 + 4^y=:50, ^25=: 11, V. 

Solve the equations in examples 11-16 : 

11 . ' 9.r2 - 5.r - 2 = 0 . 12 . 25.^2 - 1 3.r - 60 = 0. 

13 . 3*2.r2-i-l-3.r-2 = 0. 14 . 332.^2 - 576.r - 428 = 0. 

15 . T8.r2-9-36.r-f 8'72=:0. 16 . 2 - 1 5 .;i ’2 _ 3 . 53 ^ 0 ^ 

17 . Find the greater positive root of the equation 
3-2.r2- 53.?-+ 112 = 0. 

Find the relation between .v and y in examples 18-20. 


18 . 


X 

0-5 

0-8 

TO 

T4 

T8 

25 

3 

y 

2-8 

3-9 

1 5-0 

7-9 

1T7 1 

20 ’8 

29 0 


19 . 


X 

1-0 

IT) 

2-0 

2-5 1 

3-0 

3-5 

y 

lG-10 

36-21 

G4-38 

100-6 

144-9 1 

i 

197-2 


20 . 


X 

1 

2 1 

3 

1 4 

5 

6 

8 

y 

6-1 

19'2 

; 41-2 

7T9 

11T5 

160 

283-2 
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21. A. particle moves in a straight line a, ml its distance, « feet, from 
a fixed point in its line of motion t sec<mds after starting is given by 
the table : 


t 

4 

1 

14 

2 

Ol 


s 

11 

144 j 

o 

\ 

‘274 

;i74 

49.4 


Find an equation between and t, 

22. A point is moving in a ])la.ne and its horizontal and vertical 
coordinates, x feet and ?/ feet resp(x*tively, t s<‘conds after starting are 
given by the ecpiations 

.1? = 1 OOjf, ?/ = 1 4 4 - 1 f)/-. 

Plot the path of tlie point and (ind when and at wlait distance from 
the origin it reaches the horizontal thi'ough thi^ origin. 

23. A, (7, i), ... are n points in a plane. Tlie straight line AB 

is horizontal ; EG slopes upwards (to the i*igbt) at tlu^ gradient O'l ; 
CD slopes upwards at the gradient 02 ; f)B sl()pc‘s upwards at the 
gradient 0’3 and so on. The projection on the horizontal of each of 
the lines BG^ CD\ DE^... is eipial to AB which has the length 1. 
Taking the middle point of xiB as origin and axes along a, ml perpen- 
dicular to AB as axes of coordinates, show that all the points lie on a 
curve given hy an equation of the form and (ind Ihe values 

of a and h. 

24. Given the table of corresponding values : 


V 

8*28 

11-63 

18-40 

20 -re 1 

D 

1 

1 

' 2 

5 

10 


find a relation between I’^and D. 


25. In Kelvin’s Mathematical and Phifdeal Papers, vol. i., ]>. 448, 
corresponding values of two quantities F and T art‘, givtm as folhnvs ; 


V 

,40-9 Ol-f) 

68-1 

72-7 

78*7 

84*8 104-5 

1 180-2 I 18:h2 145-4 

T 

27-5 32 

46-5 

57*5 

07*5 

74 91 1 

151 172 191 


Verify that, approximately, 7^=0*()I02() 
26. If rand T’are given hy tlie table : 


V 

7-08 

15*3() 

28*04 

30-71 

T 

2-5 

18*5 

80*5 

48 


show that, approximately, 7^-0*0507 P-. 
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26. G-raph of y^ax^ + hx+c. We will draw the graph 
for two^ typical cases, (i) for a a positive number, (ii) for a 
a neg^^ive number. 

(i) Draw the graph of y=: 4^2 -8^ -7 from .r= -3 to .t’=5. 

Calculate first the values of y for the integral values of .r ; we 
thus obtain the table : 


X 


- 2 

-1 

0 

1 

1 

2 

3 

4 

5 

y 

53 

1 

‘25 

5 

-7 

-11 

-7 

5 

25 

53 


The greatest value of y within the range is 53 ; y also takes negative 
values up to - 11. We may now choose the scales, taking the vertical 
unit line, say the horizontal one, and then plot the above points. 
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Fig. 33. 


It is obvious that the graph will have a turning point at or near 
the point (1, -11) ; we should therefore find one or two points near 
this one and on each side of it. Make, then, the supplementary table : 


X 

0-5 

0-7 

0-S 

0-9 

1-1 

[ 

1-2 

1-3 

1-5 

y 

-10 

- 10-64 

~ 10-84 

- 10-96 

- 10-96 

- 10*84 

- 10-64 

-10 


This table is much fuller than there is usually any need for, but it 
has been given to show how slowly the ordinate changes near the 
turning point (1, - 11). 

The graph may now l\e drawn freehand. (Fig. 31.) 
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(ii) Draw the graph of ;//~7 + S.r~4.r- fi‘om .r= ~3 to .r~5. 

The value of y in tliih^ equation ditiei’s o/^lj/ m from that of y in 
(i) for the same value of j.' we therefore ])lot the points (~ 3 .. ^ 53 )^ 
(- 2 , ~25)..., (5, -53). This graph is the image of tlie (irst one in 
the .r-axis. (Fig. 32.) 



Fitr. :i2. 


The two equations just discussed are of the fonn 
y = + hx + e. 

As will be seen in §29 the value ol* a (hd.ennines tlie shape 
of the curve ; the values of h and c deteriniru‘ its povsition 
with respect to the coordinate axes. Wlion u is positive, 
the curve is concave ivpivarch (Fig. 81) ; when ft is negative, 
the curve is convex upwards (Fig. 82). II 10 cur\'c is called 
a parabola (§ 29). 

Another method of drawing tlie graph is to ]dot with 
the same scales the graphs of ax- and hx + c and then to 
add the ordinates. This method is of great importance for 
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more complicated curves and will be illustrated in drawing 
the graph of a cubic function (§§ 37, 38). 

27. Application to Quadratic Ectuations and Quadratic 
Relations. We shall discuss two applications of tlie graph 
of ax^+hx + c. 

Excmvple 1. Solve the equation 4.r2--8.^?-7=0. 

The roots of this equation are the ^^allles of x that satisfy the 
simultaneous eq nation s 

2/ = - 8.r - 7 (i), y = 0 (ii) ; 

in other words, they are the abscissae of the points where the graph of 
equation (i) crosses the .r-axis. 

From -Fig. 31 we see that the roots ai-e 2*66 and -0*66. 

Similarly we see that the roots of 

4.r‘^ — 8.^• - 7 = 10 (a) 

are the abscissae of the points where the graph of (i) is cut by the 
straight line ?/ = 10. From Fig. 31 the roots are seen to be 3*29 and 
-1*29. 


When a grapli is to be used merely for the purpose of 
solving an equation it need not be traced except for points 
on it near the rr-axis (or other line) and there it should be 
traced as accurately as possible. To find the neighbourhood 
of the points where it crosses the .T-axis, observe that the 
value of y given by a value of x a little less than the root 
is of opposite sign to that given by a v^alue of x a little 
greater than tlie root. 

■ For example, take ;?/ = 4.r- — 8.r ~ 7. When a- =2, ?/=-7 and when 
a* =3, ?/ = 5 ; the cui’ve thei’efore must cross the j’-akis at some point 
between .r=2 and .r=3. Similarly, when .r=0, ;y=-7, and when 
— y — 5 ; the curve therefore must cross between a.'=0 and 
a?= - 1. The neighbourhoods of the two roots being thus found, a few 
values of ?/ will give the shape of the curve near these points and thus 
the roots themselves. 

In the same way to .solve equation (a) find values of .r, not differing 
much from each other, that make ?/ a little less and a little greater 
than 10. 

As examples the student may try to solve some of the 
equations 11-lC, p, 77. 
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JSmmple 2. Find a relation Letwon .r aiul // tliat will satisfy % 
following system of values : 


X 

0 

1 0-5 1 

1 i 

1 1 

i*r» 

2 2 A 

3 

y 

r>-4 

(i-3 j 

G-G 

1 

GT 1 

o-U 3-2 j 

O’G 


When the points are plotted and a, smoolli eiirvt' drjiwn to lit them 
(Fig. 33) tlie curve suggests that ,r a.nd // satisfy a, l•(‘la,tion of the, form 

If ~ 

To determine whether the suggestion is eoi’i’cct,, taht^ threes pointiH mi 
the curve so as to obtain throe eipiations for (iudiug tlu' numhers a h 
c. Take the three points for which .r has th<^ vaJiu's 0, 1, 2 respectively 
These give r/4=e; 6T> = « 4- -I- 



T'lff. as. 

rom which we obtain 

The relation between .r and ,?/ becomes 

y/ = rr4-f 2'(>.r- V i.rl 

The values of y calculated from this o((uati<m agree well with the given 
values. 

This example is specially sim]de; it is obviotis that 
if the given numbers were large tlie (‘aJenlatinns would be 
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very laborious. It is not however difScult in any case to 
plot the points and to obtain from the curve a suggestion 
as to the algebraic relation between the quantities; but 
more powerful mathematical methods than are employed in 
this book are often required for the practical evaluation 
of the coefficients. In Mr. Bashforth’s works on the 
Resistance of the Air to the Motion of Projectiles excellent 
examples will be found of the more difficult type.* 

EXEKdISES. XIT. 

Draw the graphs of equations 1-G for values of .r from .r~— 5 to 
.r’=r). State the turning ])oints and say wliether the value of y at the 
turning jooint is a niaxiiniim or a ininimiun. 

1. = 2. ?/ = 2a’-.r2. 3. ?/ = 4.r + .r“. 

4. y~Ax~,v'^. 5. ?/”10.r+4i;“. 6. ;?/ = 10.r’- 

7. Gi^aph the function 13 + 30.)- -9.?’“ ; extend the grapli far enough 
to obtain tlie roots of the equations 

(i) 0.r2~30.r-13 = 0. (ii) 9.r- - 30.r - 24 = 0. 

8. Graph the function 10 + 3*4,r ~0‘6.r-. Find its maximum value 
and the values of .r foi; which it vanishes. 

Find as avourately a.s yon can l)y means of a graph the maximum or 
the minimum value of each of the functions 9-11 and state the value 
of .')• for wliicli tile function has its turning value. 

9. (,r~ J)(.r--3). 10. (2.r + 3)(.r~.i). 11. 

12. Sliow liy a. gra]i]. the relation between the area and one side of 
a rectangle the jierimeter of which is 72 inche.s. Wliat is the greatest 
area the rectangle ca,n liave ? 

13. .rand y are two inunbei’S such that 3.)'-l-4/ = 48 ; what are the 
values of .r and y when the product ,r?/ lias its greatest value ? 

14. A point P moves along the stiuight line given by tlie equation 

.r + n;y=:60, 

and il/, N ai'e the projections of P on the coordinate axes OX\ OY. 
What is the greatest value of the rectangle OMPY^ the coordinates of 
P being positive ? 

15. Corresponding values of u and v are given as follows : 


u 

1 

o 1 

1 1 

4 

5 


Hr 

i 

r 

25 

•n 

5.5 

1 

07 

i i 

sn" 

m 


*A Mathematical Treatisi^ on the Motion of Projectiles. By Francis 
Bashforth. (London : Aahev & Co., 1873.) 
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Show that n and are connected by an e(jnati(ni of the form 
and find the values of a., c, 

16. OoiTesponding values of t and R are given as follows : 


t 

‘ 

1*5 

2 1 

2*5 

5 

4 

R 


14 

15-5 

U )*5 

16 

15 


Test whetlier R is a quadratic function t. 

17. The resistance, R ohms, of a wire at t deg. < V‘nt. is given ]\y the 
table : 

« 0 5 10 15 20 I 25 I 50 

R 25 25-49 25*98 26*48 26*99 [ 27*51 | 28-05 

Show that i2~25(l and lind tlie values of (( a,ncl />. What 

is the value of R when t~ l% and when — 33? 

18. The following values are taken from a. tabh^ of exjxuhnental 
results : 


t 

11-94 

15-09 

19-20 

24-64 j 

31*88 

56 -.12 

e 

272 

279 

286 

i ! 

510 

515 


Show that the relation between t and r may Ih‘ r(*prescnted very 
approximately by an equation of the form 

and find the most probalhe values of o, />, o. 

19. Solve graphically the simultaneous fapiat ions 

^ + 20 = .r’, 2y 56 + 1 3.r 35.r“. 

20. Graph the equation .'r= 4//“™ By 7. Wlial. is the mnximmn or 
minimum value of tv ? 

21. Graph the equations 

(i) .r=14-~24?/ + 9?/“ ; (ii) 5.r=::=25 + 12// ™ 5/. 

22. Solve graphically the simnltjineous equations 

// = 2 + 2.r ~ .r“, .r =3- 1 4 - 24y + \) f '. 

23. A point is moving in a plane and at time / s«M‘(»n(ls from a ('hosen 
instant its distances from two rectangular axesf/); (K\ in tin* plane 
are .r, //, feet respectively where 

,^’=:400/, 3/=:100? -16/“. 


I 55 I 40 

j ‘iS-Sfl I 2!) -os 
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Wliat path does the point dewci*n)e? For what value of is y a 
maximum and what are then the values of y and .v'l For what values 
of t is y zero ? 

24. If 5 - 6<{, y — 5 + 6^ — 1'\ where ?/, t have the same meanings 
as in the preceding example, trace the path'of the point and answer the 
same questions as in example 23. 

28. Change of Origin. If the graph of y = is plotted 
with the same scales as are taken for the graph of (i) § 26 
it will he found that the two graphs can be made to 
coincide, by superposition; in other words, they are the 
same curves but they occupy different positions with 
respect to the coordinate axes. The student should make 
the test for himself ; it is easily done by using tracing 
paper. 

Ill general, the graph of ux- + bx+c can be made to 
coincide, by superposition, with that of if both graphs 
are drawn witli the same scales. The proof of the general 
proposition depends on changing the origin of coordinates ; 
we will indicate the method fully for the eciuation 


2/ — (i) 

By the method of “ completing the square equation (i) 
may be written 

y + ll=4(>r-l)- (ii) 

Now let -r 1 = Z, y + 11 == 7, (iii) 

and equation (ii) becomes 

F- 4Z‘- (iv) 

The graph of (iv), with A", F as coordinates, is obviously 


the same graph as that of y^^xr, with :r, y as coordinates, 
provided the scales are the same. To see the meaning 
of the coordinates A, F notice that, by eciuations (iii), 

A = 0 gives x = l] F== 0 gives ly = - 11. 

Let Oj (Fig 31) be the point (1, —11) and draw A^/A^, 
F/F, horizontally and vertically through 0^ ; X, Y are the 
coordinates, referred to the axes XfX^, Yf Yj of the point 
tvhose coordinates referred to the axes X'X, Y'Y are x, y. 
For, if XfX^ cut Y'Y at L and if the perpendicular from 
the point P (x, y) cut X'X at M and A/A^ at N we have 
x^OM, y^MP, X^O^N, Y=NP. 
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Also the step — l and the stei) ()£ 

step —11. 

Now X = LUi + OiiV= 1 + A' ; x — 1 A". 


y^NP^NM^NP^W^ r- I 1 ; //+ j 1 .. K 


Tilts proves tluit the chari^-e from x and // to A and Fin 
simply equivalent to choosin^jv the |){>int 0,(1, — • I I ) as a 
new origin and nu^asnring the coordinates A", F along the 
axes through 0^ parallcd to the old axes. 

The trails t'orimition givsm ly eipnitions (iii) is eaJled 
change of the origin, the new axes being parallel to the old 
axes. 

It is a very simple problem to show, in gvm'raJ, tliat if 
the coordinates of the new origin a,rt‘ a a, ml l> and if the 
coordinates of any point Pare x and y wlnm r(‘r(‘ri*(‘d to the 
old axes, and are A'^ and Y when r(d‘crr(‘d to t!i(‘ mnv axes 
= (X + A", y = /> + F; a; — (t= A , // — !> r^-: Y (,v) 

Notice that the coordinates of the mnv origin ar(‘ obtained 
by putting Z = 0 and F=0. 

Take now the general case •//=-- m'r- + / a r + r. This may be 
written, by the niethod of com])lcting the sijua.i‘(‘, 


y+ 


Ir — 4fac 
4<a 





Let 




za 


4n, 


.(B) 


and the ecjuation becomes F=(^A-, the grap of which is 
clearly tlie same as tliat of yzzzax-. 

The new origin is the point given ))y the (Mjuat ions 


a;= — 


1 

2a’ 



( 0 ) 


these values being obtained by putting A' — d, F-O hi 
eipiations (b). The point given by ((!) is the t.iirriing point 
of the graph; the line through this point paralhd to the 
a;-axis is a tangent to the graph. 


29. The Parabola. TIic curve given by the (H|uation 

y^ax^+hx+6 ...( 1 ) 
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is called a parabola ; from tlie discussion in the last article it 
is plain that its shape depends only on cl 

The straight line about which the curve is symmetrical 
(OF in Fig. 25 ; 0^y\ in Figs. 31, 32) is called the axis of 
the parabola. The point in which the axis meets the curve 
(0 or Oi) is called the vertex of the parabola. The number 
Ija is sometimes called the parameter of the parabola. 

The parabola is not a closed curve like the circle; it 
extends to infinity on both sides of its axis, because the 
equation y — ax^ gives a real value of y for every real value 
of X and when x becomes very large so does y. 

The vertex of the parabola given by equation (1) is always 
either the highest or the lowest point of the curve ; it is the 
highest when a is negative, the lowest when a is positive. 
The knowledge of the position of tlie vertex is of great 
assistance in tracing tlie curve, not only because it is the 
highest or the lowest point on the curve but because the 
curve is symmetrical about the vertical line through it. 

30. Average Gradient. The gradient of a straight line 
is the vertical rise from (ca]j point P on it to any other 
point Q on it divided by the horizontal advance from P to 
Q ; the same ({uotieiit is obtained whatever two points are 
taken on the line. The quotient obtained by taking two 
points on a curvcil line however will clearly depend on 
the positions of hath points; in Fig. 25, for example, the 
quotients for the thr(.u‘ portions OK, OA, AD of the curve 
are 

1-IK IK\ _ 

0H~' UP” ’ 

When a point is moving along a curve, the direction in 
which it is moving when it has reached the point P is that 
of the tangent to th(:‘. curve at P; the gradient of the 
tangent line is therefore taken as the gradient of the curve 
•at the point P. We are not yet in a position to calculate 
this gradient, tliough we can calculate approximations to it 
by finding the gradient of the chord PQ, wliere Q is a point 
on the curve near P. The gradient of the chord, or secant, 
PQ is called the average gradient of the arc PQ ; this number, 
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when multiplied by bli(‘. liorizuntal advauce IVom P to Q, 
will ^i^ive the actual rise or Tall in passirii;' ah )n;i»- tlie curve 
bom P to Q. When Q is very close to P th(‘ ,i4‘radient of the 
chord will clearly differ very little from that of the- tangent. 

The gradient of a vstraight ni(^asiir<‘s the rahe of 
increase of the ordinate or of th(,‘. rtiii(d>ioii which it repre- 
sents. Similarly, tlie average gradient of a. |)oi‘tion PQ of 
a graph measures the average rate of increase ol* the ordinate, 
or of the function wdiich it represents, as the al)sci 8 sa or 
argument increases from its \'alne a,t P (v) its \’alue at Q. 
When the argument is denote<l h}' .r W(‘ s])(\ak of the 
average .r-gradient of the function : wlnm l>y /, of the 
average ^-gradient and so on, l)iii. if no ajnl)ignity is to be 
feared the x and the t may 1)0 omitted. 

In calculating gradients we always su])|)os(‘ thi' ahscissa 
to increase algebraically ; th«‘ amount by which th(‘ abscissa 
increases, that is the horizontal aih'aiicM^ from P to Q, may 
be called the increment of the abscissa. Tlu* \*rrtical rise or 
fall from P to Q may be ciilled the increment of the ordinate; 
this increment will be posiiix’c if the ordiiiat«‘ of Q is 
algebraically greater than that of J\ l)vit mga-tiv(‘, if less 
than that of P. 


Hence in all cases 
average gradient of arc PQ = 


(Orel, of Q}- 

:yfQh 


■(ord. of P) 
•(abse. of P) 


incnmieiit of or<l. of P 
incremeut of abse. of P' 


Example 1. Find the average gradient, of (lie grniilt of x' as a; 
increases (i) from 0 to 1, (ii) from I to % (iii) from 2 to Z, (iv) from -2 
to - 1, (v) from - 1 to 0. 

(i) When v/=:0 and when .r^-- 1.,//- 1 ; the incremf-nt of .r is 1 
and the. increment of y is also t .so that. 

(ii) Wlicn .r increases from I to 2, // imava.ses from i to 1, .so that 
the increment of x is 1 and the increment of y is IJ and therefore 

‘I I 3 
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(iii) When x increasea from 2 to 3 we find in the same way 

9 — 4 5 

av. gi'ad.=_^ = -=5. 

(iv) When ,i’= -2, ;fy = 4 and when .i'= -1, = l ; the inerement of 

.r is ] and the increment of ?/ is -3. Note that // changes Jhm. 4 to 1 
and that the increment is obtained by -^".btrjn'ting the 'value fro)}i 
which it has changed from the value to '•vh;.--. ;; i'las changed. The 
increment of y is in this case negative and the arc has a light-hand 
dowiiAvard slope. 

1 1-4 -3 

av. gvad. = 3 y-^-gp — = -3. 

(v) In this case 

Av.giad. 1- 

These gradients give a r(.)ugh idea of the steepness of the graph 
along difierent iDortions of it ; thus in case (iii) the average .steepiies.s 
is 5 fimes as great as in case (i). Finm the point of view of rates the 
average rate at which the function .r- increases as .r increases from 2 
to 3 is 5 times as great as vhen .r increa.ses from 0 to 1. 

E.i'ample 2. Find the average gradient of the graph of = as x 
increases (i) from 2 to 2h, (ii) from 2 to 2T, (iii) from’ 2 to 2‘01, 
(iv) from 2 to 24-/o 

f2’5')“- 2- 

(i) av. gi-nd.= — =4-5. 

(u) av. grad. = -^ : j'_ - ^ =4-1. 

(iii) av. grad.=^^-^y 2 

For case (iv) observe that when j;=2 + A, .y = (24-/^)- ; hence 

(iv) av. grad. = 4 + 

It will be noticed that (iv) includes (i), (ii), (iii) ; to obtain (i) from 
(iv) put 4 = ()’o, to obtain (ii) put 4 = 0*1, and to obtain (iii) put 
4 = 0*01. 

When 4 is very small, .say 4 = 6*01 or 0*001, the direction of the 
chord FQ will be very nearly the same as the direction of the tangent 
to the graph at F, The student may try to give a sound (not merely 
a plausible) reason foi* the conclusion that the gradient of the tangent 
at F is exactly 4 ; test the coudu.sion by drawing the tangent. 

Example 3. When a stone falls freely from rest undei* gravity the 
distance it falls in / seconds is 16/^ feet approximately. What is the 
average velocity of the stone during (i) one second, (ii) half a second, 
(iii) one-tentli of a secondj (iv) the fraction 4 of a second, each of these 
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iiitei'vaJw of tiine l»ein^< n.rkoni'd from tht* instaiil hy ^-2, tliat 

Ls, ju>st after the stone, has been bn* 2 soiroiids i 

Lot .s* denote the numher id’ ft'ct tln^ stone falls in / seconds ; tlien 

(1) 

(i) To find the distanee the stone, falls in ease (i) we suldraet the 
distance it falls from rt^st in 2 st.u'onds from tin* (listanc<^ it falls from 
rest in 3 seconds ; these distanc(*s art* <»btuiia*il by put ting f. (*<}ual to 
*3 and 3 respectively in ei j nation (I ). Ilcnce tin* nundu*!* Of feet the 
stone fa, 11s in ease (i) is j (} ^ - I x 3- - S( ). 

Now the average velocity with whi<h tln^ stone falls during any 
interval of time is (»btained l^y dividing tln^ number of hn^t in the 
distanee it falls during the interval ]>y tin* nnndu'r of seconds in 
the interval, lu this ease th(‘. nnmbei* of fe<‘t is so and tin* imuiher 
of seconds 1, so that the (piotient is 80. 'I'lu*. average*, vi'Iocity is 

thei'efore said to he .S’O jh>l />cr .s'ceo^nf. 

It is clear that if the stone bdl for I sim-oikI with t in* (nn/oriii velocity 
of 80 feet per second, the distaina^ it would fall vvoidtl be bso feet; tlie 
average velocity is thus equal to that, uniform \<htcit,y with which in 
the same time the stone would fa.ll tlu’ough the dislaiiee it a.etually 
travels. 


(ii) The number of feet tin*, stone falls in this easi^ is 

l()X( 3 l)'' - It; X 3 -t - 3 (), 

and the time during wlii<‘h it falls is \ si'eond, so (hat, dividing 36 
by we find the average velocit.y to be firt //cr 

(iii) 111 this ease the mimbei* of (’<*<*(. per second in tin*, avenum 

velocity in 16 x (a-i p - Ki x 2^ 


(iv) The dista,uee, the stone falls in (3-|-//) s(‘eonds is Ml (*2 -t 4)- feet, 
so that the distance it falls in the frac'tion k of a second is, in feet, 

IG (2 4 - hf - I G X 2’’ ^ (> \/t 4- 10//'. 

The avera,ge velocity during the IVact imi /( of a second is therefore 

{y\k-\~\{)h^ ,1 , . Of I u*/ r 4 1 

^ |„.j. second. 

We shall now state, these result, s in a, gem'ral form. In b seconds 
let the stone fall .s*j feet; in (jf, 4-/^) s(*eoinls let, it fall x., fc<‘t.. Then 
the distanee, in feet, tliat it falls during tln^ interval (»f // seconds is 
s.,-sy, and we have lii (/, 

so that ...j - 16 (/, + i)3 - 1 6/|" - -I- 1 

Tlie average voloeity during the int.e|.val, h snrnnds, tlial. Niii'reeds the 
lirst seconds of its fall, is 


feet per second, 
feet per second. 


that is, 
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Let tlie grapli of -s— 16/!- Le drawn, with t an ahKcissa ; then, cleai’ly, 
if P is the point on it whoso abscissa is and Q the point whose 
abscissa is + the average velocity during the interval h seconds is 
simply the average gradient of the arc PQ. 

The velocity at time ti seconds is the gradient of the tangent to the 
grapli at P, 

Again, since tlie aveiuge rate at wliich s increases, as t increases from 

to + is the (piotient of the increment ~ of s by the increment 
A of we see that the average velocity during the interval A seconds 
is the average rate at which the function s or increases as t increases 
from to + A. 

All cases of avei-age velocity are treated as in these examples. 
As soon as the relation lietween the distance, s feet say, tiuvelled in 
time, t seconds, is known we can calculate the distance, feet, 

travelled during any interval, A seconds ; the quotient (s 2 ~Si)/A is the 
average velocity, in feet per second, during the A seconds. The 
student should note how, as in cases (i), (ii), (iii), the quotient comes 
nearer and nearer to a (ixed number as the interval is made smaller 
and smaller ; case (iv) shows that, however small A may be, the quotient 
will never lie quite 64 but may be brought as near to 64 as we please 
by sufficiently diminishing A. 

What property will the number 64 measure {<() with respect to the 
graph of — (h) with respect to the motion of the stone 


EXEIRJISJ^S. XIII. 

Find the coordinates of the vertcv; the equation of the axis and the 
equation of the tangent at the vertex of each of the parabolas in 
examples 1-4, and write each of the four equations in the form 
Sketch the pai-aliolas. 

1 . i/ = 3a’- — 1 2.V + 8. 2 . ^ — 9 -P 30.c - 25aA 

3. 3?/ = 5.r- ■- 7. V - 4. 4 . 5/y = 8-11.1'- 4. 

Write each of the expiations 5-8 in the form Hence 

show that each eiprition represents a ]>arabola ; tind the coordinates 
of the vertex, the eipuition <»f the axis and the equation of the tangent 
at the vertex. Sketch the jiarabolas. 

5. a’ = — 1 21/4-21. 6. a ' — 4 -f 1. 2j/ - 3 

7 . 5a’ — 4;?/*^- 24/4-21. 8 . 7a’ =5 4- 24/ -9//-. 

9. If y/=.r-4-2.r4- 3 calculate the value of;?/ for ea,c]i of the follow- 
ing values of .?• : (i) 3, (ii) 3’], (iii) 34-/?, (iv) u, (v) ft4-A- 

What is the increment of y when .a* increases (a) from 3 to 3‘i, 
ifi) from 3 to 3 4- A, (y) from a> to f?.-f A? 

10 . If — 15-p20a’~-4a‘'‘^ \vhat is the increment of y as a’- increases 
(i) from 2 to 2*5, (ii) from 2 to 2 4- A, (iii) from 5 to 6, (iv) from 5 to 5’5y 
(v) from 5 to 5 + A ? 
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Find the average gradient {>f the aiy the graphs of equations 

Ill each case several values <>f tlie aliscissa of Q arc stated for 
one \^alue of that of P ; several gradients liavo therefore to Ije calcu- 
lated and the student should note how these gradients change as the 
difference between the abscissae of /’ a.nd Q laicovnes less "and less. 
The probable value of the gradient of the tangent to the granh at tlip 
point P should be stated. 

11. nof ;5Ts :bi, ;voi, 

12. // = 5.r~-h^; .v of ; .rofy-.t, ;b5, ;bl, :p(}p 3 + /,. 

13. + .rof /'^O; .rof^^^l, 0*5, o*]^ o*oi,, |^^ 

14. //= 12 - dr+.r- ; .r of P^ - 2 ; of - 1, - 1*5, 1*0, ^ 1*99 

-2+/0 ’ 

15. .y=.r^~8.r + 6; a; of /»-4 ; .rof 4/5, hi, 44)1, 4+//. 

16. + ; ,rof /^r;4 ; .rofy^^b, h.O, {'], 1*01, 4+4. 

17. y=5 + 7.r-;ir^ .rof ^-=2; .rof y 2*5, 2'1, 2*01, 2+4. 

18. // = 6 + 4.r-h- ; a; of P~^(f ; .r of y - o-|-4. 

19. // = + hj! + O ' ; a-’ of / ' n ; ,r ( >f y ■ a -} 4 . 

20. A point is moving in a, straiglil- line, anti a,t lu’mtf / :it‘cuiids from 

a chosen instant its distance from a fixed [MUiit on the line is s feet 
where .s'-= 10(h--l(h“. 

Find tlie average velocity of the point. a,s r increases (i) from 4 to 5 
(ii) from 4 to 4'5, (hi) from 4 to Id, (iv) from 4 to 4f)l, (v) fi'om 4 to 
4+4. With what velocity is the ])oint moving wlicn / -=4 ? 

21. Find the average velocity of the point whose, motion is specified 
in example 20, as t increases from y to /, 4*4. With what velocity is 
the point moving when 

22. If the relation between a and r is given by (be. (ajualiou 

.S' = 17 

find fclie avei'age velonifcy of Uio moving point as t iiii'i-nasn.s from /, to 
zl, +4. What is the velocity of tins point when t t 

23. If .r=400/, //== lOOh- 16/5'*^, wha.t is (rlic average rate at wliicli 
a.’ and ?/ increase as t increases from ty to l At \vha,i ra,tcs are.^; 
and ij increasing when 

24. A point is moving in a straiglit line with a, velooily of c iVefc per 
second, and at time t seconds from a. chostui iiistaait the relation 
between v and t is given by tlie e(juati(»n 

Wliat is the. average rate at \vhi<;h tins velocity cluingcs a,s t iucimses 
from to 4- 4 
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FRACTIONAL FUNCTIONS. CUBIC AND BIQUADRATIC 
FUNCTIONS. 

31. Infinity. The quotient of a by x is defined to be 
that number which, when multiplied l3y x, gives a ; but if 
aj is zero the definition fails : the symbol a/0 is not defined. 
It is possible however to assign a meaning to this symbol, 
and in the next section we shall see the graphical inter- 
pretation of it. 

For simplicity suppose a = l. By giving to x smaller 
and smaller values, say OT, 0*01, 0*001 ... we see that Ijx 

takes larger and larger values, namely 10, 100, 1000 

Further, we can give to x a value small enough to make 
Ijx larger than any assigned number, no matter how large 
that number may be : for example, to make 1 jx larger than 
10 million we may take x equal to the fraction one divided 
by 10 million and one. The symbol 1/0 is therefore taken 
as representing an infinitely large number or “ infinity.” 
The usual symbol for infinity is oo. 

Similarly, if a is not zero, a/0 also represents an infinitely 
large number. When the quotient a/x is positive, a/0 is 
said to be positivel}^ infinite ( + oo); when a/x is negative, 
a/0 is said to be negatively infinite ( — oo). 

When X is very large, a/x is very small ; when x is in- 
finite, a/x is zero. 

It must be specially noted that infinity is not a number 
in the same sense that 2 is a number ; for example, it does 
not follow that oo/oo is equal to 1. We are only concerned 
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at present with the limiting ease of a fraction like a/x] 
we say nothing about other operations in _ which the 
symbol for infinity may appear. Further, a/O iff not neces- 
sarily infinite if « = 0; the symbol 0/0 has no meaning 
of anj)- kind as yet. 

32. Fractional Functions, % The simplest ease is that 
given by y = !/.«. 

Take first the values of y for positive values of x ; they 
are easily calculated and the curve can be plotted, say from 
* = 0-4 to x-3 (Fig. 34). For smaller values of ,r however 
the values of y become very large ; a point on the grapli as 



it gets near to the ^-axis rises to a great distance above 
the a-axis. So long as y is finite, no matter how large it 
may be, x is also finite though small and the graph lias not 
reached the ^/-axis ; when the graph readies thc' ;//-axiH, x 
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has become ^sero and y has become infinite. The graph is 
in this case said to approach the 2/-axis asymptotically, or, to 
have the y-axis as an asymptote ; as a point moves upwards 
along the graph it gets nearer and nearer to the ?/-axis, but 
it does not reacli the axis tiJl it has moved off to an iiihnite 
distance. 

In the same way it may be seen tliat the x-axis is an 
as 3 nnptote of tlie grapli. 

When is negative, y is also negative, and the graph 
approaches tlie negative ends of the two axes as^nnptoti- 
cally. Tlie complete curve consists of two branches tying 
one in the first and the other in the third quadrant; it is 
called a hyperbola (§ 3B). 

Definition. In general, when a curve lias a branch ex- 
tending to infinity, tlie branch is said to approach a straight 
line asymptotically, or to ]ia\'e tlie straight line for ^an 
asymptote, if, as a point moves off to infinity along the 
branch, the distance from the point to the straight line 
tends towards zero as a limit — that is, if, as the point moves 
off' to infinity, tlie distance becomes and remains less than 
any given length, liowever small that length may be. 

There is a kind of s^nnmetry, called central symmetry, 
about the graph of l/x. For let a be any number; then 
the points (a, 1/a) and { — a, — 1/a) are both on the graph 
because their coordinates satisfy the equation y = Ijx, But 
these points ai'e s^nnmetrical with respect to the origin; 
therefore to everj^ point on the curve there corresponds 
another point sjunmetrical to it with respect to the origin 
and also on the curve. The curve is in this case said to 
have the origin as a centre of symmetry. The use that niaj^ 
be made of central symmetry in plotting the graph is 
obvious. 

The graph of l/ir will be the graph of ajx, when a is 
positive, provided OV is taken to represent not 1 but 
a (§24). 

The graph of — Ity (and therefore of —ajx when a is 
positive) lies in the second and fourth quadrantvS. If the 
axes in Fig. 34 be interchanged so that OY' becomes the 
new OX and OX becomes the new 07, the graph of 1/ir 
will become that of — l/.r; the number —1 on 07' will 
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become the number 1 on tlie new OX, and the number 1 
on the OX of the diagram will become the iuiml)er 1 on 
the new OF. 

The graph of 1/x^, for positive values of x, resembles 
that oil/x; it lies above that of l/x when rr is less than 1, 
but below it when x is greater than 1. Botli tlie ir-axis 
and the ?/-axis are asymptotes. The curve is symmetrical 
about the y-axis and consists of two brandies lying in the 
first and second quadrants. It is represented by tlie dotted 
curve in Fig. 34. 

The graphs of 1/x^, IJx^,... for positive values of x 
resemble that of Ijx, but they approach the rr-axis more 
rapidly when x is greater than 1, and ascend mon^ rapidly 
when X is less than 1. 


33. Rectangular Hyperbola. The function Ijx is the 
simplest case of tlie fractional Function gi\T^n by the 
equation 

CX + lC ^ ^ 


in which both numerator and denominator a, re linear 
functions of x. To see the general nature of tlie gra,ph of 
(1) consider the equation 



( 2 ) 


This equation may be written 

= p or If — (2') 

^ 2^r — 5 rr — 2-;) ■ ^ 

Now put X for (r-2-5 and Y for 2 /~ 2 , tliat is, shift the 
origin (§ 28) to the point 0-^ (2*5, 2) and the equation becomes 



If therefore we take as new axes the lim.^s 
F/OiFi, drawn through 0^ parallel to X'OX, F7)F re- 
spectively, the graph wall be of the same shape as that of 
2/ = 1-5/p; the asymptotes are the lines X^X^, 
graph is shown in Fig. 35 ; for negative \'alues of X cora- 
paratiyely little is showm. 
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The rectangular hyperbola is therefore an isothermal 
curve, because it represents the relation between pressure and 
volume when the temperature is constant. The equation 

pv = constant 

expresses Boyle’s Law. 

The equation pv'^ — a, .(iii) 

of which tlie one just treated is a particular case, will be 
discussed in tlie next chapter; but we maj^^ here note a 
method by wliich the determination of tlie constants n, a in 
(iii) may be reduced to a problem on the straight line. 

Take the logarithm of each member of equation (iii) ; then 

]o^p + n logt’ = loga. 

Now put a; = log v, y = log p and we get tlie linear equation 

2 / + 7ia; = loga (iv) 

Hence when v, p satisfy equation (iii), x, y satisfy 
e(juation (iv). If thereFore the points (v, p) seem to lie on 
a curve with an equation of the form (iii) a good method 
of testing is to plot the points (rr, y) and see wdiether thej^ 
lie on a straight line. The values of n and log a are 
obtained from tlie linear graph as in § 17, example 8. The 
best method, liowex^u*, of finding o- is to calculate the values 
of pv^^ (the value of n being taken from the graph) and then 
to take the mean of these values; in any case the products 
pv'^^‘ should 1)0 tested so as to verify tlic value of n. 

/ EmmpJe 2. Find a «inq)le I’clation ooimectiiig .r and y, pairs of 
Vcorresponding vahi(‘s of tlieso quantities Ix^ing as in the table. 


X j 

.1 

2 

3 

4 

5 

6 

7 

S 

9 

?/ 

2*or) 

3-23 

;!-9r) 

1 4-49 

4-87 

5*20 

1 

54-0 

r)’G0 

rr77 


Fig. 30 shows tlie graph, which is of the liyperbolie type. It is 
evident howteau’ tliat the product .r?/ is not constant, so that we may 
try e(piation (1) of 33. 

The curve seems as if, when produced, it would go tlirough the 
origin. Now, when the hy]jerbola represented liy that eipiation goes 
through the origin the tei’m h is zei'o, and wlien — 0 the determination 



98 


TBKATISE ON GRAPH8. 


and the graph is the curved line of Fig. 24. 
parallel to the axis of W is given by 


Tlie asymptote 


and the curve approaches tliis asymptote from below. 

The graph of equation (1) is called a rectangular hyperbola. 
The word “rectangular'' is used because tlie asymptotes 
are at right angles to eacli other ; as a rule, tlie asymptotes 
of gv hyperbola "are not at right angles to each, otliea*. 

y .^34. Applications of the Hyperbola. The graplis just dis- 
cussed are sometimes useful in suggesting a relation l)etween 
variables of which a few corresponding values are known ; 
we give some illustrations. 

Example 1. The pressure p, measured in (jmiti metres of marciiry, 
corresponding to the volume, v cubic ceutimetre.s, of a (piantity of air 
kept at constant temperature was determined expin'inumtally, and the 
following pairs of corresponding values were olitainod : 


V 

20-7 

22-1 

23-6 

25-4 

27-3 

p 

130-3 1 

i 121-5 

i 

114-1 

105 6 

08-4 


Find an equation that will represent a.])]»roxiniat.(‘ly relation 
between v and p. ^ 

We notice that as v increases jo decreases, and when tlu^ points (e,p) 
ai'e plotted the curve through them resembles one of tlu^ ourves of 
Fig. 34. The simplest of these curves would givi*. a,n i^() nation of the 
form 

p — ajv or pv — a (i) 

where a is a constant. 

To test Avhether this relation suits, we form the yiroduct of each pair 
of corresponding values ; the products, taken in ordtn*, mv. 

2697, 2685, 2603, 2682, 2086. 

These numbers are as nearly etpial as can bo (expected, so tint the 
required relation is of the form (i). Tlie ]>est va-lue f(»r tlu^ constant 
a is the mean of tlie products, that is, their sum divided by 5, tlie 
number of them. Hence 

= -2689. . ,.(n) 
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of tlie constants can be reduced in various ways to a problem on the 
straight line. 

Putting 6=0 in equation (1) § 33 we obtain 

cxy—ax-dy (a) 

Dividing both sides of (a) first by .r, next by y and lastly by .ry, we 
derive the three forms 

mj=a-d\ cx=a^-d (y) ; e=aj-rf’-. (S). 

Now in (y8) put u for ?//a*, in (y) put for .r/y and in (8) put A" for. 
l/.^’and Ffor 1/y ; these equations then take the forms 

cy^ci-du (/50 ; cx-m-d (y') ; c = aY-dX (3'). 



Pig. 30. 


Equation {ft') represents a sti’aiglit line wlien y a,nd v are taken as 
coordinates ; so does equation (y') when x and are taken and equation 
(S') when X and J"' are taken. 

To test then whether a graph can be represented ]>y an ecjuation of 
the form (a) we may use any of the equations (ft'), (y'), (S') ; naturally, 
we take the equation that gives us the most mauag(aible coordinates.' 

For the example in hand take (y') j we therefore form the tal)le, 
after calculating the values of v by dividing ea,ch value of a- ])y the 
corresponding value of y. ' ' 


X 

1 

2 

3 

4 

5 

0 

7 

8 

9 

II 

0-488 

0‘619 

0'7C0 

0*891 

1-027 

1-154 

1-29G 

1 *429 

I rm 


Plotting these values on a sheet that will allow for v’ a, scale of 1" to 
01 (count ordinates from 0*45) we see that the points are very a|)proxi- 
mately on a straight line. Hence there is a linear relation between 
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and v ; taking tlie p(nnt}3 for which .t’=4 and .f = 8 we get the equation 
.^•y=7•44^‘-2•6%. 

It will be found on trial tliat this equation is satisfied veiy 
approximately by the given values of x and ij. 

When the term b in equation (1) §33 is not zero these 
transformations are not applicable. That equation really 
contains only three independent constants, for it may be 
written in the form 

Ax^B 

x+D' 

To test tliis e(iuation we must select three points on the 
graph which will give three equations to determine A, B,D. 

It need hardly be added that similar transformations to 
those of the present example may easily be devised for 
special cases. Thus, to test the equation 

y — alx-+d 

we may put u for l/x^ and test whether the points (u, y) 
lie on a straight line. No general rule however can be 
given ; tlie plotting of the logarithms of the variables, as 
suggested in example 1 and as will be shown more fully at 
a later stage, is even more useful than the method just 
treated. 


EXERCISES. XIV. 

1. Draw tlie graph uf //“25/4.r for positive values of .r, and find 
graijbically the roots of the simultaneous equations 

4.r;/ = 25, y + 3.r=10. 

2. Graph the equations 

(i) .r// = 10, (ii) .r-//=10, (iii) = 

Find the aljscissae of tlio points in which each of the graphs cuts 
the straight line given by 

and write down the equations of which these abscissae are the roots. 
Will it be necessary to plot each graph for negative values of x in 
ordei* to find the roots ‘I 

3. If 'p is tlie pressure in pounds per square inch and v the 
volume in cubic feet of one pound of air at the temperature 32“ F., 
then y^;~182. Represent graphically the relation between v and p. 
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4. Draw to the same axes and with the same scales the curves 
given by the following equations : 

(i) it = f - from vf = 0 to x ==-■ 1, u . = ~ fur .r > 1 ; 

(ii) v= -x from .?;=0 to = ], i ; 

9 

(iii) ' 2 «;= v 1 from .r =0 to .r = 1, m ~ for x > 1 . 

These graphs are of importance in the Theoiy of the Potential 
pp. 154, 155).* 


5. Graph the following equations : 

(i) y=10-b 

.v-3 


(ii) ,y=10 + i ; 

(iv) 


6. Graph the equation 

x//-3x-h2j>/-4=0 


and find the abscissae of the jooints in which it is cut l)y tlic strai<>'ht 
line a’+?/= 3. Of what equation are these abscissae the ‘roots ^ 


7. 


Graph the equation y + 4= 


10 

(x-2y 


8. The deflection d of a galvanometer for a total rcsistaiioe A' ohms 
was found to be as follows ; 


R 

6080 

5485 

4996 

4419 

3774 

d 

1 60 

66 '5 

1 73 

' 82-5 

9(>-5 


Find a relation between B and d. 


j length 24" and of the same 

depth 0-525 but of variable breadth l> inches give, for the .same load’ 

be M four ■* "’W'e found to 


h 

0-54 

0*79 

1 -02 

1*26 

X 

’ 1*08 

^ 0-75 

0-60 

0-4() 


Show that, roughly, ,* varies inveraely as fi. 


*The reference is 
(London: Macmillan. 


to the author’s Blmmniavy Treatim on the Cakuhs. 



EXERCISES. XIV. 


103 


10. Boyle’s ''Table of the Condensation of the Air” by which he 
verified the law that bears his name is as follows, ^ representing the 
pressure in inches of mercury and v being proportional to tlie volume. 


V 

\ 48 

46 

44 

42 

40 

38 

36 

34 

32 

p 

29* 


31M 

1 

s 

OO 1 iy 

35* 

37 

39x\ 

4.1 1 0 

44fV 


V 

30 

28 

26 

24 

23 

22 

21 

20 

P 


50* 

54* 

5811 

61*. 

64 A 

67tV 

70U 


n 

19 

18 

17 

16 

15 

14 

13 

12 

P 

74* 

7711 

821 5 

8711 

93* 

100* 

107iil 

117* 


Verify the law from these data. 

11. Determine a relation between .v and /j from the following data : 


■x 

1*4 

1*7 

2 ‘3 

2’8 

3-3 

V 

2-04 

1 1-38 

0-76 

0*ol 1 

0'37 


[Plot either the points (log.r, log^) or tlie points ?/).] 
Apply to examples 12-14 the method of g 34, example 2. 


12 . 


X 

1 

2 

3 

4 

5 

6 

7 

8 

y 

•2-09 

2-90 

3-34 

3-61 

3*79 

3-92 

4-02 

4-10 

13. 

X 

4 

8 

12 

16 

20 

24 

28 

32 

y 

3-50 

4-65 

5-60 

5 00 

6-20 

6*45 

6*65 

6-80 

14. 




X 

3*6 

4*4 

5*2 

5*8 

6*6 

7-2 

S'O 

S-6 

y 

30 

20*3 

164) 

15-1 

14-0 

13-1 

12-4 

12*0 



104 


TREATISE ON GRAPHS. 


15. The numbers in the following table are supposed to be con- 
nected by an equation of the foxun 

test the supposition. 


X 

4-0 

6-3 

87 

10*0 

12 '4 

14*0 


V 

33*8 

30*8 

28*1 

267 

24-5 

23*2 


!. F and d are [ 

given by the table 





d 

0'5 

1 

1-5 

2 

2-5 

3 

3T) 

4 

F 

' 86*5 

317 

21-4 

18-0 

16-4 

15-3 

14*9 

14 7) 


Plot the points {F, \jd^) and find a relation between A^and d. 


17. Find a formula that will exjmess the relation between tlie 
numbers T, K given by the selieine 


1 

T 

12 ! 

15 

20 

25 

30 j 

38 i 

50 

75 

100 

150 

K 

536 

627 

719 

773 

810 

848 

883 

919 

937 

956 


18. Graph the function ^’+16/.r from .i’=0‘5 to .r = l(,), and find the 
values of x and y at the tiuming point. 

19. Illustrate by a graph the relation between the ])ei‘iineter 2s 
and one side x of a rectangle whose area is 16 .s(juare implies. Eor 
what value of x is the perimeter least, and wliat is the lea,st licrimeter';? 

20. Graph the function for positive values of .r, a,nd find 

the values of x and y at the turning point. 

21. u and v are two positive numbers such that idv is eijual to 108 ; 
what is the least value of ? 

22. The volume of a cylinder is three-eightlis of tlie volume of a 
sphere of radius 6 inches ; for what A-alue of tlie radius of tlio cylinder 
is the sum of the radius and the height of the cylinder a minimum, 
and what is that minimum sum ? 

35. Graphs of x? and Tlie graplis are easily ti’aced ; 
the calculations are a little laborious but they need only be 
made for positive values of x. 

The origin is a centre of symmetry (§ 32) for the graph of 
a;®. The curve touches the ai-axis at 0 ; but to the right of 
0 the curve is above the axis while to the left of 0 it is 
below the axis; the curve crosses the axis at the point 
where it touches it (Fig. 37). 
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A point, such as 0, where a curve crosvses its tangent and 
bends away from it in opposite directions on opposite sides 
of the point is called a Point of Inflexion ; the tangent at 
the point is called an Inflectional Tangent. 

The graph of is symmetrical about the ?/-axis. 



In Fig. 37 the graphs of and x'^ are shown from 

x= to x= 1 ; they are extended a little to the left and a 
little to tlie right, but when x becomes greater than 1 tlic 
increase of and ad is so rapid that tlieir graphs cannot 
be shown on the somewliat large scale of the diagram., 
The vstudent will do well to draw the graphs say from x = 0 
to a; = 4, taking a small vertical unit. 

The graphs of aad and need no further disemssion 
after tlie explanations of §§ 23, 24 

36. Cubic Equations. First suppose the term in to be 
absent ; the equation is therefore of the form 

“j” --j-c=o (c^y 
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As in § 25 we see that the roots are the abscissae of the 
points of intersection of the curves given by 

y = ao(? and y = — — o. 

For example take the equation 



Fig. 38. 


In Fig. 38 the curve AB0C\^ the graph of and tlio ntraiglit line 
ABC the graph of lx - 3. A, B, 0 are the jmints of inter.seetion of the 
graphs and the abscissae of these points are respectively VfjO, ()’46, 
“ 2-06. The equation therefore has three roots, given 1 )y these munbers. 

It will often be more convenient to divide Krst by the 
coefficient of and to take the graphs of the equations 

y = x^ and ?/=—-rr — 
a a 

Next, suppose the cubic equation to be complete, tliat is, 
of the form * 

ax^+hx^+cx+d = 0 (6) 
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In this case we may take the graphs of 

y = ax^ and y = - bx^-cx --d, 

or of y = and y = - - - o; - ~ , 

ct a a 

or of y = ax^ + d and y == - hx^ - cx, 

but any metliod involves a good deal of labour (see also §39). 

Again, it is easily seen that tlie roots of {h) are the 
abscissae of the points of intersection of tlie parabola and 
the hyperbola given by the equations 

y = X- and {ax -\-h)y + Gx+ d = 0 
(compare Exercises XIV. 1, 2). 

Similar methods apply to equations of higlier degrees. 

Thus, the equation ax^+l)x+c=^Q can be solved by 
taking the graplis of ax'^ and -- hx — c. 

37. G-rapli of Cubic Function. To obtain a satisfactory 
curve by plotting points demands of the beginner a con- 
siderable amount of calculation. We shall indicate two 
methods, taking in both cases the equation 

y= 3. 

First Method. Take a series of integral values of x, so 
as to obtain suggestions as to the points where the curve 
crosses the ir-axis and also as to turning points. Form the 
table 


X 

-3 

- 2 

_1 


1 

2 

3 

y 

-30 

1 ^ 

S 

3 

_ 2 

1 ® 

36 


y has opposite signs when x= —3 and when x=—2; 
also the value for x = —2 is, numerically, much smaller 
than that for x = — 3. Hence the curve must cross 
the iT-axis a little to the left of x = — 2, and it crosses 
from below. 

Similarly we see that the cxirve crosses the ir-axis from 
above between .'^ = 0 and x=l; and again, faom below, 
between x = I and x==2. 

There will be a turning point (maximum) between 
x= —2 and x = 0, and another (minimum) between jr = 0 and 
x^2. 
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A few more values should now be calculated so as to 
obtain more exactly tlie points whore the curve crosses the 
co-axis and where it turns. The following table will be 
suflScient : 


1 

1 

-2-3 

-1*9 

-1*1 

-0-9 

0-4 

0*5 

0-9 

1-1 

1 *5 

1-7 

!/ 

- 5*23 

2-58 

8-04- 

7*84 

0*33 

-0*25 

-1-84 

-2*04 

- o-7r) 

0-93 


When X is numerically greater than S, tlie term 2x^ grows 
very rapidly (numerically) ; the curve therefore rises 
rapidly towards the right and falls rapidly towards the left. 



30 . 

The curve is shown in Fig. 89. 

The abscissae of the points A, B, G (Fig. 89) are the roots 
of the equation which was solved in § 86. At tlie turning 
point B, CO =1*08 and at the turning point E, i0=— 1*08 
(approximately). 

Second Method. In this method we make use of the 
graphs drawn in § 36. 

Let = y^ = 7x — d, y=:2x^ — 7x + d; 

then y=yi-y%- 

In Fig. 40, y^=MP, y^ = MQ, so that ?/== JfP-ifQ. 

By the rule for subtracting steps (§ 3) we have 

MP~MQ=MP + QM = QM+ MP = QP 
where it must be remembered that IIP, MQ, QP arc sfops, 



COMPOSITION OF GRAPHS. 


109 


and therefore that their direction is as important as their 
length. 

Hence y-QP and, if we mark off the step MR equal to 
the step QP (not PQ), R will be a point on the required 
graph. It is easy now to plot points and to obtain a satis- 
factory curve. The curve is RRR, Fig. 40. 



■J'Mg. 40. 


Consider now the grapli of 

7/ = 2;r + 7a' — 3. 

In this case = + hnd the point, 8 say, such 

that MS is tlio mm of MP and MQ, mark off from the 
point P tlie step PS ecpial to the step MQ and S will be the 
required point. Tlie graph is the curve SSS, Fig. 40. 

Wlien 'X is large, is i nuch larger than 5 <sven for x = 5 we 
have y^ = 250, y., = 32. Hence at points at a moderately great 
distance to tlie riglit or to tlu.^ left of the ;?/-axis the curves 
whose ordinates are y^ — yo and yi+y^ will differ very little 
from that wlxose ordinate is The student should plot on 
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the same diagram the graphs of y^, y-^-y.^ and -{-y^ from 
« = 5 to 33=10 taking the ^/-scale .sinalf, say 1" to 250' 
integral values of x will be sufficient. ’ 

The fact that, for large values of x, tlio term of liivhest 
degree determines the behaviour of tlie grapli w of 
considerable importance in higher work. 

38._ Building up of a Graph. Tim metliod just given of 
plotting the graphs of one or more terms of the function 
and then adding, by the rule fur the addition of steps, 
corresponding ordinates of tlie component gi'aplis is of very 



great importance and should l)o carefully' studied. When 
the component graphs are of a well-know'u shape the 
resultant graph can be obtained with mncli less labour, and 
with more certainty, than by plotting points. In this’ way 
the gi-aph of an erpiation such as 

^,_2a3«+3;rH4 
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can be easily drawn. The equation may be written 

2/ = 2a;+3+^, 

and the graphs of 2ir + 3 and 4/a?^ can be readily laid down. 

In Fig. 41 ABC is the graph of 2.r + 3, DBE that of 
and FQH that of 2ir + 34-4/ir-; the enr ves are only drawn 
for positive values of a;. G is the turning point; at G 
£r = l‘6 and y = 7‘7 approximately. 

When rr becomes moderately large the ordinate of the 
curve cliflEers very little from that of the straight line; 
clearly the straight line is an asymptote to the curve. On 
the other hand, when x is a vsmall fraction the ordinate of 
the curve differs very little from that of the graph of 4</x ^ ; 
the difference, no doubt, is always greater than 3, but 3 is 
very small compared with 4/.r- when x is a small fraction. 

39. Solution of Equations. Method of Trial and Error, 

W^hen rough approximations to the roots of an equation 
have been obtaiiu'd, closer approximations may be. got by a 
process that may be called the method of trial and error. 

Take for example the equation 

3.rH4.r--ar-7=0. 

A i^ough sketeli of the gi*a])hs of and 7 + 8.r-4?'2 (Fig. 32) will 
show that tlie equation has tliree rof>ts, e(pial approximately to 1-5, 
— 0*8 and -2*1. To obtain a closer a])prnximation to the lirst of these 
roots, notice that when .r=]‘5, y — 0*125. The point (1*5, 0*125) is 
above the /r-axis ; when .r is gi'eatcr than 1*5, vy is positive so that the 
root is less than 1 *5. 

Now try .'r=l’49; tins gives?/— -0*110 and the point (1*49, -0*116) 
is below the .r"a,xis. We therefore try a value of l;)etween*l*49 and 
1*5 ; since 0*125 and 0*110 are nearly equal we try .r= 1*495, that is 
half the sum of 1*49 and 1*5. This gives ?/ = 0*0042. 

A still l)etter approximation is .r== 1*4948; for this value of .r we 
find ?/== - 0*0006. 

In the same way better approximations to the other two roots are 
found to be -0*752 and —2*076. 

In applying this method the graph is onl}^ needed to suggest first 
approximations, though by plotting the portion of the graph near the 
.r-axis on a very large scale we can get the closer a|)proxii nations in 
the usual way. 

It may be noticed that 1 *495 differs from the true value of the root 
by less than 0*07 per cent. <>f that value, as may be seen thus. T|ie 
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root is greater than 1*494 but less than 1*495 and therefore differs 
from either by less than 0*001. The fractional error is therefore less 

0*001 

than ^ 

and the percentage error is less than this fraction multiplied by 100. 

But 5 :^x100-=0-06...<0-07. 

1*494 

The methods that have been given of solving an equation 
are all laborious if more than a moderate approximation to 
the roots is desired ; for more powerful processes see any 
book on the Theory of Equations or the autlior’s Galmdus, 
Chap. XII. 


Note on the Cubic Function. The graph of a quadratic function 
is always a parabola, with its vertex at the highest or jit the lowest 
point of the curve. The following discussion shows tliat the graph of 
a cubic function has two distinct forms, one in which there is no 
turning point and a second in which there are two turning points. 
The discussion also leads easily to the tests for the nature of the roots 
of a cubic equation. 

In the equation y = 4- + ca* -f r/ (1) 

put X + A for .r, that is, shift the origin to the point (/q 0) ; the equa- 
tion becomes, when arranged in descending powers of A', 


y = dA. ^ “1- {Zcih + C A " -H 4- 4“ c) A 4” < ih" 4“ M " 4“ r/' 4** (2) 


Now choose h so that the coeihcient of A'- shall l)e zero ; tlierefore 
h— - hjZa, When this value of h is substituted in (li), tlmt equation 
becomes 


Zac.-lr 2/>'»-9ffZ)c4-2Vo“V/ 
?/=:«A*^4- A 4- . 


..(3) 


Let us now put F'4-(26‘^-9r?7x'4-27«V)/27^^“ for y and we ol)tain 
from (3) 

J =«A**4 A 


Finally, for T' put a F and Ave get 
J 




■ 0 ) 

^.(5) 


It will be noticed that (4) is deduced from (1) l)y a change: of origin 
to the point (/i, /■) where 


' — _ A 7 2?/*^ ■- 9 abn 4- 

S(f' 27 


.(G) 


Equation (5) is derived from (4) by a change of scale ; if o is negative, 
the change of scale is accompanied by reflection in the A'-axis. 
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The origin is a point of inflexion on the graph of (5) ; it is also 
a centre of symmetry, and therefore, in considering the graph of (5), 
we may restrict ourselves to positive values of X. 

If b‘^ = ‘^ctCf equation (5) becomes Y=X^j the graph of which has no 
turning point (Fig. 37). We must take now the cases for which 
(i) b^<Sac, and (ii) b^>*^aG. 

(i) Let (Zac-b^)IZa^=l^m% a positive quantity. (The form is 
chosen for the sake of symmetry of notation ; in case (ii) the value 
- Zn^ makes the calculations simpler). Equation (5) is for this case 

r==X'^ + Zm^X. ( 7 ) 

As .r increases from 0 to oo , F steadily increases from 0 to oo , and 
therefore the graph has no turning point. The graph resembles SSS 
(Fig. 40), the origin for (7) being the point (0, ~3) in Fig. 40, 

The equation X''^ i-Zm^X~0 has only one real root, and so also has 
the equation 

.Y''5 + 3m2A:+Z=:0 (8) 

where I is any constant ; because the graph of X^ + Zm^X + 1 is simply 
that of X''‘ + Zm'\X, sliifted parallel to the F-axis. 

When I has the value I'/Hj Avhere I' is. given by (6), equation (8) is 
equivalent to the equation 

-p 0 (!') 

Hence, when lr<Z((c equation (!') has one, and only one, real root. 

(ii) Let (3tyr - ?>“)/3a- = - :W-, a negative quantity. In this case 
equation (5) takes the form 

r=.P-3/i2X, (9) 

which may be written, as an easy calculation shows, 

r= ( A" - n)\X + - 2?r (9') 

We may, without loss of generality, assume n as well as A^ to be 
positive ; ecpiation (9') then shows that Fis always greater than 
except lohen X^n. Hence is a minimum, —''2'n?^ when A'=?i ; from 
symmetry we infer that T is a maximum, Sn'\ when A'— ~n. The 
points (/?, -2'??'*) and (-??, line) are the turning points of the graph of 
(9) ; the graph resembles R/ili (Fig. 40), the origin for (9) being the 
point (0, 3) in Fig. 40. 

The equation A"^ -- 3#“A^=0 has throe real roots, namely 0, and 

-Qi^fZ; it is easy from grayhical cemsiderations to deteiauine the 
nature of the Vi-iots of the equation 

X’^~-ZnKY+p=^0 (10) 

where p is any constant. 

The roots of (10) are the abscissae of the points of’ intersection of 

the graph of (9) and tlie straight line Y= ~p. If the straight line 
has the turning ))oints of the graph of (9) on opposite sides of it, then 
it will cut that gra}.)h in three ])oints ; equation (10) will therefore 
have three unequal roots. If the line touches the graph at either 
turning point, equation (10) will have two equal roots and a third root 

Gf.Q. H 
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distinct from the equal roots. Lastly, if the line falls above the 
maximum turning point or below the minimum turning point, it will 
cut the graph of (9) only once, and tlierefore equati 011 ^( 10 ) will have 
only one root. 

Equation (10) therefore will have three, unequal, real roots if 
p 2 < 4 ^o. peal roots, two of which are equal, if jo- = 4 ?iC. 

only one real root if ^^>4#. ’ 

If we put for its value {h^-Zac)l^a\ and for ju the value hja- we 
find, after an easy calculation, ’ 

4?i®)= 45'W- 18aW+4ac'^-f 27«-r^' (H) 

With this value of p, equation (TO) is equivalent to equation (P) 
Hence equation (P) has two equal roots when = that is wLn 
the right-hand member of (11) is zero. ’ 

The right-hand member of (11) is called the discriminant of the 
cubic equation (P). (See Exercises XV, 34.) 

This note is substantially taken from a paper by Mr. P. Pinkerton 
in the Proceedings of the Edinhnrgh Mathematical ^ockUL Vol xxii 
(June, 1904). 


EXERCISES. XV. 

From the graph of find the cube roots of 1 -25, 3-75, 6*5. 
Graph equations of the form ; for example 


^3 




""loo' 


20, 


y ~ 100 ’ 

^y= 100.^3, 




1-20, 


3. 


■roo"^^®’ ^""~Too" 

y = 100a-'’ + 80, ?/ = - 1 00.1“’ + 80. 

The equation 4 k 5+3.);-16=0 has one rea,! root ; line! it to two 
decimals. 

4. Solve 5a -16=0 [one real root]. 

5. Solve 8.*3+15.r-30=0 [one real root]. 

Solve equations 6-11. 

6. .r3-.r2-l=0. 7 . 8.r”-7.r2+10=0. 


8. .r^-6a;^+3x+5=0. 
10. 5.s::«-27,r-10=0. 


9. 

11 . 


S.r''- 4.1-2 -.4r + 2 = 0. 
.^2 + 7.1- -3 = 0. 




+ tl’oir maximum 

and. minimum values ; for example 

©o’+a; (ii) .r2-.r; (iv) ]e.r-.r‘. 

What kind of symmetry do the graphs poHses.s ? 

thlt function «.r”-|-5.r+r lie deduced from 

eauationf 3 4 V represented by the left side of 

equations 3, 4, o above ; give the turning values of each function. 
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14. Graph functions of the form and find their turning 

values ; for example 

(i) ^'3 + (ii) (iv) 2.^3 -5.^2 

Deduce the graphs of functions of the form 

15. If X is positive find the maximum value of (1 + .r)(l -a’2). 

What is the maximum value of -,^2) when is positive? 

16. A cone is inscribed in a sphere of radius R ; if the distance of 
the base of the cone from the centre of the sphere is x, show that its 
volume is ^7r{li + Ai){R^-a^), Appl}^ example 15 to find the maximum 
cone that can be inscribed in the sphere. 

17. Graph the equation y=^x-^-\%')o for positive values of x, and ‘ 
find the minimum value of ?/. 

18. An open tank is_ to be constructed with a square base and 
vertical sides to hold a given quantity of water ; show that the expense 
of lining the tank with lead will be least if the depth is half the width. 

[If a sjde of the base is a’ feet the surface is .r2-f4F^’ square feet 
where T^is tlie volume of the tank in cubic feet ; since the expense is 
proportional to the surface the expense will be least when this function 
is a minimum (take 

19. Graph the equation y = 1 0 {x - 1) (.r — 2) (.r - 3) and find the turning 
values of y. 


20. Graph equations of the form y^{ax--i-hx-hc)/x^ and find the 
turning values of y ; for example 


(0 


4" 4 


(«) y= 


- 4 


(iii) !/ = 


2j'“-,r+8 


(iv) 7/ = 


2.r2 + 3.r-2 


21. Graph equations of the form y={a.v^ + hx^-^r)/:r ; for example 
(x positive) 

.i"*4-4 — 4 /•••\ 2.?-"* ~ -p 8 


22. Graph the equations 
3.r-4 


(0 ?/= 


(ii) ?/= 




-(.r-l )(;.•- 2)’ .r-1 

23. Graph functions of the form a.v^+lKr + c and find their turning 
values ; for example 

(i) (ii) .r2 — (iii) .r'*- 2.^2- 10. 


24. Grapli the equation '?/ = 5.r‘*“6.r- 10 and find the values of .v for 
which y is zero. 

Pind the a.verage gradient of the arc PQ of the graphs of equations 
25-32 ; state also the value you would deduce for the gradient of the 
tangent a.t P. (Ooinpai*e E.xercises XII 1, 11-19.) 

25. ; .r of P^l ; .r of 1*5, M, 1*01, l-h/o 

26. y=.r^; a’of P=-l; xofQ==L\ -0*5, -0*9, -0*99, -l-j-k 
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27. y=0^ ; x of P=2 ; x of §=3, 2-5, 2-1, 2-01, 2+A 

28. y=16.«-,«3 . ^ of P=0 ; a of Q = l, 0'5, OT, O'Ol, h. 

29. 2^=iei;-.t'3 ; x of P=4 ; A’ of § = 5, 4-5, 4T, 4-01, 4+/;. 

30. 2i'=.«^ ; .« of P=1 ; ,« of § = 2, I'S, IT, POl, 1 +//. 

31. 2/=j ; X of P=1 ; .V of $ = 2, 1-5, IT, POl, 1 +/i. 

32. ,y=p ; of P=1 ; .r of §=2, P5, IT, POT, 1 +//. 

33. If F=i find the average rate at whicli 1" elianges a« ,r increases 

from a to a+h. At what rate is F changing wlien .r — f/ 'I 

34. If D denote the discriminant of the eiihie e{jna.ti()n 

+ h.v^ + c.v +d—0 

show that 

= (263 ^ + 21 (Mf + 4(3rt c - 

By using this expression for D, and applying the results stated on 
page 113 for equation (8) and on page 114 for tHpiation (10), sliow that 
the cubic equation has three, unequal, real roots wlien /) is negative ; 
three real roots, two of which are equal, wlien I) is zero ; find one’ 
and only one, real root when .Z) is positive. ’ 

35. From the fact that the abscissae of the turning points of the 

graph of (9), page 113, are the roots of the equation = 0 show, 

by replacing JTby its value .r+6/3a and by its vfilue (h--Zac)/9d\ 
that the abscissae of the turning points of the griipli of (1), ])age II 2 ’ 
are the roots of the equation 

3cw;.*3-P26.r+c=:0. 

36. Apply the result stated in example 35 to the determination 
of the turning values of the functions in examples 12-1(>. 



CHAPTER VL 


LOGAEITHMIC AND EXPONENTIAL FUNCTIONS. 

40. Grraphs of logo? and 10 ^ We go on to consider 
examples that require logarithms and we begin with the 
graph of log a; to the base 10; we shall generally use four- 
hgure logarithms. 

The argument a- of log x must be positive ; when x is a 
proper fraction logir is negative, and the beginner may be 
cautioned to write the value properly. Thus, 
log 0*2 = 1-801 = 0-301 - 1 = ~ 0-699 ; 
and when x is 0-2, y or log;r is —0-699, equal to —0-7 say. 

The graph of logii; is AJ30 in Fig. 42 ; OF is an asymp- 
tote. 

By the deiinition of a logaritlim, a; =10-'/ when y — log x; 
that is, X is the antilogarithm of y or the number whose 
logarithm is y. If y is taken as the argument and x or 10^ 
as the function, the curve ABC is the graph of the function 
10?t 

It is more convenient however to liave the graph of 10^, 
the argument being measured as usual along the horizontal 
line. In § 41 it is shown liow the graph of 10^ may, 
without further calculation, be derived from that of lO^/, 
but it is easy to take out the values of 10^ from the table of 
antilogarithms. Thus, 

10^*''5=: antilog. of 1-5 =31*62, 

10“*^’^ = antilog. of —0-5 = antilog. of 1*5 = 0-3162, 
and so on. 
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The graph of 10® is the curve A'B'C in Fig. 42 ; OT is 
an asymptote; 

The graph of lO'® is symmetrical to that of 10® with 
respect to the ;j/-axis ; because, whatever be the value of a, 
the value of 10"® when is equal to that of 10® 

when a; — a. 

The curve (Fig. 42) represents 7 / = 10"®; it 

approaches the positive end of the cr-axis asymptotically. 



Fig. 42. 


Example, Solve tlie equation == (U’ — 8, 

The roots are the abscissae of the points of intcj-sectioii of the 

graphs of (i) and (ii) 

To plot the graph of (i) take tlie following values : 



0 

1 0-5 

I 

1 

1-5 

: 2 

2*5 

Z 

3-5 

4 

4-5 

,5 


OTO 

0-18 

0-32 

0-56 

1 

1*78 

3‘16 

5*62 

10 

17-7K 

31 *62 


The effect of the second decimal in the values of will not be clearly 
seen unless the unit for ordinates is about an inch ; for solving the 
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equation however it is more important to have the unit for abscissae 
fairly large, say 1" to 1. 

To plot the straight line, take the points (2, 4), (4, 16). 

Fig. 43 shows the graphs ; in the diagram from which this figure is 
reproduced the roots are read as 1*42 and 4*68. 

41. Inverse Functions. The equation y--=logx not only 
defines y as a function of x but also defines x as a function 
of y (example 1, p. 30). Two functions defined by the 
same equation are said to be inverse to each other. 

The function lO-'/, since y occurs in it as an exponent, is 
called an exponential function of y, (See also § 46.) Thus, 
the logarithmic and the exponential functions are inverse 



to each other. Tlic exponential function is the antilog- 
aritlimic function. 

In the same way the e(iuation y^ x^y when solved for x, 
gives x=:^/7y aiul tluis defines two functions which are 
inverse to eacli other, namely the cube and the cube root. 

A function and its inverse, for cxainj)le log a* and 10^, are both 
rej)resented l)y the same graph ; but when one graph is taken as 
representative of ])ot]i functions, the argument of one of them_ is 
measured along the vertical axis and not, as in the usual graphic 
representation, along the liori'/ontal. We can get the graph of 10^ 
into the standard position as follows. 

Lift the sheet on which the curve the^graph of y=log.r, is 

drawn ; then t/urn it over and place it so that OF is horizontal with Y 
to the right of 0 and OX vertical with X above 0. If we hold the 
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sheet in this position and look through it against the liglit we shall 
see that AiJC'has come into the j^osition occupied by AlIC in Fio-. 49 
Tf A fin f,lTTnnni*TT . r--* n •• . fcj 


vjuv/jUL VhI J.±XClJj^ VV X 1 UU tO XKJl, 'fj ctlli.l JJ XOl *?'- 

log.v, we have constructed the graph of 10*. 

Similarly, from the graph of ?/=.r we get that ot //- = .1* ; tliat is from 
the graph of we construct that of and so on.’ 


EXERCISES. XVI. 

1. Graph the three functions 

(i) log (14- A'), (ii) log(l-.i,'), (in) log 
from X— -0'9 to .r=0‘9. 

2. Graph the function 101og(r).i* + 2) from to and soIva 

the equation 10 jog (5.^. + 2) = 24 - 2*7.?;. 

3. Graph the function 3 log (2 -41’+ 3*6), and solve tlie equation 

(2’4x'4' 3-6)3 = 10«-i 

4. Solve the equation 10'*=20a*. 

5. Graph the function .rlog(l+.r) from .r = 0 to .r=10 and solve 
the equations (i) (l+,r)*= 387-4, (ii) (1 +,(■)*= 3874. 

6. Draw to the same axes and with tlie same scales the graphs of 
the equations (i) y=A’-l, (ii) // = 2-31og.r, (iii) •?/ = 1 - i. 

* X 

Let the values of x range, say, from 0*5 to 5. 

Show from the graphs that, except when .r= I, 

A’ -- 1 > 2*3 log X > 1 - 1 . 

X 

1, Draw the graphs of the equations 

(i) 100^ = ^10^-10-^), (ii) 100^ = i(10-' 4-10-0 
from (r = - 3 to A =3. 

8. Solve the equation = 31 - h-Rr*. 

9. Solve the equation 1 0'^"" = 16-1- 4x - xi 

10 . Graph the equation y=100.*a0-0 nud lind the. uiaxiiuuin value 
of y, and the value of a- for which •// is a ina.xiinuin. 

11. Graph the function .-rlog.-!; from ,?,-=0-l to .i.-=r>, and lind its 
turning value, and the value of .^•.for -which it turns. 

12. Find the average gradient of the are I‘Q of the gi-aph of log.r, 

4-6 4-1 sTs^ ^ abscissa of (J being suceessivoly 
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13. Find the average gradient of the arc FQ of the graph of 10* 
the abscissa of P being 0 and the abscissa of Q being successively 
1, 0-5, 0-1, 0-01. 

14. The same as example 13, the al)scissa of P being 1 and the 
abscissa of Q being successively 2, 1-5, M, IDl. 

42. Graphs of and l/.P^ % fractional. These functions 
are of considerable importance in mechanics and in physics 
generally; we restrict ourselves, as a rule, to positive values 
of x, since it is for positive values alone that the functions 
are usually defined. If the complete representation of the 
function is required the student has only to consider 
whether x or y, or both, can take both positive and negative 
values. 

For example, the equation gives y— .P. Here a* cannot be 

ft 

negative bub the complete value of y is given by and 

y=--.^F^'; the graph corresponding to -.r- is symmetrical to that of 

ft 

and the complete gi'aph consists of these two poitions. 

f>. 

Again, gives y=.r'\ Here both x and y may be negative ; 

the complete graph lies in the first and third quadrants like that of 

The remaidvs in tlie next three paragraphs apply to the 
shape of the grapli in the first (]uadrant. 

When 71 is positive and greater than 1, the graph of is 
like that of P- or in general appearance. Thus, f lies 

between 2 and 3; the graph of x- therefore lies between 
those of x^ and x^. ITiese graphs touch the a;-axis at the 
oi'igin. 

When n is positive and less than 1, the graph of P*- touches 

the y-axis at the origin. Thus, if '/y = p-' we have x=y^, 
and the graph is sinqjly the paral)o]a of § 20 placed so that 
its axis is horizontal and lies along OX instead of, as in 

Fig. 25, along OF. The graph of y^X'^ is related in a 
similar way to that of y = x\ 

When 71 is positive, the grapli of 1/P^ resembles that of 
I lx or Ijx^ and has both OX and OF as asymptotes. For 

example, the graph of 1/P- lies between those of l/x and 
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We again remind the beginner that, wlicn the index n 
is fractional, the function is usually not defined for 
negative values of x ; positive values alone are to be given 
to X in all practical applications of the function, when n is 
fractional. 

The calculations will as a rule re(iuire logarithms. 

• Example. Graph the eqiuitions 

(i) = (ii) 

and solve the equation + 4*3.r^’**'* — 18=0 (iii) 

We have by the rules of logarithms 

log(6.2;‘^‘^^) = log 6 + 2*35 log .r= 0*7782 4- 2*35 log .r, 
log (4*3Jt’i'^'0 = log 4*3 + 1 *43 log a* = 0*0335 + 1 *43 1( >g .r. 

The value of 4*3^’^’^^ must, of course, be first obtained and the result 
subtracted from 18 to find ^2' 



In the following table the values are given as found from the four- 
figure tables, though it will not usually be possible to sliow tlie effect 
of all the decimals on the graph. 


X 1 

0 

0*5 

1 

1-5 

2 

2-5 

3 


0 

1-177 

6 

15*56 

30*50 

j 51*68 

79*32 

4.3.^i-4y 

0 

1*596 

4*3 

7-()79 

11*58 

15*94 

20*69 

2/2 

18 

16*404 

13*7 

10*321 

6*42 

2*06 

-^2*69 
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In Fig. 44, OAB is the graph of (i), CxiD that of (ii). 

The root of equation (iii) is the abscissa of A, the point of inter- 
section of the two graphs ; its value is 1*32. 

The beginner should compare these graphs with those of 

y = and v/ = 1 8 - 4*3. r- ; 

he will see that the remai'ks as to the resemblance between graphs of 
functions with fiactional indices and those of functions with integral 
indices are borne out. 

43. Adiabatic Curves. To illustrate the case o£ we 
shall take an adiabatic cxirve. A given mass of gas is said 
to expand adiabatically when it expands in such a way 
that heat neither enters nor leaves' it. In an adiabatic ex- 
pansion the equation connecting the pressure, f lb. per sq. in. 



Fig. - 15 . 

say, with the volume o'i the mass, v culr ft., is of tlie form 
yv = constant. 

As a d(3linite case, let v be the volume in cub. ft. of one 
pound of saturated steam and tlie pressure in lb. per 
sq. in. corresponding to the vohnuc v; then approximately 

To calculate p we use the equation 

logp = log 4(S() — }l- log V = 2-6812 — f g- log v. 
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We may take the following 8et of values: 


V 

4 

4-5 


5-5 

6 

6-5 

7 

S 

9 

10 

p 

110 

97-1 

S6-8 

7S*4 

71*5 

65*7 

()0-7 

52-7 

46 ’5 1 

1 

41-6 


The values of p are given to the nearest three-tigure 
approximation. 

The graph is shown in Fig. 45 ; to get a convenient scale 
the point (4, 40) is taken as temporary origin. 

In general appearance the graph resembles those of Fig. 
34. The apparent steepness of the curve depends greatly 
on the scales ; unless attention is paid to ilm scales one is 
apt to draw erroneous conclusions from tlic grapli in respect 
to the value of the index n or y. 

44. Applications. We shall give two examples of the 
determination of approximate formulae from expeiimental 
data, in which the index of one variable is not an intesfer. 

Example 1. The time, t seconds, that it took for water to How 
through a triangular (or V) notch, under a pressure head of h feet, till 
the same quantity was in each ease discharged, was determined by 
experiment to be as follows : 


h 

0-043 

0-057 

0-077 

0-004 

O-lOO 

t 

1260 

540 

275 

170 

135 


Find a formula connecting h and. L 

If the points (A, t) are plotted and a smooth curvaj dra-wii tliroiigh 
them, the curve thus obtained suggests the e(jua,tioi) The 

best way of testing the suggestion is that indicated, in 5^34, namely, 
to plot the logarithms of t and h. From tlie e(puitioii we lliid 

log -f 1 og h = log (X, or y + vi. r* ~ log f x, (i) 

where a’= log k and y = log t 
We therefore foimi the table 


a- = log A 

-.^-367 

~ 1-244 

-1-114 

-1-027 

1-000 

2 /=logi 

3-100 

2-732 

2-439 

2-2.30 

2-130 


The points (.r,y), if carefully plotted, will be found to be distributed 
Very evenly about a straight line whose gradient is, a-ppi-uxiuiately, 



APPLICATIONS. 


125 


-2-5. Equation (i) is therefore verified and the value of n is 2*5, 
because the gradient of the line given by equation (i) is ~ n. Hence 
we have the relation = constant = a. 

The value of a obtained from the graph of the straight line is about 
0*44, but this value is unimportant ; it is rather the relation between 
h and the quantity discharged per second that is ultimately wanted. 
In this experiment, the quantity discharged in t seconds was, in each 
of the five cases, 1800 cubic inches. The discharge in cubic feet per 
second, was therefore 

^ 1728^? 1728a 

The best value for tlie coefficient of is ol>tained 1)y writing 
Q __ 1800 1800 

iWSa” 1728^A‘-^'’ 

and then, calculating the ([uotient for each of tlie five pairs of values of 
h and t Tlie average of tliese cpiotients is 2*34, so tliat finally we have 

$=--2*34/r'l 

Emmple 2. In a gas-engine test corresponding values of the 
pressure, p lb, per sq. in., and the volume, v cub. ft,, were obtained as 
shown in the table : 



3-54 

4*13 

4-73 

5*35 

r>-94 

6*55 

7*14 

7*73 

8*04 

p 

141-3 

i 

115 

95 

81-4 

71*2 

63*5 

54*6 

50*7 

45 


Find a relation Ijetween v and p. 

Let .r = log 'i?, ?y = log_p and form the table : 


X 

0-549 

0-61G 

0-675 

0*728 

0*774 

0-816 

0*854 

0*888 

0-905 

y 

2*150 

2*0()1 

1 *978 

1-911 

1*852 

1 -803 

1-787 

1-705 

1 *653 


The points (.r, y\ when ])lotted, will he found to be very nearly in a 
straight line whose gradient is -1'32. 

Hence the relation between v andy; is of the form 

The value of the constant is ahont 750. 

EXERCISES. XVII 

Graph e(|uations 1-10 for ])OHitive values of x andy. 

;t u >■> s ^ 

1. ?y = .7;'“. 2. 3. 4. 5. 

6 . 7 . 8 . y=\ 9 . 10 . 
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11. Graph the equation 

y = " — 5 

and find the value of x for which y is zero. 

12. Solve the equation 1 = 43.r^'‘- + G8. 

13. Graph the equation 

y=2.r+5 + -^. 

For what value of x is the ordinate a minimum, and what is the 
minimum value ? 

14. Draw a curve to suit the following values of v (ind 'p : 



3-84 

4*85 

(1*20 

8*08 

9' 

‘P 

115*1 

80-9 

69 *2 

52*5 

1 4; 


Find an equation connecting v and p. 

15. Find an equation connecting v and p from the following values: 


V 

3 

1 

3*4 

4 

5*2 

6 

7-3 

8*5 

10 

P 

107-3 

89'S 

71*5 

49*5 

40*5 

30*8 

24-9 

19-8 


16. The quantity of water, Q Ih., discharged per second from a, 
circular orifice in a tank, under a pressure head of feet, was found* 
by experiment to be as follows : 


h 

0*583 

0-667 

0-750 

0*8.34 

0*876 

0*958 

1*000 

Q 

7*00 

7*60 

7*94 

8*42 

8*68 

9*04 

9*34 


Test the formula § = ; the value of n alone need be given. 

17. The average velocity v of the efilux of water from a tank, when 
the pressure head is A, is in inverse proportion to the time i(, whei'e A 
and jf are given by the table : 


h 

30 

24 

IS 

12 

t 

81 . 

90 

103 

128 


Find whether an expression of the form will suit these 

values ; the value of n alone is I’equired. 
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18. The same problem as in example 17 for the data : 


h 

30 

24 

18 

32 

t 

262 

290 

338 

410 


19. When the notch in the exj^eriinent of §44, example 1, was 
rectangular, the following values were obtained : 


h 

0 028 

0-036 

0 049 

0-069 

0-088 

t 

400 

1 

300 

180 

110 

75 


Find the equation between h and t. 

20. Find a relation between -v and f from the following observed 
data : 


V 

3-54 

4-13 

4-73 

5-35 

5-94 

6-55 

7-14 

7-73 

p 

45 

38 

33-3 

30 

26-6 

24 

22 1 

19-8 


21. Determine a relation between 1i and v from the following data : 


h 

10*20 

23 -so 

41-50 

46-00 

69 '24 

102-74 

V 

24-74 

37-90 

51-67 

54-60 

65-97 

81-43 

22. In the following table, T" represents a velocity in feet 
second and 1 a length in feet : 

1 

19-9 

45-1 

67-5 

94-4 

109 

126 

V 

10-1 

15-2 

18-6 

22-0 

23-6 

25-4 

Find the i 
23. Find 

\dation between 1 and V. 

the relation between S and from the folic 

>wing data 

S 

240 

178 

117 

71 

. T 

215 

178 

147 

104 


24. The following values of .r and ;?/ are taken from a table : 


X 

17-0 

19-2 

20 -S 

23-6 

25-2 

26-8 

29-6 

y 

154 

221 

281 

411 

500 

602 

810 


Find the relation between x and 
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25. Given the following table of values : 


X 

17 *0 

19*2 

20*8 

28-6 

25-2 

2G\S 

29-6 

y 

81-6 

85-0 

87-3 

91-0 

98-1 

95-0 

98-2 


find the relation between .v and j/. 


45. Napierian Logarithms. In many invostigation.s the 
base of the logaritlmis is not 10, but a munfcv, usually 
denoted by e and equal approximately to 2-71828. Loo-- 
arithms to the base e are called Napierian, or hyperboltc, 
or natural logarithms, so as to distinguish tli'em from 
logarithms to the base 10, which are called common or 
Bnggian logarithms. 

Let 2 /=log,„ai and s=log,«; then, by tlio definition of a 
logarithm, x is equal to 10?' and also t(j e.\ lienee 


• 10 " = 6 -?’ 

Take the common logarithm of cacli member of equation 
(1); therefore 

y=3\ogwe, that is, log,„'r = log,,.'r x log,,,)? (2) 

Again, take the Napierian logaritinn of eaeli member of 
equation (1); therefore 

0 =^log,lO, that is, log„a; = log,nrcxlog,,10 (3) 

In (2) put 10 for as, or in (3) put e for » ; we find in both 

log^lO X logioC = 1 (4) 

Equations (2) and (3) give the rule.s for clianging from 
one base to the other. The values of logmC and log, 10 are 
logio« = 0-43429, log,10 = 2-302.59. 


Hence, to convert Napierian to common logarithms 
multiply by 0-43429; to con\'ert common to Napierian 
logarithms, multiply by 2-30259. 

For the present, the .symbol “ log ” will mean the common 
logarithm; when Napierian logarithms are meant the 
symbol “ log,” will be used. 


46. The Exponential Function. The function is usually 
called the exponential function of x ; tlie choice of e, instead 
of 10, as the base .simplifies to a considerable exteiit many 
of the fundamental formulae of higher mathematics. 
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At the end of the book will be found a table (Table XIL) 
of values of e® and 

The graph of resembles that of 10^. The graph of 10"^ 
is the graph of because logA0 = 2*3 approximately, and 
therefore 10 = 6^^ — 

Thus, the graphs of 10® and 10'® are also those of e^-sa: ^nd 

g-2-3« 

It should be noted that a mere change of the cr-scale 
turns the graph of e® into that of For example, 

let c 6 = 2; then, if the step on the a?-axis that represents 2 
for the grapli of e® be chosen to represent 1 the graph will, 
with the new scale, represent e^. 

Similarly, the graph of e® will represent provided the 
step on the rr-axis that represents for the graph of e® be 
chosen to represent unity. 

The graph of 10®, that is e^*^®, will represent e®, provided 
the step -on the aj-axis that represents 1 for the graph of 
10® be chosen to represent 2*3. 

The proofs of these statements should offer no difficulty 
at this stage. 


EXEBCISES. XYIIL 

1. Plot to the same axes the graphs of 

(i) lO^r* (ii) 10(1-0 

from to .r=5.' 

2. Graph the ec] nations 

(i) (h) y = 

from = — 4 to .^’=4. 

3. Graph the function xe ~^ ; find its maximum value, and the 
value of X for which it is a maximum. 

4. Graph the function from x= —Z to ^7=3. What kind of 
symmetiy does the graph possess ? 

5. The pressure of tlie atmosphere, p lb. per sq. in., at the height 
w feet above sea level, is given by the equation 

v^Per^f, 

where P is the pressure at sea level, and H feet the height of the homo- 
geneous atmosphere. Represent graphically the relation between p 
and taking iP=15, 7/= 26000. 

G.G. i 
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6. Solve the equations 

(i) 3 ; (ii) 4‘5e^‘‘'’* = 68.r4*47 ; 

(iii) 12e“i“=5 + 4 ^-; 372 ; (iv) 3'6tf2-^-^ + 12*76>^‘2* = 65*4. 

7 . The two equations 

e'=(20-«~h 

where Q — EC, T-RC give the ciiiTent, i amperes, flowing into a 
condenser, and the charge, q coulombs, in the eondeiiser of ciipacity C 
farads, t seconds after being connected witli a source of constant 
potential, E volts, by a circuit containing in series a I’esistanee of R 
ohms. Q is the linal charge and T is the time-constant of tlie circuit. 
Represent graphically the current and the chaige when 

(i) JS'=100, /f=400, 0*000 001; 

(ii) ^=600, if =1000, <7=0*000 004. 

8. What is the value of q (example 7) when t~T'l State the 
physical interpretation of T. 

9. If g, in example 7, is taken as a function of 0^ plot the curve 
from (7=0 to (7=5/10^ in the cases 

(i) ^=100, 72 = 200, zJ= 0*0001 ; 

(ii) ^=100, 72 = 200, 2^ = 0*0005. 

10 . Find a relation between t and v to suit the following values : 


t 

4*2 

4*8 

5*0 

5-6 j 

1 5 \S 

V 

2‘1 

1*0 

1*4 

M 

1*0 
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TEIGONOMETEIC FUNCTIONS. 

47. Trigonometric Functions. Before tracing tlie graphs 
of trigonometric functions we remind the student of certain 
important properties. 

It follows at once from the definition of the functions that 
sin (:i' ± n . 360“') = sin iv ; cos {x ± n . 360°) = cos x ; 
tan {x ± . 1 80°) — tan 

where n is any integer. In other words, when the angle x is increased 
or diminislied by any multiple of 360° the sine and cosine do not change 
their value. Sin.r and cos.r are therefore called periodic functions 
of .r ; the angle 360° (or 2:7 radians, if the angle is measured in radians) 
is called the period of sin.r and cos.r. The function tan.r is also 
periodic, but its period is 180° (or tt radians) ; tan .r is of course unaltered 
when X is increased or diminished by any multiple of 360° but, since it 
is unaltered when x is increased or diminished by any multiple of 180°, 
the period is 180° and not 360°. 

Ill general, a function of .?• is said to be periodic if the function does 
not change in value when x is increased or diminished by any multiple 
of a number a, and a is called the period of the function. It is to be 
understood that a is the smallest number that will secure this 
repetition of values. 

Their peiiodicity is one of the most important of the properties of 
the trigonometric functions. In what follows we restrict ouivselves 
almost entirely to the sine, cosine and tangent. 

The following relations are fundamental 
(ia) sin (180°- .r) = sin x, sin (.r -I- 180°)= - sin.r, sin(360°-.s;) = - sin x. 
(ih) cos(l 80° ~x)=- cos.r, cos{.r + 180°) = - cos .r, cos(360° -.^') = cos x. 

(ic) tan ( 1 80° - x) ~ - tan x, tan(.r + 1 80°) = tan Xy tan(360“ - x) = ~ tan x, 
(iia) cos X = s in (90° + ^;), (ii6) cos x = sin (90° - x). 

^ (iii) sin ( — ;r) = - sin x, cos ( - x) — cos x, tan ( - x) = ~ tan x. 
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The relations (i) give the usual rules for taking out of the tables the 
sine, cosine and tangent of an angle greater than 90" ; the student 
should have these rules thoroughly at command. 

Either of the relations (ii) reduces the cosine graph to ‘the sine graph. 

The relations (iii) show that sin and tan .v are odd functions of ; 
that is, when .r changes its sign but not its numerical value, sin .r and 
tan^ also change their sign but not their numerical value. On the 
other hand, cos .^7 is .an even function, of .v ; that is, when .r changes 
its sign but not its numerical value, cos.r does not change either in 
sign or in numerical value. So far as cliange of sign is concerned, 
sin .17 and tan .17 behave like odd powers of .?• (.r^, ...) while cos.i; 

behaves like even powers of -r (.r-, !#,...). 

Again, if .r is the number of degrees and t the number of radians in 
the same angle, we have the relation 


In changing from one unit to the other we simply replace .v by if or 
ihj X when the angle is the argument of a trigonometric function ; 
thus, sin becomes sin i(, the unit of angle being understood. But when 
the angle is not the argument of a tiagonometric function, we must 
replace . 1 ? by 180if/7r and t by 7r.r/180 ; thus 

if sin sin a:; 5?f sin ^ ^ ^ sin (2.r - 60°). 

The graphs of sin zf and t sin 2 f will be identical wn*th tlie graphs of 

sin .17 and sin.i? respectively ; provided the segment that i*epresents 

180 when the degree is the unit of angle is the same as tliat which 
represents tt when the radian is the unit, the vertical unit of course 
being the same in both cases. 

48. Graphs of the Circular Functions. With tlie lielp of 
the tables the graphs are easily constructed ; or, the values 
of the functions may be obtained from a circle of unit 
radius, the circumference being divided by trial, or with tlie 
aid of a protractor, into a sufficient numlier of equal parts. 
The latter method, when carefully carried out, gives 
excellent graphs. 

In Fig. 46, OABCI) is the graph of sin x from (T = 0° to 
ir = 360°; DBF continues it on the right to rn = 540° and 
OBG continues it on^the left to x= —180'^, The complete 
graph of sin x consists of OABGD and its repetition infinitely 
often to the right of D and to the left of 0. 

The dotted curve (Fig. 46) is tlie graph of eos.r; 
A'EG'D'E' is the graph of cosx from cc — O'" to x = S6(f and, 
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Fig. 4(5. 
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is simply ABODE, the graph of siii.r from a; = 90° to 
a? = 450°, shifted 90° to the left (§ 47, iia). 

Both of these graphs lie wliolly between two straight 
lines parallel to the a.^-axis at unit distance above and below 
that axis ; neither sin x nor cos x can be numerically greater 
than unity. 

The curve KOL and its repetitions K'BIJ, K"DIJ\ etc., 
represent tan a;. The function tana; can take cv(‘ry value 
between — oo and +aD ; the verticals tlirough B\ jy etc. 
are asymptotes. 

The graphs of cosec ir, sec a;, cot x arc of less importance. 
Like tana;, cot a; can take every value between --oo 
and + 00 ; neither cosec x nor sec x can take any value that 
is numerically less than unity. 

Inverse Circular Functions. Tlie e((uation 7/ = sina; not 
only defines y as a function of x but also defines x as a 
function of y (compare § 41) ; x is an angb; whose sine is y. 
Clearly, for any value of y (not greater luimerically than i) 
there is an infinite number of values of x ; for definiteness, 
we shall represent by the symbol sin -^7/ the angle lying 

between -90° and 90° or between — and radians (the 

extreme angles -90° and 90° included) whose sine is v 

Thus, 

sin - = 30°, sin - 1( - 1) = - 30°, 
sin - = 90°, sin -■ ^ ( - I ) == - 90° 

The equation x = sin " hj is represented l:)y the portion HO A 
of the sine-curve (Fig. 46). 

The same range of angles is represented ])y tlie symbol 
tan -^2/ 5 ^hat is, tan-b/ means the angle lying between —90° 
and 90° whose tangent is y. Thus, " 

tan“^l = 45°, tan“^( — 1)= —45°, 
tan"i(co ) = 90°, tan-^-oo )= -90°. 

The equation tan’ b/ is represented by the branch KOL 
of the tangent-curve (Fig. 46). 

When ^ the angle is given by its cosine tlie range is 
chosen differently ; by the symbol cos "^2/ meant the angle 
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betw66ii 0 and 180 , or between 0 and ir radians, whose 
cosine is y. Thus, 

COS“^-2-==60°, C0S“^( — Jr) = 120°, 
cos ’ = 0°, cos“^( - 1 ) = 180°. 

The equation ;>j = cos “^2/ is represented by the portion 
A'B'G' of the cosine-curve (Fig. 46). 

The graphs of sin“ia;, cos-^a^, tan-^a; can be obtained from 
those of sin-^y, tan-^^Z by ti^e method explained in 

§41. 

The restrictions on the range of the angle must be 
remembered in all applications; the student will readily 
see that, with the above restrictions, the angle is the 
smallest (positive or negative) angle with the given sine, 
cosine or tangent. 

Example, Show that 

(i) sin“ti' + cos“b7=90°, (ii) tan~b;+cot“l^’=:90®, 
where cot~b; means the angle between O'* and 180° whose cotangent ' 
is X. 


49. Simple Harmonic Motion. When a point is moving 
in a straiglit line in such a way that, at time t, its distance x 
from a fixed point 0 on the line is given by the equation 

x = a cos(%t+((.)^ or x=a 8m(nt+/3) (1) 

the point is said to describe a simple harmonic motion. 

The motion is obviously vibratory, or to and fro; the 
point moves first in one direction to the distance a from 0, 
then back tlirougli 0 to a distance a on the other side, then 
returns towards 0, and so on. The greatest distance from 0 
that the point reaches, namely a, is called the amplitude of 
the motion. 

As t increases from 0 to (or from to t^'i-27r/n 

where is any value of t) tlio point makes one complete to 
and fro motion ; 27r/'n is therefore called the period of the 
motion. Tlie reciprocal of the period, namely 'n/27r, is 
sometimes called the freauency of the motion. If T is the 
period and >p the frequency, then 
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The function a 008 (^ 1 ^ + «), or asm(nt + /3), is frequently 
called a simple harmonic function of t ; its graph, that is the 
cosine curve or the sine curve, is called a simple harmonic 
curve. The function is of great importance in all branches 
of physics. 

' The function of t given by the equation (k positive) 

X = QOS (nt + a) or x = ae-^^sin (nt + 18 ) (2) 

is sometimes called a simple harmonic function with de- 
creasing amplitude; the coefficient aer^^ of the cosine or 
sine is a function of t whieli decreases as t increases. 
Physically, the equation represents what is termed a damped 
vibration. 



Fig. 47. 

Fig. 47 is the graph of 

a; = c"vosin f (3) 

and gives some idea of the nature of the function; two 
waves are shown, hut after a few periods of sin t the height 

becomes very small. Thus, when ^ = 107r+ J we find 
X = ^ = 0*037. 

The dotted curve is the graph of which, touches the 
other graph near the crests of the waves ; at the first crest 
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^ = 1*47, at the second crest t = 7'l5. The hollows (the 
minimum values of x) are given by ^ = 4*6 and t = 10*9. 

The amplitude of the function (2), when t has any value 
is ; when t has ^increased by ^^(where T is the period 
2x/'^^ of the circular function) the amplitude has decreased 
to The ratio of the first to the second of these 

amplitudes is 

the Napierian logarithm of this ratio, namely ycT, is called 
the logarithmic decrement of the amplitude. 

50. Composition of Harmonic Curves. Functions of the 
form 

y = ci^ sin(ir + a J + a,, sin(2a? + a ,^ + sin (3a; + ^3) + • • .(1) 

occur freqxiently. Each term is a simple harmonic function. 
The period of the 2^'^^ term is one half, that of the 3''^ term is 
one third of the period of tlic first (or fundamental) term ; 
the frequencies arc therefore respectively twice and thrice 
the frequency of the first. Those harmonics in which the 
coefficient of x is an odd number are called odd harmonics ; 
those in which the coefficient is even are called even 
harmonics. 

If the angle in tlm fundamental liarmonic is nx+a^, then 
the angles in the odd harmonics will bo aia; + aj^, SaioJ+Og ... 
and in the even ha j’monics 2nx + a.^, 4<7ix + 

To obtain the grap.li of (1), plot to the same axes the 
components a^mi\(x-[-a^), a2vsin(2a; + a2), and then add 
corresponding ordinates (5:5 38). The period of y is clearly 
360'" ; the complete graph will therefore consist of repetitions 
of the portion between a; = 0'" and a; = 360°. 

Fig. 48 shows the graph of 

7/ = 100 sin.r. + 50 sin(3ir — 40°) (2) 

from X = 0° to x = 360° ; the component curves are dotted. 
The graph of 100 sin a; is one complete wave; that of 
50sin(3a;--40°), which is the third harmonic, consists of 
three complete waves. The complete representation of y 
consists oi ABG ... K and its repetitions. 

The function in (2) contains only odd harmonics and the 
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graph possesses, in virtue of this fact, a special kind of 
symmetry. For, if A is any angle, 

sin(a;+lS0'’ + .d.) = — sin(a;+d.), 
sin{3(a;4-180°)+ J.} = — sin(3a!+ J.), 
sin { 5 (as + 1 80°) + .4 } = — sin ( 5x- + A ), etc. 



Hence the value of y in (2) for a; = a'i + 18()'' i.s dimply the 
negative of the value for a!=a:^,wlierc ;r, is any value of x] 
for example, the value of y for * = 240° is the negative of 
that for * = 60°. The portion of the graph, from * = 180° to 
* = 360°, namely BFOHK, will therefore, if it l)e shifted to 
the left (each point moving parallel to the »-axiH) till E 
comes to the y-axis, be the image of ABODE in the *-axis. 
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E will become the image of A, F oi B, G of G, H oi JD and 
K of E. 

The same kind, of symmetry will obviously he present 
whenev'er y contains only odd harmonics; such cases are of 
special interest in the theory of Alternate Currents. 

If e(iuation (2) contains an absolute term, for example, if 
the equation is 

y = 150 + 100 sin x + 50 sin(3a;— 40°) (3) 

the graph may be obtained by simply shifting AB...K 
vertically ui.)ward,s 150 units. The line with respect to 
which EFGHE (when moved to the left) is symmetrical to 
ABODE in no longer the a^-axis but is the line parallel to 
the a!-axi,s at the distance 150 units above it. 

Before ])roeecding_^ to Sfi’l the .stiuloiit .should work several of the 
earlier exam|)les in .Exercises X.[X. 

51. Decomposition of a Curve into Harmonic Components. 
There is a i-einjirkable tlieoreui, called Fourier’s Theorem, 
wldcli shows tliat any periodic function of x can be 
represented l:)y a series of the form 

y = + tfisin {x + a^) + aoSiii(2a:; + a^) 

+ %sin (8cr + cl^) + a^sin (4.r + a J + (1) 

the period of t]i(‘ function beint^ 360° or 2x radians; if the 
period is 3()0b> de^Tees or radians, tlien x is replaced 
hy oix. It is impossible to discuss this theorem here, but 
there are some sim])l(,‘ cases of great practical importance 
that can bcj trcuited grapliically. The series (1) is an infinite 
series but, in the cases referred to, the function y can with 
sufficient approximation be represented by tlie sum of two 
or three liarmonic terms. 

Tlie problem, tlicn, is: — given a curve, find the harmonic 
curves which will, when compounded as sliown in §50, 
produce the given curve. ■ Tlie test of the solution is, of 
course, that tlie harmonics found will actually yield the 
given curve, with sufficient approximation. 

We require the following theorem, proved in any text-book of 
ti i'gonometry : — The Huin of u terniH of the aeries 

sin A + sin (d -f- U) + sin (*1 4- 2Z?) + sin(d + 3i5) -h (2) 
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wliere tlie angles are in aritlimeticai progression is, unless B is 360" or 
a multiple of 360’^, 

X sm{A + j) ^ 1 . ; 

sin-^jD 

wlien ^ is 360° or a multiple of 360° tlie sum is v/ siimi, because in 
tliese cases each term is equal to sin A. 

Note that i/io sicm is zero when sin />, but not sin .1 By is zero, that is, 

when nBy but not By is 360° or a multiple of 360° ; for example, when 
and = the sum is zero, but when 'M~3 and i) = 360° the sum 
is 3 sin A. 

It* tlie curve to be analysed has the hind ot* syinnietry noted 
at the end of § 50 there can be no even harmonics in it ; we 
will state the rule however tor tlie ^^'cneral curve given by 
equation (1), as the method is tlic same in all cases. For the 
present y the term % is supposed to he zero, (See end of this 
Article.) 

To test whether any harmonic, say tive th/irdy occurs we 
have the rule: — divide the period (SCKf in this case) into 
three equal parts; slide horizontally tlie two parts ot the 
curve lying between x = V2ff^ and a; = 240°, and iHdAvcen 
03=240° and 03 = 360°, till they lie between o3 = 0° and 
03 = 120°; then add corresponding ordinates ot the three 
parts thus superposed, and divide each resultant ordinate by 
k The equation of the curve so obtained will bo 

y = a3sm(3o3 + + a(.sin(6o3 + a^.) + (o) 

that is, it will contain the third harmonic and its multiples, 
if any of these occur in the given curve, Init will not contain 
any other harmonics. 

The proof of the rule is very simple. Let oq be any 
value of X between 0° and 120° ; the x- of the second part 
which after superposition is w^as, before supcu'position, 
03^+120° ; and similarly the x of the tliird pa-rt whicli after 
superposition is x-^ was, before superposition, ,73^ + 240°. 
From the term aisin(ir+ai) we therefore get the sum 

ajmi(;x + a^) + aism(aj+ 120° + 0 ^^)+ ajsin(j:r + 240° + a^). 

In ( 2 ) put A=x + a^y B — 120°, = 3 ; the sum is tlierefo *e 
pro since sin^*'UjB=sinl80° = 0 and sin j^.L' = sin 60°, which 
is not zero. 
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Similarly, the term a2sin(2fr+a2) yields a zero sum. On 
the other hand, the term %sin(3jr + a3) gives the sum 

a3sin(3a3 + a^) + a3sin(3!r + 360°+ a^H- a3sin(3aj+ 720°+ a^), 
which is equal to 3a3sin(3cc+a3). 

In the same way it may be seen that every term, except 
those containing; 3;X‘, 6.x, 9.x, ... will give a zero sum, while 
those containing S.x and its multiples will give three times 
the corresponding terms. 

Different possibilities for the resultant curve will now be 
considered. 

I. Resultant is a simple sine curve. If the resultant curve 
is exactly, or witli sufficient approximation, a simple sine 
curve, eciuation (3) will have only one term on the right- 
hand side. In the case of Fig. 48, § 50, the resultant curve 
is simply AB'C' ; its equation is 

y = a3sin(3x+ ttg) = 50 sin(3.x — 40°). 

The values ^3 = 50, a3=— 40° are obtained from the 
grapli. (The maximum ordinate is 50, which is therefore 
the value of the ordinate is zero when x=13-J-° so that 
3x1 31° + 03 = 0 or «3 = — 40°. The accuracy of the numbers 
obtained for and a3 is of course conditioned by the scale 
of the diagram.) 

It may happen that the third harmonic is absent and the 
sixth (but no other) present ; the resultant curve given by 
(3) will, in this case,, consist of a simple sine curve with 
two complete waves between x = 0° and x = 120“. If (3) 
contains only the harmonic then the resultant curve 
will be a simple sine curve with time complete waves 
between x = 0° and x = 1 20°, and so on. 

II. Resultant is a composite curve. If, however, the re- 
sultant curve is not a simple sine curve, proceed as before. 
Thus, to test if the sixth harmonic is present in the original 
curve, note tliat it is the second harmonic of the curve 
given by (3). Tlie period of y in (3) is 120°; therefore 
divide this peiuod into two equal parts, superpose, add ordi- 
nates and divide by 2. The curve so obtained, the second 
resultcant, will be given by 

y = a^^sin (0.x + + ai2Bin(l 2x + 0^2) + . . . 
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where 6x and its multiples may occur. If this resultant 
is a simple sine curve of one complete wave it will have 
for its equation y = a^sin(6£r + a^), 

and the values of cIq and will be obtained from the 
graph. The third liarmonic of tlie original curve may now 
be obtained by subtracting the ordinates of tlie second 
resultant from the corresponding ordinates of the first 
resultant. 

The method just explained for finding the third harmonic 
and its multiples is applicable in all cases. Of course, there 
is no necessity for the actual superposition of the curves ; 
it will often be more convenient to read corresponding 
ordinates from the diagram (for example, tlie ordinates for 
X, x + 120'', a?+240°), and then to add them, due regard 
being paid to sign. The resultant curve would be plotted 
from these values. 

G-eneral Rule. To sum up, on the supposition tliat the 
first five harmonics may occur; the rule is easily extended 
if there should happen to be more. Tlie absolute term 
is supposed to be zero. 

(i) Find the even harmonics by hal ving the period. (If the 
first resultant is the .T-axis, then no even harmonics arc 
present.) Repeat the operation to find the 4^^^ harmonic, 
read its constants and off this resultant, and tlien find 
the 2*^'^ harmonic by subtracting tlie ordinates of the second 
resultant from the corresponding ordinates of the first 
resultant. 

(ii) Find the 3^’^ harmonic, starting from the original curve. 

(iii) Find the harmonic, starting from the original curve. 

(iv) The first harmonic alone remains to be found. The 
two constants and ai may be calculated by taking two 
values of x, say cr = O'" and x = 90° ; the ordinates correspond- 
ing to these may be read off the given curve and tlie other 
constants are known. Other methods of olitaining 

will readily suggest themselves. 

If % is not zero it will appear in every resultant ; its 
value may be determined at the same time as the first 
resultant simple sine curve from the equation 
y — (^o+ <^<'4«in (4aJ d- a^). 
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The oj-axis will not in this case be the axis of symmetry of 
the simple sine curve as it is when is zero (see § 50, end) ; 
the axis of symmetry can be readily found ‘from the 
resultant curve and its distance above or below the OJ-axis is 
the value of <Iq. Tlie occurrence of a constant term is 
therefore tested by tlie position of tlie axis of symmetry of 
the first resultant simple sine curve. 

Tliis method of analysiiiir a curve involves a considerable 
amount of labour, but it is of importance in practice. 
The more advanced student will be able to diminish the 
labour by combiiiiiig analytical and graphical methods. In 
the exercises will be found a few simple examples for 
practice. 

52. Solution of Equations. Equations in which trigo- 
nometric functions occur may often be solved by aid of the 
graphs of the functions. 

An equation of some importance in higher work is 
ifhux^mx. 

It is evident that the graph of mx, which is a straight 
line, will intersect the graph of tan cc infinitely often ; the 
equation has therefore an infinite number of roots. Hough 
approximations may be obtained from the graph; a full 
discussion for the case = l is given in the author’s 
(Jalcidus, § 107. 

EXIHICTSES. XIX. 

1. Graph the following functions from .r=0° to A’ =360® : 

(i) sin2.r, (ii) cos 2.r, (hi) sin3.r, (iv) cos3.r, 

(v) sin 4.'?*, (vi) cos4.r', (vii) sin S.r, (viii) cos5.r. 

State the period of eaeli function. 

2. Fi'Oin the gra])h of siii:i: find, merely by changing the origin of 
coordinates, that of (i) sin(^;+75“), (ii) sin (.r- 75°). 

How may the graphs of (i) sin(v/.‘r'+d), (ii) sin(?a’- A) be obtained 
from that of sin nx ? 

3. what change of scale can the graph of sin x be interpreted 
as the graph of (i) sin 2.r, (ii) sin 3.r’, (iii) sin-^.r, (iv) sinj.r, 
(v) sin n:v ? 

4. Draw to tlui saim^ axes the graphs of 

(i) sin(.r + 27“), (ii) cos(.r+54‘’), (iii) sin(.r+27°)+cos(^=- + 54°l., 
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5, Graph the equation 

?/ = 10 sin (,v - 36") + 5 cos(.r + 63°) . 
from .r=0° to ^=360°. 

What are the turning values of ?/ and what are then the values of ^ ? 

Take the same problem as in example 5 for equations G~ll. 

6. ^/=100sm.^7~r)0cos.^r. 7. ?/ = r)0sin(.r* + 18‘‘’) + 10(3os2.r. 

8. y — 46 cos (a’ + 36°) -I- 30 cos (S.r - 7 2"). 

9. y = 20 sin A + 10 sin 3 a* + 5 sin 5.r. 

10. = sin A + sin 4 a’. 11. ;?/ ~ 1 0 sin .v + 5 sin (S,v — 45°) + 2 sin 7^. 

12. Graph the following functions from a— 0° to :i'~ 180“ : 

(i) -- — : (ii) ' z — ; (iii) ^ : — . 

^ 5 4- 3 cos .'T 5 + 3 sin .-j? ^ ^ ^ 4-5 cos a* 4- 3 sin a 

13. Graph the following functions for a range of one period : 

(i) sin 2 a cos a; (ii) cos .r cos 2 a; (iii) sin%; ; (iv) sin^A. 

[Use the ti'ansformations, sin 2 a cos .a = (sin 3 .a 4- sin a), etc.] 

14. Draw the graphs of 

(i) 2 / = log sin A ; (ii) y = log cos a ; (iii) 9/ ~ log tan a. 

Graph equations 15-18, from ^=0 to il = l, the angle being measured 
in radians. 

15. ?/= 50 sin27r^4-10sm(47rif-O*873). 

16. ;/= 50 sin 27rjf 4- 10 sin(6?r^ - 0*873). 

17. 9/ = 100 sin 27r25 4- 20 sin(10T^ - 4*189). 

18. 2 / *= 100 sin 2Tt + 60 sin (Ott^ — 1 *571)4- 10 sin (1 Ott/ — 3*142). 

19. Graph the equations 

(i) 9/=A-.sin.r, from .r= -tt to .r—T. 

(ii) y = .A sin .r, from .a = 0 to .?• = 27 r. 

(iii) 2/ = A cos .A, fi’om .a = 0 to a = 27r. 

(iv) 2/ = A sin%\ from a = 0 to = tt. 

20. Graph, from a= 0 to .A=7r, 

2 /= sin A4- i sin 3 a 4 - } sin 5 a 4 - 1 sin 7 .a. 

21. Graph, from a= 0 to A='7r, 

2 / = sin .A — sin 2.a 4- Ij sin 3 a — J si n 4.v. 

22. Graph, from A=0 to A=A“, 

2 / = sin A ~ }{ sin 3 a 4- vjV sin 5 .a ~ sin 7 .a. 

23. Graph the equations 

' _£_ if 

(i) A=e ‘*^°sin(j;4-0'78) ; (ii) .a==c cos ( ii; 4-0*78) ; 

(iii) A = sin(2007r^ — 0*5) ; (iv) a= cos(2007r<J -- 0*5). 
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24. The values of a periodic function y (period 360'’) for values of ^ 
•at intervals of 10“, namely 0“, 10°, 20° ... up to 180° are 


-51-96, 

- 12-64, 

34-20, 

80-00, 

116*24, 

136-60, 

138-56, 

123-97, 

98-48, 

70-00, 

46*52, 

33*97, 

34-64, 

46*60, 

64-28, 

o' 

o 

o 

oc 

86-16, 

77-.36, 

5T96. 




The graph lias the symmetry noted in §50. Analyse y into its 
harmonic components. 

25. The same prohlem as in example 24 for the values 


-19-15, 

- 15-94, 

4-60, 

33'55, 

55-63, 

59-95, 

47*64, 

.30-91, 

24-24, 

33-93, 

53*58, 

68-63, 

66*79, 

46*85, 

19*64, 

0-38, 

- 2-05, 

8-68, 

19-15. 



26. In the following 

example the 

intervals 

are the 

same as in 

examples 24, 

25, but tlie 

value 

of y for : 

1160° - ,r is 

the negative of that 

for .r ; aiialyi 

se ;// into its 

harmonic components. 



0, 

51-13, 

95*21, 

126-63, 

142-39, 

142-51, 

129*90, 

109*44, 

86*71, 

66-67, 

52-51, 

45*16, 

43-30, 

44-03, 

43*91, 

40-03, 

30-93, 

16-93, 

0. 




27. Find tlie two smallest positive roots of the equations 

(i ) 3G si n (.r + 36°) = .55 sin (3.t’ - 56°). 

(ii) 5 tail .r=9 siu(.r- 45°). 

In examples 28, 29 the angles are measured in radians. 

28. Find the two smallest positive (not zero) roots of each of the 
equations 

( i ) tan . 1 ’ — ;v ; ( i i) tan r' — 2.r. 

29. Solve the ei] nations 

( i ) .r == 3 si n :v ; (i i ) ,v = cos .r. 

30. The ehoi'd .1/? of a circle, <jentre 0, bisects the sector ACI ] ; if 
the angle A CB is .r radians, show that .r=2 sin r' and find .r. 

31. Find the average rate at wliieh sin.r increases as .r increases 
from 30 to 304-// for the values 5, 2, 1, 0%5, O’l of //, the angles being 
measured in degrees. 

32. Tlie same ]ji'oblem as in example 31 as :r increases from 
45 to 45 + //. 

The same problem as in example 31 for 

33. eos.r. 34. tana*. 


35. siin2/r. 



CHAPTER VIII. 


CONIC SECTIONS. 

53. Tlie Ellipse. In this chapter the equations of the 
curves called conic sections will be discussed very briefly. 

Definition. The locus of a point P wliicli niox^es so tliat tlie 
sum of its distances from two fixed points, S and S'y is 
constant is called an ellipse, of wliich the fixed points S and 
S' are called the foci. 



Let the constant be 2a. Bisect S'S (Fig. 49) at 0 and on 
S'S, produced both ways, take A and A' so tliat CA and A'C 
are each equal to a. A and A' are cleai'ly points on the 
ellipse; A' A is called the major axis of tlie ellipse. 

Let CS = ea; then e is less than unity. Take A' A as the 
oj-axis and the perpendicular to it through 0 as the 2/-axis. 
Let the coordinates of P be x = GM, — Tlien 
S'P^- = S'M^^ + MP^ = {ea + xf + + y 2 4. ^2^2 ^ 2eax, 
8P'^ = SM^ + Jf P- = (ea — x )^ + + 2 /^ + — 2eax» 
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For brevity, let + then 

S'P ~^(d + 2eax), SP == ^ (d — 2eax) 

and /s/ (d + ''2eax) + ^(d—2eax)=:2a 

Square, rearrange and divide by 2 : therefore 
sj{d?-^e^a^x^) = 2a^^d. 

Square again and reduce, dividing by 4a- ; therefore 

= 

Replacing d- by its value and rearranging we get 

(1 - e -) x ^ + 2/2 = (1 -- ^ 2)^2 

y- 

or ;y + 7Y-“-“2r“o = l 

a- {l—e^)cd‘ 

Lastly, let (l—e^)d^ = lp and we obtain 


,.( 1 ) 

,.( 2 ) 

.(3) 

.(4) 

.(5) 

(E) 


which is tlie equation of tlie ellipse. 

Wlien X — 0, y=ih. The ellipse therefore cuts the y-axis 
at B and B' wl iere OB and GB' liave eacli the length b or 
a^(l — BB' is called the minor axis of the ellipse. C is 
called tlie centre of the ellipse. 

Tlie curve is |)erlia])s most simply constructed by taking points, sncli 
as il/, between >S' and >V' and describing ai*cs with S and as centres 
and AM and A'M as radii. The one point M will clearly give 4 points 
of the curve, two to the left of G and two to the light. Other methods 
will suggest themselves. 


54. The Hyperbola. Definition. The locus of a point P 
which moves so tliat the difference of its distances from 
two fixed points, S and S', is constant is called a hyperbola, 
of which tlie fixed points S and S' are called the foci. 

Take tlie stime notation as in § 53. In this case A and 
A' will lie between S and S' (Fig. 50), so that if CS — ea the 
nuinber e will 1)(^ greater than indty. Instead of the plus 
sign in ec[uation (2) we now* Ixave the minus sign, but the 
process of sciuariiig gives the same equations (3), (4), (5) as 
before. We write (5), Iiowevta*, in the form 

f_ 

(P (e--l)(P 


1 
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and put h^ = (e^ — l)a\ which is positive since e is greater 
than 1. Tire equation of tlic hyperbola is thus 


a? 


W) 



Fiff. 50. 


From (H) we get 

, y=± 

SO that y is iiiiaginary wlien x is iiuuicrically less tlian 
a. No part of tlie curve therefore lies between the t\eo 
perpendiculars through A. and to tlie niajor (or transverse) 
axis A' A ; the curve consists of tw’^o biunclies, one (.extending 
to infinity on the right of A and tlie otlu^r to infinity (.)n tlie 
left of A\ The segment B'B on the ;</-axis, wliere OB and 
GB' are each of length h, is called the conjugate axis; (J is 
the centre of tlie hyperbola. 

55. Expression for Focal Distance. Ecjuation G^) § 5o may 
be written 

First adding "^ecm to each side, next subtracting 'ieax from 
each side we find, after taking the srpnire root, 

+ 2eax) = a + ex ; - ^leax) = a - ex. 
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Therefore^by § 58 (1 ) wc get for the focal distances 8T, 
8P of the point on the ellipse whose abscissa is x 

S'F = a+e.v, 8P = a—ex. 

(Note that 8P is not ca;- a, because ex is less than 

a and the distances 8P, 8'P are positive.) 

For the hyperbola we have 

8'P — cx + (C 8P = ex — a 

when P is on the riglit-hajid branch; when P is on the 
left-hand brancli the proper expressions are, since x is 
negative, 

8'P=-{ex + a), 8P=-{ex-a). 

56. Directrix. Eccentricity. On GA produced in Fig. 49, 

and on CA between (• and .^1 in Fig. 50, take the point K 
such that Gl{ = ale; draw KN perpendicular to A' A and 
PJSf perpendicular to Then for the ellipse 

i AIK = OK- - OAI= --x = , 

e e e 

and foi’ the liypt^rbohi 

NP = KAI = CM - OK = 

SO that kVP : PN — e:l. 

Therefore in lioth cases the ratio of the focal distance SP 
to. the perpendicular distaaice PN of P from the line KN is 
equal to tlie constant r. The line KN is called the directrix 
for the focus S, and tlic constant e is called the eccentricity. 

Similarly it may be proved that there is a second directrix 
K'W related to the focus S' in the same way as KN is to ^ ; 
it lies at the distance aje to tlie left of G and 

S'P:PN = 6:h 

57. Conic Sections. The property proved in § 56 is that 
usually taken as tlie definition of a conic section, namely : — 

Definition. A conic section (or, more briefly, a conic) is 
the locus of a point P which moves so that its distance from 
a fixed point S (the focus) is in a constant ratio e (the 
eccentricity) to its distance from a fixed straight line KN 
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(the directrix). The conic is an ellipse if e is less than 
unity, a hyperbola if e is greater than unity, a fSarabola if e 
is equal to unity. 

That the curve we have called a parabola pf>ssesses this property is 
easily proved. Let Eig. 51 be the graph of the equation 

( 1 ) 

and let A' >9 be points on tlie //-axis such that A7>^ - O/S' — fp. Draw 
A"iV perpendicular to /v>S', and let the p^*pendicula,r /W, drawn to IiJV 
from the point P on the graph, cut the .r-axis at M ; also, draw SQ 
perpendicular to JVP. 



If F is the point (.v, ?/) then, since a.’=0J/, //==i/P, p=:4(tS', equation 
Ogi'^es WS.MP=OM'K ' 

Now SQ=OM, qP=MP~OS, NP^MP+ OS ; 
hence SP^-^OIP+iMP -OSy^^WS . MP+{MP-OSf. 

But 405. MP+{MP-0Sf={MP+ 05)-= Xl>\ 

and therefore SP—NP^ so that the curve is a para].)ola of which S is 
the focus and KN the directrix. 

The circle is the particular case of the ellipse in wlvicli 6 = 
But when h = a we must have c- = 0, becausi; /r = ( 1 
The circle therefore is a conic of which the eccentricity is 
zero. 

The ellipse (which includes the circle) and the hyperbola 
are called central conics ; every chord tlirough tlie centre G 
(Figs. 49, 50) is bisected at 0. , Tlie paral)ola luis no centre, 

The points A, A' (Figs. 49, 50) are. calhul tlie. vertices ot 
the central conics. The circle on A A' a,s diameter is called 
the auxiliary circle. (See Exercises X.XL, 2, 12, I?], 14.) 

58 . Equal Roots of a Quadratic Equation. In the next set 
of Exercises the student will have occasion to apply the 
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tests that the roots o£ a quadratic equation should he real, 
and also that they should be equal. The roots of the 
equation ax^+bx+c = 0 

— 6 + 4ttc) —h — ^ib^—iac) 
are = 2(7“ ’ “' 2 = -• 

Xj and ;>L are real and different if is greater than 4cic ; 
they are real and ecjual if 6- = 4ac ; they are imaginary if 6^ 
is less than 4<cc. 

Example 1. Find the equation of the tangent at the point (2, 4) on 
the parabola p = 

The equation of every straight line through the point (2, 4) is of 
the form //-4 = )«(a- 2) (i) 

To find the pointvS in which thivS straight line meets the parabola, 
we must solve (i) and the equation 

(ii) 

as simultaneous equations. The equation for the abscissae of the 
points of intersection is 

= in (.r - 2 ) + 4, or - rnx ,4- 2?Ji -4 = 0 (iii) 

Now, we know that .r=2 is one root of (iii) ; therefore x-’S, must 
be a factor of the left-hand side of (iii). In fact, equation (iii) may 
be written (,r-2)(.r-m+2)=0. 

The second value of x is therefore 7n - 2. This will be the same as 
the first value 2 if 'Ui~ 2 = 2, that is, if m = 4. Therefore the straight 
line given l}y tlie equation 

ly _ 4 = 4 (j* - 2) or y = 4a’ - 4 

is the tangent. 

We may also find the equation as follows : The line given by (i) 
will meet the parabola only once if the two roots of equation (hi) are 
equal. But these roots are equal if 

???7 = 4(2m-4) or 8m + 16=0, 

that is, if ')n — 4.. 

The equation of the normal to the parabola at (2, 4) is 
yy - 4 = - 1 (.!• - 2) or X + 4y = 1 8. 

Definition. The iiorraal at a point P on a curve is the 
straight line througli P perpendicular to the tangent to the 
curve at P. 

Examiple 2. In liow many points does the straight line whose 
equation is ;r=c cut the curve whose equation is 
^2+.'ry+y2=3? 
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To find tlie points of intei’section we solve the equations as 
simultaneous equations. Hence the )j of the points of intersection is 
given by the equation 

+ — 3 = 0 . 

The roots of this equation are 

yi - - + W(12 ” 3c-), y.- - ^c - ^ v/(12 - Sc^). 

If 3c‘'^<12, that is, if c2<4 the roots are. real and unequal, and 
therefore for these values of c there are two ])oiHts of intersection. 

If c2>4, the roots are imaginary, and therefore if c->4 the line 
does not intersect the curve. 

If c2 = 4, the two values are equal ; therefore tlie lines whose 

equations are x — % .v~ - 2 meet the curve eacli in only one point, that 
is, they are tangents to the curve. 

In the same way it may be seen that the lines given by // = 2, ?/= -2 
are tangents. 

The curve is an ellipse inscribed in the square whose sides are given 
by the equations 

^‘= 2 , a.’=-2, y=% y=-2; 
and the points of contact are 

( 2 , - 1 ), (- 2 , 1 ), (- 1 , 2 ), ( 1 , - 2 ). 

A second set of Exercises is appended in which many of 
the simpler and more important properties of the conic 
sections are stated. The proofs should otfer no difficulty, 
and the theorems may be useful to students wlio cannot 
afford the time for a fuller study. The notations of this 
chapter are adhered to in the Exercises. 

EXERGISEvS. XX. 

1. Draw (i) an ellipse, (ii) a hypeihohi wliose axes arc 8 and 6 
respectively. 

2. Plot the curves given by the following equations, a,nd state the 
eccentricity of each : — 

(i) 16.^2 + 25/ =400; (ii) 16.^2 „ 25/ == 400. 

3. Plot the curves 

(i) .^’2 + 4^2 := ^ 

Show that (i) is an ellipse, (ii) a hyperbola, and find the axes, the 
eccentricity and the coordinates of the centre of each. 

4. Plot the curves 

(i) y2 ~ 30^. _ ^ 30,^ ^ Qj.2^ 

Show that (i) is an ellipse whose major axis is verticial ; iind the axes, 
the eccentricity and the coordinates of the centre of each. 
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5. Show that the equations 

(i) (ii) 7/-=2i.i’ + i3.^;2, 

where B is positive, represent (i) an ellipse, and (ii) a hyperbola, 
respectively. 

6. Plot the graph of the equation a'2~2^t’y+3;?/2=4. 

[Solve for /y : y - I.r ± - 2.^2). 

2.1*2 therefore cannot V)e greater than 12, so that the curve lies between 
two straight lines perpendicular to the .r-axis given by a7=+^/6. 

These lines are tangents to the curve. 

Similarly, solving for .r we find that //^ cannot be greater than 2, and 
the curve lies between two lines parallel to the a-axis given by ^2, 
y=: These lines also are tangents. 

The curve crosses the .r-axis (y/='~0) where r=2 and ~2 ; it crosses 
the y-axis (.r==0) where /y = .lVl2 and - ?jVl2. 

Other values of y can be obtained most readily from the solved 
equation, each value of .r giving two values of y. 

The curve is an ellipse.] 

7. Plot the equations 

(i) 2.7/2 „ <2xy +y‘2 = 9 ; (ii) 3.r2 + 2.ty ~ y^ = 9 . 

Write down the equations of the tangents parallel to the coordinate 
axes. 

8. Plot the equations 

(i) (2.i;-t-y/)2=y-2.r ; (ii) (y - .r4- l)2 = 4(.7;+y). 

The curves are parabolas. 

9. Show that 3.r''f8y = 25 is a tangent to the ellipse .v2+ 4^2=25 
and that 5.r - 4y = 9 is a tangent to the hyperbola - y2= 9. Find the 
coordinates of the point of contact of each tangent and write down the 
equation of each uorniaL 

10. Find the points of intersection of 

.r‘2 -i- 5y2 = 45 and .r=wy+7, 

and determine so that the straight line may be a tangent. 

11. Determine the value of c in terms of m so that the straight line 
?y=wi.7; + c' may be a tangent to the conics 

(i) 0.7/2 -M6y2= 144; (jj) 9.-y2-16y‘2=144 ; 

(iii) //2r‘2-l-rty = «‘22,‘J 5 (iv) ~ 

12. The same ]7i*()l)lem as in example 11 for the curves 

(i) 4y = ; (i i) y ~ + 2.r + 3 ; (iii) y‘2 = 

EXERCISES. XXI. 

1. The cloul:)le ordinate thi'ough the focus of a oea^tral conic is called 
the latus rectum or the parameter of the conic ; show chat it is equal to 
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For the parabola sketched in Fig. 51 the parameter is the double 
abscissa through the focus ; show that when the pa,rabola is given by 

= the latus rectum or parameter is p. (Chm}jare 29.) 

2. On /Id/ (Fig. 49) as diameter a circle is described ; if i/P is 
produced to meet the circle at Q show that 

MP : MQ — h : cr.— constant ratio. 

[For, J/tf- 

This circle is called the auxiliary (*ircle of the ellipse (5^57); the 
points Pand Q may be called corresponding points.] 

3. Deduce from example 2 the following method of constructing an 
ellipse: — Let i/ be any point on a (ixed diameter A A' of a, circle of 
radius a, MQ the half chord perpendicu!n,r to a,nd /'a point in 
such that i/P : MQ~h : a ; the locus of P for all positions of Al(^ is an 
ellipse whose axes are 2^, 25. 

What is the locus of P when P is taken in MQ }.)rnduced outside the 
circle so that i/P : AIQ == h : a ? 

4. The angle A GQ in example 2 is called the eccentric angle of the 
point P(.i’, y) ; ii L ACQ=B show that 

,v = a cos y = 5 si 1 1 p. 

5. On the edge RQ of a straight ruler a fixed point P is taken’, 
the point R is placed on a straight line Y'Y and the point Q on a 
straight line X'X perpendicular to TY^ and the ruler is moved about so 
that R and Q always remain on F'Fand X'X respectively. Show that 
P will describe the ellipse .r‘^/c'6-+y‘^/5- = I where PP~b, QP—h and 
X, y are the coordinates of P to the axes A'bF, Y'Y. 

Deduce a method of constructing an ellipse. 

6. Show from example 2 that an ellipse is the pi'ojection of a circle. 

7. If P, Q and P, Q' are two pairs <»f corresponding points on an 
ellipse and its auxiliary circle show that the (diords^ PP and QQ' 
intersect the major axis at the same |;M.)iut, 7" say. (Lines to be 
produced.) 

8. If the secant in example 7 is turned till it l)ecomes the 

tangent to the circle at and if this tangent cut tlie major axis at 7 
show that PPis the tangent to the ellipse at P. 

9. Deduce from example 8 that CM.(7r=CA'\ If ni is the 
projection of P on the minor axis, and if PI' meet tlie minor axis at t 
show that Cm . Gt = GBK 

ID. Show that a point Q is outside or inside an (‘lli|.>se a,ccording as 
the sum of its focal distances S'Q is gi’ea.ter‘ th.an or less tlmn the 
major axis. 

For thei hyperbola, sliow that a point Q lies Ixtwcen the two 
branches or inside one of the branches according as the difierence of 
its_ focal distances SQ^ B'Q is less than or greater tlmn the transvei*se 
axis. 
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11. ^ Show l,y exiimple 10 that ove)-y pcint on the bisector of the 
exterior angle between the toeal ch.s aiiees SI\ S'P of the point P on 
an ellipse (e.xeept the point /' itself) is oiiteide the ellinse -inrl tw 
prove that this bisector is the tangent to the ellipse at ’ 

Show that for the liyperliola the bisector of the ano-le SPS' is the 
tangent at /’. ” 

-S' on the bisector meet 

6 P produced at / , .uid let V be any point, except P, on the bisector. 
Then N/'=/'7’ P'iii-8Q=S'Q + P’q. 

But S'Q + P'q is greater than S'P' which is equal to P'P+,S'P that is 
equal to tlie inajoi* a-xis. V tlierefore outside the ellin^P ’ ^ 

The proof for the hyperbola is similar.] ^ 

12. If the periieiulic, liars 8Z, S'Z' from tl.e foci of a central conic on 

the tmipnt at meet the tangent at respectively show that 

CZ—OA — IZ , that IS, show that Z, Z are on the auxiliary circle of 
the come. 


/It’/ P>''’fhiced to meet at IF prove 

CW—CZ=CA,iSZ-^y^U. Iheii prove SZ. S'Z'~ CB'^ ^ 

which is equal 

to bZ. SZ^ IS equal to tor the ellipse and to for 

the hyperbola. Then compare value.s of }r, a\ aV gjjj 
hyperbola.] ^ 


14. Deduce tioni example l.> the following croiistruetion for drawing 
a tangent to a, central conic from an external point P:-~on SF al 
diameter describe a, circle cutting the auxiliary circle at $ and • FQ 
and F/i\ produced if necessary, are the two tangents from F. 

15. if tlu^ normaJ and ta.iigent at P to a central conic meet the 
major axis a.t (r and 7' respectively, show that 


("7 / . r 7^= CS- ; CO = c-.r = 6^731. 

of (,he angle SFS' and therefore G\ T 
div.ide iS'iS" internally a,nd exteiaially in the same ratio, from which it 
follows that (JU . ('T^ CS'\ Again, using tlie values olSP, S'F in 55 
we have ’ 

: a~ex^ 

whence >S'7/ : a + i\v : 

and therefore ^S'V/ ■:=rc(o -Pi'c), 07=^ cb.*.] 

16. Prom example 15 ]M*ove the first theorem of example 9 and then 
deduce the second theoi-imi. 


[7 71/ . €T : Va , CZr - CM : CG^ 1 : 

But Ca . €7' - CS- ^ <;“ 0 “ ami fhercfore ChM . CT=^(F = CAK 
This ])roof liolds tor tlie liypeidmia as well as for the ellipse.] 

17. Show that SP , S' F cKv^ for the ellipse, but e^x^ — (P for the 
liyperbola. 
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18. With the notation of example 15 prove that 

= (1 — 

[For + ; 

then use the value of // in § 58 (4).] 

19. If d is the eccentric angle of a point P on aii ellij)se show from 

example 9 that CT^alcmO, Ct =- hj^xn 0, 

and prove that the equations of the tangent and noinnal at P are 
respectively 

~ cos o ' +7 sin o' = 1 ; ■ - ^ • - 7 , ~ o- ~ 0 -. 

a b cos 0 siiWy 

20. Find the coordinates of the points in whicli the line tlirougli Q 
parallel to the tangent at P meets the ellipse. 


[The line is - cos ^+'^sin ^ = 0 ; combining with tlie equation of 

the ellipse we get two points D{ - a siii 0^ h cos 0\ //(o'- sin 0^ - b cos 0). 

The two semi-diameters GP^ CD are sjiid to be conjugate; each 
is parallel to the tangent at the end of the other. The eccentric angle 
of D is 90° + ^, and of I)' is 61-90” or 6'H-270”.] 

21. Show from example 20 that — that is that 

the sum of the squares of two conjugate semi-diairieters is constant. 

22. Show from Examples 17 and 20 that CLP^^SP . S'P. 

[OU^ = a-mPO~{-'lpQ>oP0^a^ - (n/ //-) cos-^^ = o/~- c-.r.] 

23. From C a perpendicular OF is drawn to the tangent at P; 
show that the coordinates of F are 

a^in-^^ -f- 6^cos^6i’ rrsi n-6^ + IrcuPO 

and that OF— s/{:v^ -f y-) = 


24. Show from example 23 that the area of the ])a,rallelogra,m formed 
by the tangents at the ends of two conjugate diameters /V7*', DCD' is 
constant, and equal to or AxV. BB', the recta, ngle contained by the 
axes. 

[A quarter of the area is clearly OF. Of) wliicli is e(pia,l to o,5.] 

25. Show that the ecpiations of the tangent and normal at the point 

(•^b yi) on the hyperbola — l are respectively 


y-}// ,1 


(P , o , 7., 

yf 


26. Show that the straight lines y—hjcja^ //— ^hvja are asymptotes 
of the hyperbola. 

[Let yi=P~, !/= \ ; 


thee 
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and therefore when becomes very large the difference netween yi, 
the ordinate of the straight line, and y, the ordinate of the hyperbola, 
becomes very small. 

When h = a the asymptotes are at right angles to each other; the 
hyperbola, when h — a, is called rectangular.] 

‘ 27 . From any point P(.r, y) on tlie rectey hyperbola .r2~y2=a2 
PX is drawn perpendicular to the asymptote ECE (Fig. 50) ; if 
CL-x\ LP=y' show that 


' ’ 


?y' - x' 
‘"VS"’ 


and therefore that - y^ = becomes .r'y' = 

[The values of .r, y are proved at once by projection. The result 
shows that wlien i*eferred to its asymptotes as axes the equation of the 
rectangular hyperbola is (Compare § 33).] ‘ 

28. Show tlvat for a ])arabola the point P is outside or inside the 
curve according as the distance >S'P of P from the focus is greater than 
or less than its distance PN from the directrix. 

29. Deduce from example 28 that the bisector of the angle /SPi^ is 
the tangent at P to tlie paraliola. Show that the normal at P 
bisects Die angle between NP produced and SP. 

30. A is the vertex of a paraliola ; the tangent and normal at Pout 
the axis of tlie paraliola at Paiid (/respectively ; Pis the projection of 
P on the axis, and Z tlie projection of 8 on the tangent at P. Prove 

ST^SP=~~^Sa; 8P=A8+AJI; TA^ AH { ffG==2AS ; 

L A SZ= L PSZ ; SZ'^ = A8. SP. 

Sliow also that .^lies on the tangent at the vertex A. 

31. Prove fi'om example 30 the following method of drawing a 
tangent to a ]iaral)ola from an external point P : — On SP as diameter 
describe a circle cutting the tangent at the vertex in Q and R ; PQ and 
PR ai*e the two tangents from P. 
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59 . Approximate Evaluation of Areas. WJien tlie limmd 
ary of an area consists wholly or partly of cnrvorl lin,^^?]:: 
determination of the exact value of the area i.s usuallv 
beyond the inethod.s of elementary algebra. In S G u-nm 1 9 
It has been pointed out that an approximate wdue VA'the 
area may be obtained, when the boundary i.s traeSl on 
squared paper, by the .simple method of counting 
this method may be used to confirm or to .supplement tlie 
methods of approximation which we .sliall give in th s 
chapter. The,se method, s are baso^d on two "Well-k no rn 
expre,ssions for the area of a trapezium MNQP of wliieh 

F'Temlieular to the side 

b If Horn i/, the middle point of ifA^ 

the perpendicular is drawn to MN to me<t H) -it F the 
two expre,ssioiis are ^ 

(i) IMN{MP+NQ\ (n)MN.LK. 

Now let DFG be a curved line and let if ..iin , 
upwards from H to C (Fio- sS. or else Vo ^ 
from i) to C'CFio- 59/, w w 1 up ward, s 

to AB, and draw BF perpencLZi to' 

jjkldl, point of ICpo^^ “ 

tangent to be driiwii to the curve at /i' -iiwl it.-^ i ' a 

meet AB and RO r.,. +1 '-.'■u'e ar n and produced to 

respectiveir ’ '' ^ 

_ Denote the lengths of AD EF BCXmn, .. 
tively, and the length of AE ov EB by A.' ‘Tiluse^nunC 



TRAPEZOIDAL AND MID-ORDINATE RULES. 


159 


Vv measures ol: the lines to some common 

unit,l‘or example a foot; the numbers, such as + 
that give the areas are the measures of the areas to the 




corresponding unit S(juare, for example a square foot. The 
actual lengtlis of the lines in any diagram depend of course 
on the scales of tlie diagram. 

60. Formulae of Approximation. We shall now obtain 
formulae whicli will give tlie area ABCFD approximateljq 
and shall indicate limits to tlie error in tlie approximations. 

In the first place, substitute tlie cho'rds 1)F and FC for 
the arc 1)FC\ that is, instead of tlie given area take the 
two trapeziums AFFD, EBCF. The area is thus approxi- 
mately equal to the sum of these trapeziums ; denoting this 
sum by we liave as our lirst approximation 

A 1 = U ( //, + ;v,) + 1 h (y.^ + y.^) = hh(y^ + + y^). . . .(1) 

In the second place, substitute the tangent GFH for the 
arc DFG, that is, instead of tlie given area take the 
trapezium ABJIG ; denoting the area of this trapezium 
by A 2 we have, since AB = 2/i, 

= ( 2 ) 

It is clear from the figures that in Fig. 52a A^ is less 
and A., greater tlian tlie area of ABOD, but that in 
Fig. 526 is greater and A^ less. In both cases the 
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difference between the true value and the approximation is 
less than the difference between and and therefore 
A^^-A^ (Fig. 52a) or A^-^ A^ (Fig. 52?)) ii vieamore of the 
possible error in taking either A^ or A^ as the value of the 
area A BCD. 

We may however obtain another approximation by UKsino* 
a very simple algebraic theorem, namely: if A^, A.„ I, m 
are all positive the fraction 

lA^ + mAo 
l+^n- 

is less than the greater, but greater than tlie less of tl)e two 
numbers A-^ and A^. 

The proof is easy. Let Ai be the .i^reatev of the two mnnbers 
Ai and Aq, so that — is positive ; tlieii 

^ l-^Vl ^ 0)1 " / -(-))/ 

Thus is greater and Ao less than the fraction, the differences 
being positive since ?, m, A^ ~ Ao are positive. 

Simple values for I and on are 2 and I respectively. 
Denote the fraction by A.^ when L = 2 and 9 )/ =1 ; we thus 
obtain a third approximation to the area A BCD, 

4- A 

A a - 2 = I h ( //i + 9/3 + 4 v/.>) (8) 

To estimate the possible error in A. suppose ^1, to be 
greater than then 

~ ^3 = K-^i - A.j), A.^ - A 3 = {A 1 ~ A A, 
so that the error in taking A.^ as the value of the area 
ABCD is less than — Of course, if /!., wei*e 
greater than the error would bo less tlian ^{A^^A^. 

A^ is thus a better aj)proximation tlian eitlier A^ or /b,. 

The above results can be easily extended. If tlie are is 
fairly long, it is clear that we must divide the area into 
more than two strips in order to get a fair approximation. 
Let us suppose the area to be divided by equidistant 
ordinates into, say, 10 strips ; there will thus b'e 1 1 ordinates 
(Fig, 53). 
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If the common distance between the ordinates is h, 
we find 

^ 1 = (2/1 + ^2) + (2/2 + 2/3) + • • • + yiiVio + 2/11 ) 

= |7i {(3/1 + 2/11) 

+ 2(2/2+2/3+2/4+2/5+2/6+2/7 + 2/8+2/9+2/io)}‘ •••W 

A,-= 2 h (2/2 + y, + + 2 /g + 3 /,^,) (5 ) 

^3=a^^'{(2/i + 2yii) 

+ 2(2/3 + 2/5 + 2/7 + 2/9)+'^(2/2+2/4 + 2/0+2/8+2/10)}* •••(6) 



The formula is often quoted as the Trapezoidal 
Formula or Rule, and A., is known as the Mid-ordinate 
Formula or Rule. Formula (6), or (3), is, however, the most 
important of the three for most purposes and is known as 
Simpsons Rule. Stated quite generally that Rule is as 
. follows : 

Simpson's Rule. Let the area be divided into an even 
number of strips by equidistant ordinates ; find (i) the sum 
of the extreme ordinates, (ii) twice the sum of the other 
odd ordinates, (iii) four times the sum of the even ordinates; 
add the three sums thus obtained and multiply this total 
sum by one-tliird of tlie common distance between the 
ordinates. 

It should be noticed tliat the trapezoidal rule is applicable 
whether tlie number of ordinates is even or odd ; the other 
two rules can only be applied when the number of ordinates 
is odd. 
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The estimation of the error is not so simple as before 
unless the curve is either convex upwards or else concave 
upwards throughout its w^hole length; sometimes it is 
advantageous to divide the area into strips by the oi^dinates 
at the points of inflexion and to calculate separatelj?^ the 
area of these strips. In practice the simplest method of 
reducing the error is to take a fairly large number of 
ordinates. 

It may be stated that Simpson’s Rule in its sim])Iest form, equation 
(3), is exacts whether the curve be long or short, provided the curve- 
has an equation of the form 

y = «. + hx + (7^ 

where a, 6, o, d are constants, one or more of wliieh may of course be 
zero. If c = 0, the equations (1), (2) a, re obtaintul, the CMirve 

being in this case a straight line. The proof of Simpson’s Rule for 
the graph of (7) is given in § 75, Example 3. 

61. Examples. We shall now work some examples ; the 
case in which all three rules give but poor results, noted in 
Example 3, is of some importance. 

Example 1. Calculate the area between the grapli of the equation 
.V=27 + 13.r-2.r-’, 

the .r-axis and the ordinates for .r = l and .r=5. 

Draw up first the table : 


X 

1 

2 

3 

4 

5 

y 

38 

45 

48 

47 

42 


We take the five ordinates 38, y..=4T>, ... ; tlie common distance 
h between the ordinates is unity. 

^ i = -H (38 + 42) + 2 (45 + 48 + 47) } = 1 80. 

42 = 2(45 + 47) = 184. 

.d3 = -J(2^, + ^j) = 18]i. 

The curve, as will be seen on sketching it, is convex upwards 
throughout so that the error in .1., is lo.ss than d.) oi- 2?;. In 

this case the value d., is exact beciiuse the curve has an ecniation of 
the form (7) in §60; a=27, &=13, r=-2, rf=0. The number 
5 (ia 2 “.di) IS the greatest possible value of the error in A.,; it is 
seldom that the actual error in /i.{ is so great as d i) ' but of 

course, without further information, it is this value that must be 
assigned for the error. 
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Example % A curve is determined by the points given by 
scheme ^ 



0 

0*8 

1*5 

2*5 

3*3 

4 

y 

23 

16 

11 

16 

20 

20 


calculate the area bounded l,)y the curve, the .r-axis and the extreme 
ordinates. 

In this case the ordinates are not equally spaced ; the curve should 
therefore be drawn and e(|uidistant ordinates read off. We may take 
Ji eaual to 0-5 ; the curve is shown in Fis-. nfi. THa uaf values is 



— ^ — 




07 

0 

1 0-5 

1 

1*5 

2 

2-5 

3 

3-5 

4 

y 

23 

19 

14 

u 

12*5 

16 

19 

20 

20 


We therefore take .?/i -23, .//,>- 19, and we readily find 

.-li = ^{(i3 + 20) + 2(19 + 14 + lH-12-5 + lG + 19 + 20) 


= 66*5. 


yL-66; d. 5 = 66*3. 

The area may be taken as 66. 


Example 3. Calculate the ai‘ea of a quadrant of a circle of 
radius 10. 

We shall calculate the area by two methods. 

(i) Let the area be divided into 10 strips, so that the width of each 
strip is 1 ; the values ot the 11 or.dinates are easily calculated (y,,=0) 
We may arrange the work as follows, taking Simpson’s Rule. ' 


//i = 10 

sum = 10 


v/..= 9-9499 
9*5394 
v4 ;= 8-6603 
v/h- 7*1414 
4*3589 
sum = 39*6499 


9-7980 
yr,= 9-1652 
yr= 8*0000 
y^= 6-0000 

sum =32*9632 


/li-77*6131, do=79-2998, ^3=78*1753. 

Here do — /li = 1 *6867 ; so that ^3 is not at all a good approximation. 

(ii) In Fig. 54 let 0C ~(> ; CD is perpendicular to OA. Calculate 
the area of OC^D/J as in (1), using the ordinates and let 

and be the values given by the trapezoidal and mid-ordinate 
rules ; then 


=56-1128, /i3 = 56*2992. 
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To find tlie area of GAD divide CD into 8 equal parts and draw 
parallels to CA, thus making 8 strips of equal width ; the width of 
each strip is unity, since OD~S. Denote the length of the lines from 
CD to the arc AD by ... ; then which is equal to CA, is 4 

and Wq is zero. It is easy to see that 

= ?^2 = y 2 - 6 , ?^ 3 =;?/ 3 ~- 6 , .... 



Denote by Ci and G^ the values given by the tra])ezoidal and mid- 
ordinate rules for the area CAD ; then 

==22-2542, a = 22*5820. 

For the area of the whole quadrant we thus find the approximations 
-f = 78*3670, S. = B, + 6^ = 78*881 2, 

^3 = = 78-5384, >S'2 - = 0-5 1 48. 

The value is much better than A-^. The ti’iie value is of course 
10O7r/4, that is, 78*5398. The value *Sy is thus a fairly good appro.x:i- 
mation though the method does not ]jrove that *8.5 only dificrs from 
the true value by less than 0*002. The value of tt given by is 
3*1415. 

The reavson for the poorness of the approximation A.^ is that near A 
the curve is almost perpendicular to the line chos(m. as axis of 
abscissae, namely OA. Whenever the curve runs nearly pei-pendicular 
to the axis of abscissae all the approximations we have used fail to 
givm good results ; it is in such a case not possible to determine the 
constants in the equation 

p=a+ kv + 

so that the equation may yield a curve that closely approximates to 
the given curve in the neighboui-hood of the part referred to, and 
therefore Simpson’s Rule fails to give a good result. 

62. Additional Methods. Mean Ordinate. A method 
sometimes adopted for estimating tlie area of a narrow 
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strip such as PQRS (Fig. 55) is to draw a straight line 
HKM parallel to FQ in >such a way that the areas SKH 
and KMR shall seem to be equal. The 
figure PQMH is a rectangle and its area is 
equal to that of PQRS which is therefore 
equal to PQ • LK. The ordinate LK is called 
the mean ordinate of the arc SR, When the 
area is large it can be divided into a number 
of narrow strips ; the area of each strip may 
be estimated and then the total area is 
simply the sum of the areas of the strips. 

This method is sometimes referred to as that 
of Mean Ordinates. 

The term mean ordinate, or average ordinate, 
of a curve is fre<|uently used. If AD, BG 
are the ordinates at the points D, C of an Fig. 55. 
arc DC, the mean ordinate of the arc DG is 
a line, LK say, such that the rectangle AB.LK is equal 
to the area ABGD. If AB^l and A^, A.^, A^ are approxi- 
mations to the area ABGD then A^jl, A,Jl, A^jl are 
approximations to tlie value of the mean ordinate. If the 
curve is given l)y an e(| nation between x and 2/, and if the 
abscissae ^)f D and G a.re (/. and b respectively, the mean 
ordinate is “ the mean vahit^. of ?/ as x changes from a to b” 

It has been pointed out that in the application of 
Simpson’s Rule an (^vtai number ot* strips is required. If, 
however, an odd number of sti-ips is given, Simpson’s Rule 
may be applied to calculab'. tlui area of all the strips but 
one, say the first strip or the last strip, and then the area 
of this remaining strip may be calculated by any method 
that is convenient. A rule that is based on the supposition 
that the pa-rt of tlic curve between three consecutive 
ordinates 1/1 j Un parabolic, that is, has nn equation 



of the form 


y=:(t + hx + CX^j 


is known as “tlie 5, 8, —1 rule^’ or ‘*the five-eight rule,” and 
maybe employed in conjunction with Simpson’s Rule. 

It is as follows : 

If 7/^, 77.3, 2/.J are 8 equidistant ordinates, the common 
distance between the ordinates being h, the area of the 
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strips between 2/3 2/2’ 2 /s respectively are 

T^ 7 i( 5 yi+ 8 -y 2 — yj) and -rsHbi/.^+Sy^ — y^). 

It will be seen that the sum of these two expressions is 
^sHyi+Vi+'^y^y [See § 75 , Example :i] 

Another rule that gives very accurate _ results, known 
as Weddle’s Rule, assumes that the area is divided by 7 
equidistant ordinates y^, y ^, ... 2/7 (common distance h) into 
6 strips. Denoting by the approximation given by 
Weddle’s Rule, we have 

-44 = { 2/1 + 2/3 + 1/5 + 2/7 + '5(2/2 + //o) + 62/4) • 

We mention lastly Simpson’s Second Rule or “ the three- 
eighths rule ” ; the area being divided into 3 strips by 4 
equidistant ordinates, we have, with the usual notation, 

■4 6 = t ^ (2/1 + '^2/3 + + 2/4 

The formula may of course be extended to the cases 
in which the area is divided into 6, i), 12, ... strips. This 
rule is, however, not much used. 

EXERCISES. XXII. 

Note. In order to have some idea of tlio limits to the accuracy 
of the results, it is well to calculate, when the data readily admit of 
it, the three appi'oximatious denoted l)y .l.j, /I 3 and to adopt tI.j 
as the best available approximation. The Bve-eight rule may be irsed 
if necessary. 

Calculate the area bounded by the curve, the axis of ab.scissae and 
the extreme ordinates for the" curves determined by the diita of 
Examples 1-7. State the mean ordinate in each case. 


•X 

1 ' 

2 


4 

5 


16 

36 

64 

100 

144 


X 

0 

0-5 

1-0 

1*5 

2*0 

2*5 

3*0 

y 

5 '4 

6*3 

6-6 

6-1 

5-0 

3-2 

0*6 








X 

1 

2 

2-8 

3-7 

5 


y 

13 

9-4 

7*1 

5*4 i 

1 

4*0 
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16 ? 


X 

0 

11 

20 

28 

39 

50 

62 

70 

82 

90 

y 

0 

19 

34 

47 

63 

77 

88 

94 

99 

100 



3-0 

3-5 

41 

4*8 

5*2 

57 

6-0 


y 

9-3 

14*2 

1 19-2 

231 

22-3 

20-8 

20-2 











X 

0 

10 

30 

50 

65 

SO 

94 

100 

y 

840 

790 

650 

460 

310 

205 

160 

140 


X 

0 

2 1 

I 

4 

6 

8 

10 

12 

14 

y 

165 

161 

149 

129 

103 

72 

37 

0 


8. An oval-shaped plot of ground A BCD is s^nnuietrical about AC] 
the following table gives the offsets, y, from points on ^4 Cat distance 
X from d, to points on tlie boundary ABC. The distances are in feet, 
and the whole length .11/ of the plot is 40 feet ; calculate the area of 
the plot. 


a; 

5 I 10 1 15 

20 

25 

3(T 

35 

38 

y 

9.1 9.\‘ iV,' 

101 


10 

8 

6 


9. The half-widths of a. horizontal section of a ship at distances of 
20 feet apart are, in feet, 0'2, ()% 104:5, I TS, 107, 81, 3; the length 
of the section l)eing 120 feet, lind its area. 


10. The de]:)th, // fed., at the dista,nce, .i* feet, from one bank of a 
river is given by the table : 


tC 

0 

1 1 1 

20 

25 

30 

35 

40 

y 

0'5 

3'2 1 3-5 1 2’S 

3-8 

4 '6 

4 3 

1 

2-4 

0-3 


All the measurements being in one plane perpendicular to the 
direction of How, a, ml the width of the river being 40 feet, find the 
average depth. 


11. If />^’-~-2700, lind tlu^ area between the. graph of the -i^-axis 
and the ordiiuites a,t r 21 a.nd 

12. If pr’^ = 800, fnul tlu^ a,rea hetween the graph of jo, the v-axis 
and the ordinates at ?;=:4 and r—O. 
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13. P is any point on a given curve, its coordinates being 

a point called the corresponding point to P^ is plotted, the co- 
ordinates of Q being and Xiy^ (the x of Q is equal to the .r of 1\ the 
?/ of Q is equal to the product of the x and ?/ of P). Plot the points 
corresponding to those of Example 1 and calculate the area between 
the curve determined by the new points, the .r axis ^nd the extreme 
ordinates. 

14. The same problem as in Example 13 but with ^///- instead of 
Xi'i/i as the ordinate of Q. 

63. Integral Curves. When a curve is given, it is 
possible to represent approximately tlie area bounded by 
the curve, a fixed ordinate, the axis of abscissae and a 
variable ordinate by means of the ordinate of another 
curve; the new curve is called the Integral Curve of the 
given curve. The method can be most simply explained 
by an example. 

Example. Draw the integral curve of the curve of Example 2, 
p. 163, given by the scheme 


X 

0 

0-8 

1-5 

2-5 

3*3 

4 

y 

23 

16 

11 

16 

20 

20 


We first draw the curve from the data (Fig. 56) ; by interpolation 
we obtain the values of the ordinates at’ intervals of 0'5 and divide 
the area into strips of width 0*5. We next calculate the area of each 
strip, assuming that the strip may with aufiicient accuracy be taken 
as a trapezium. 

The work is conveniently arranged in four rows. The first two 
rows contain the values of x and // already given in Example 2, p. 163 ; 
the third row gives the areas of the strips. The meaning of the 
numbers in the fourth row will be explained below ; consider for 
the moment the third row. 


X 

0 

0-5 

1 

1-5 

2 

2*5 

3 

3-5 

4 

y 

23 

19 

14 

11 i 

i 

12-5 

16 

19 

20 

20 

strip 


10-5 

8*25 

6*25 

5*875 

7*125 

8-75 

9*75 

10*00 

z 

0 

10-5 

18-75 

25-00 

30-875 

38*000 

46*75 

56*50 

66*50 


The area of the first strip is 1(23 + 19) or 10*5; this number is 
placed in the column containing the ordinate that bounds the. strip on 
the right. The area of the second strip is J(19 + 14) or 8*25; this 
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number is placed in the coluniu containing the ordinate 14. The area 
of the third strip is ](14 + 11) or 6‘25 ; this number is placed in the 
column containing the ordinate 11. In the same way the other num- 
bers of the thii’d row are obtained, the last number 10*00 being the 
area of the last strip. 



We now consider tbu fourtli row. The number 0 is placed in the 
first column. The number 10*5 in the second column is the area of 
the first strip. The nunil)er 18*7r) in the third column is the area 
of the first two strips ; it is obtained by adding the number above it 
in the third row to the numher on the left of it in the fourth row. 
The numl)er 2r)'00 in the fourth (U)lumn is the area of the first three 
strips ; it is obtained by adding the number above it in the third roAv 
to the number on tlie left of it in the fourth row. In the same way 
the other numl.)ers of the fourth row are found ; the number 66*50 
in the last column is the wliole area and is the same as that found by 
the trapezoidal rule on j). 163, as of course it should he. 

If we now plot the points whose abscissae are the numbers in the 
first row and wliose ordinates, denoted ]>y -s, are the numbers in 
the corresponding columns of the f<»urth row, and draw a siiiooth 
curve through (or near) these points, .the curve so found is the 
Integral Curve. The points aj*c 

(0,0), (0*5, 10*5), (1, 18*75),... (4, 66*50). 

It is convenient, though of course not necessary, to plot both curves 
on the same diagram ; the scale for the abscissae should always he 
the same for the two curves, but the scale for the ordinates of the 
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integral curve will usually have to be different from that for the 
ordinates of the given curve. 

It is obvious from the construction that the value of the ordinate 
of the integral curve, corresponding to any one of the abscissae 0-5, 

1, 1*5, ... 4, gives the area bounded by the given curve, the y»axis, the 
.r-axis and the ordinate of the given curve for the abscissae 0-5, 1, 
1-5, ...4 respectively. Thus the value of c when = namely 46*75, 
is the area up to the ordinate at the point (3, 19) on the given curve. 
By the usual method of interpolation we infer that the value of gives 
the area when the corresponding abscissa is not one of those used in 
constxmcting the curve. Thus .£' — 50*6 when .r=3’2, and the area up to 
the ordinate for .^=3’2 is 50*6 ; ^:~15*5 when .r=0'8, so that the area 
up to the ordinate for ,r=0*8 is 15*5. The arjBa between the oialinates 
for 0*8 and .r=3‘2 is the difference of the areas just found, 
that is, 35*1. 

The general rule for determining the integral curve may 
now be stated as follows, it being assumed tliat the axis 
of abscissae is the same for both curves ; the integral curve 
(ordinate ^2) is to represent tlie area bounded by a given 
curve (ordinate i/), a fixed ordinate of the given curves the 
a;-axis and any ordinate. 

Starting from the fixed ordinate, draw e(iuidistant ordi- ' 
nates of the given curve, the common distance being cliosen 
so that each strip may be regarded with sufficient accuracy 
as a trapezium; let the ordinates bo *iod the 

corresponding abscissae — Plot the iioint (rr^ 0). 

Calculate the area of the first strip, denote its value by 
and plot the point (x^, ^o)* Calculate the area of the 
second strip, add the number thus found to o.,, denote the 
sum by and plot the point (a’^, Calculate the area 
of the third strip, add the number tlius found to 0 .^ denote 
the sum by and plot the point (x^^, z,^); and so on. 
Through the points thus obtained draw a smooth curve; 
this new curve is the integral curve oL* the given curve. 

Fxmnples. Draw the integral curves of the. curves of 'Examples 1-7, 
Exercises XXTI. 

64. Equation of Integral Curve. In some simple cases the 
equation of the integral curve may be written at once. 

If the given curve is the straight whose cipiation is 
y = 4) + 5x, and the fixed ordinate is that for which 1, the 
area is a trapezium ; if u is the abscissa of the other bound- 
ing ordinate, the two bounding ordinates are 0 and 4 + 5'ii'. 
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The distance between the two ordinates is so that the 
area is given by the equation 

0 = L (tv — 1){9 + (44-5^6)} = + 4 It — 

It is better to denote the abscissa of the variable bound- 
ing ordinate by .r, the letter used for the abscissa of the 
given curve ; the equation of the integral curve is thus 


If the given curve is the straight line y=^ax + b, and the 
fixed ordinate coincides with the y-axis, the integral curve 
will be found in the same way to have for its equation 

o = Ao.r2_j_?>.r (1) 

If the given curve is not a straight line we have no exact 
formula for the area, but if we assume (and the assumption 
is correct) that Simpson’s Kule is exact when the given 
curve has an equation of the form 

y = a -I- bx + cx^ + dx:\ (2) 


(see § (iO) the equation of the integral curve is 

5 = (taj + Ihx- + (3) 

when the fixed ordinate coincides with the y-axis. It will 
be a good exercise for the student to prove this by apply- 
ing Simpson’s Rule for three e(iuidistant ordinates ; the 
three ordinates may be those for the values 0, -hv, u of the 
abscissa, the letter u being replaced by a; after the area has 
been found, as in the first example worked above. 

As a rule liowever the C(|uation of the given curve is not 
known, and if it is desired to find the equation of the 
integral curve recourse must be had to methods which are 
indicated, for simple cases, in Example 2, p. 83, Example 2, 
p. 99 and Examples I, 2 of § 44. 


65. Interpretation of Areas. Let us first consider cases 
for which the ordinate is constant ; curves for which the 
ordinate is constant are of course straight lines parallel to 
the axis of abscissae. 

A rectangle of vuirialfie base x inches and constant 
altitude y inches has an area of xy squai-e inches. A 
rectangular pairallelepiped (or brick) of variable altitude 
X inches and constant base (or cross-section) y square inches 
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has a volume o£ xy cubic inches. A body which moves for 
a variable time x seconds, at a constant speed y feet per 
second, travels a distance of xy feet. A body which starts 
from rest and moves for a variable time .r seconds, at a 
speed which is accelerated at the constant rate y feet per 
second per second, acquires a speed of xy feet per second. 
A body which is pulled along a rectilinear path through a 
variable distance of x feet by a force of y pounds, which is 
constant in magnitude and whoso direction is always that 
of the path, has expended upon it xy foot-pounds of work. 

Ii,! all these cases the curve which represents tlie relation 
between the first pair of magnitudes is a straigiit line, 
2 / = constant; the number of units in the area bounded by 
the curve, the axis of abscissae and tlie two extreme 
ordinates (the ordinates at the beginning and the end) 
measures in the respective cases the area, the volume, the 
distance, the speed and the work done. 

The scales of the diagrams will not cause any diftieulty. 
If, for example, 1 inch for abscissae represents 10 inches, 
%nd 1 inch for ordinates represents 15 s(|narc inches, then 
I square inch of area will represent 10 x 15 or 150 cubic 
inches. If 1 inch for abscissae represents ()'5 second of 
time, and 1 inch for ordinates represents an acceleration of 
20 feet per second per second, then 1 s<|uare inch of area 
will represent a speed of 0*5 x 20 or 10 feet per second. If 
1 inch for abscissae represents 10 feet, and 1 inch for 
ordinates represents a force of 50 pounds, then 1 square 
inch of area will represent 10 x 50 or 500 foot-pounds of 
work ; and so on. 

In the above examples the number .c; that measures the 
area is equal to the product xy ; the integral curve is 
therefore, since y is constant, a vstraight line of gradient y, 
its equation being 0 = xy. 

If the ordinate is variable it is natural to suppose that 
the interpretation will be the same as wdicn it is constant. 
It would be more tedious than instructive for the student 
at this stage to discuss the mathematica»l difficulties of the 
question thus raised. It is, however, fairly obvious that if, 
as in Fig. 53, we divide tlie area into a large number of 
narrow strips, the area of a single strip, say that bounded 
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by Vi ?/25 will lie between the rectangles y^i and y^i. 
For each of these rectangles the ordinate is constant, the 
ordinate being for the rectangle yji and y^ for the 
rectano'le yji ; for each therefore the interpretation for a 
constant ordinate holds good. If now we pick out in each 
strip the smaller of tlie two bounding ordinates and form 
the set of rectangles having these ordinates for height, and 
the common distance li as base, we shall form an area that 

less than that of the area A BCD, To this area the 
interpretation applies because it does so to each rectangle. 
In the same way by picking out the larger of the two 
bounding ordinates we iind an area greater than that of 
ABCD to which the interpretation is applicable. The 
difference between the two rectangle-areas is small and the 
difference between either of them and the area ABCD is 
still smaller. We arc tlien fairly entitled to assume that 
the interpretation of area is the same whether the ordinate 
is constant or variable. 

66. General Results. In seeking the interpretation of 
the area, the simplest metliod is to consider the case in 
which the ordinate is constant. When the ordinate is 
constant we have, using a customary and easily understood 
form of expression, 

absci ssa x ordinate = area. 

Comparing tliis etiuation with another, say, 
length X area = volume, 

we see that if the ordinate represents the area of a section 
of a solid (say, a log of wood) by a plane perpendicular to 
a line drawn in the" solid, and the abscissa represents the 
distance along this line between this section and^ another 
fixed section perpendicular to the line, the area will repre- 
sent the volume between two sections. 

Or, again, ^ acceleration = speed ; 

thus when the curve is an acceleration-time curve the area 
will represent speed. 

The ordinate of tlie integral curve represents the same 
kind of quantity as the area under the given curve. 



174 


TREATISE ON GRAPHS. 


Note. It is well to remember that Simpson’s Rule for 
three ordinates is an exact formula when the ordinate is a 
linear or a quadratic or a cubic function of the abscissa. 

Example 1. The volume of a sphere of radius r is 

A plane section perpendicular to a diameter A B at dista,nce .r from 
the centre has the area Tr{r^-x-), which is a (piadratic function of .r. 
The areas of tlie sections through d, B and the ca-mtre a, re 0, 0 and 
respectively, so that the volume is 

X (0 + 0 + 47rr) = r'[ 

Example % The volume of a pyramid (or of a cone) of height h 
and base A is JAA. 

Take a section, of area S say, by a plane parallel to the base at 
distance x from the vertex ; then 

S ,1 . r, A 

- 7 = To, that /S — yzr.r-'. 

xi /A hr 

S is therefore a quadratic function of x. Tlie area of tlie section 
thi’ough the vertex is zero, that of the section midway hetwcnui the 
vertex and the base (.r=fA) is l^A ; hence the volume is 

67. Worked Examples. We shall now work some 
examples.* 

Example 1, The areas of the vertical transverse sections of a ship 
up to the load water-plane in square feet are respectively 25, 100, 
145, 250, 470, 290, 220, 165 and 30, and the eoininon interval between 
them is 20 feet. The displacement in tons l>efov(3 the foremost 
section is 5 and abaft the aftermost section is 6. Find the load 
displacement in tons and in cubic feet. 

The “displacement” is the amount of water displaced by the sliip, 
and is measured either as a volume, in c\ibic feet, or as* a weight, 
which is usually reckoned in tons at the rate of 35 euliic feet per ton 
for salt water, and 36 cubic feet per ton for fresh water. The iqjper 
surface of this volume is a plane called “ the k>a,d water-phuie ” ; any 
section parallel to the upper surface is called a “water-plane” and 
is symmetrical about a fore-and-aft line. The sections mentioned 
in the example are perpendicular to the fore-and-aft line ami to the 
water-planes. 

■^Examples 1 and 2 are taken, by permission of the Controller of IT.M. 
Stationer^r Office, from the Science Examination Papers of the T5oard of 
Education. 
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To find the volume between the foremoat and aftermost sections we 
plot the curve whose ordinates are 25, 100, 145,,.., the interval 
between consecutive ordinates being 20 ; the number of units in the 
area bounded by the curve, the axis of abscissae and the extreme 
ordinates will be the number of cubic feet in the volume. If u 
denote the sum of the end sections, v the sum of the other odd 
sections and w the siiin of the even sections, we find, by Simpson^s 
Rule, for the numljor of cul>ic feet in the volume, 

{u + 2v + 4w) = « (55 + 1670 + 3220) = 32967. 

This displacement, measured in tons, is 32967/35 or 942. 

Hence, adding tlie disphicenients before the foremost and abaft the 
aftermost sections, we obtain for the total load displacement 953 tons 
or 953 X 35, that is, 33355 cubic feet. 

Evmnple 2. Tlie water-planes of a vessel are 2 feet apart and their 
areas beginning with the l.w.p. (load water-plane) are 4100, 3700, 
3200, 2500 and 1400 sijuare feet respectively, the displacement below 
the lowest water-plane being 50 tons. Draw the curve of displace- 
ment, assuming the drauglit to the l.w.p. to be 10 feet. 

Scale for Displaoenmit in Tons 



Calling the l.w.p. number (1) and the rest in order (2), (3), (4), (5), 
calculate by the trapey.oidal rule the volume between the planes (5) 





176 


TREATI8E ON GRAPHS. 


and (4), (4) and (3), (3) and (2), (2) and (1). We thus obtain the 
displacements 

3900, 5700, 6900, 7800 in cubic feet, 

111, 163, 197, 22S in tons. 

The displacement up to plane (5) is, in tons, 50 ; the clisplaeement 
up to plane (4) is therefore 504-111 or 161 ; up to plane (3) it is 
1614-163 or 324, and so on. The draught at plane (1) being 10 feet, 
that at plane (5) will be 2 feet ; tlie curve of displacement is therefore 
determined by the table : 


Draught in feet, ■ 

2 

4 

6 

8 

10 

Displacement in tons, 

50 

161 

324 

521 

714 


The curve is shown in Fig. 57. 

The total displacement, if calculated l)y Simpson’s Rule, will be 
found to be 749 t(Uis instead of 744 tons, a. dilTerence of al)out two- 
thirds of one per cent. In English books on Naval Architecture it is 
customary to work with Simpson’s Rule as fa,r a,s possible, while, to 
obtain the area of a single strip, the live-eight rule is used. By this 
rule the volume between tlie planes (1) and (2) is, in cubic feed, 


(5 X 41004-8 X 3700 - 3200) = 781 7, 

instead of 7800 as given by the trapezoidal liile. 'Jlie student will 
find it to be a good exercise to show' tlm.t the displacements when 
calculated by a combination of Simp.son’s Rule and the live-eight 

50,163,328,5.0,74-), 


instead of the numbers in the table from which the cui*ve is drawn. 
It is not necessary to calculate each strij) by the live-eight rule; a 
combination of the two rules will save hibour. 


Emm'ple 3. A curve {<() is determined l)y tlie following data : 



0 

2 

4 


S 

y 

6-0 

7-0 

6-7 

5-1. 

3-4 


From this curve two other curves {h) and (c) are derived as follows : 
each ordinate y of {a) is multiplied by the corresponding abscissa .r 
and the product xy is taken as the ordinate of (/>) for tlie same abscissa; 
each ordinate y of {a) is squared, and half this s(^u;u■(^ namely .4//-, is 
taken as the ordinate of (<'j) for the corresponding abscrissa, .r. Calculate 
A, B and C where d, B and C are tlue areas umhir the respective 
curves ; that is, the areas bounded by the curves, the .r-axis and the 
extreme ordinates. * 
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It is shown in books on Mechanics that B is the moment of the 
area A about the y-axis, and C the moment of the area A about 
the .r*axis. The quotient BjA is the .^’-coor‘dinate and the quotient 
CIA. ' is the '?/-coordinate_of the centroid of the area ; these coordinates 
are usually ‘denoted by x and i/. 

By Simpson’s Rule, /I is fouiid to be 57*2. The curve (6) is deter- 
minkl by the following table : 



0 

i 

2 


6 I 

8 

1 

1 10 -I 

12 

Xi/ 

0 

u-o 

20*8 ' 

30*6 

27*2 

23*0 

24-0 


From each of the given ordinates of (a) we can calculate the 
corresponding ordinate of (/>) ; thus Ox 6*0=0, 2x7*0 = 14*0, and so 
on. The curve (h) can thus be drawn ; the value of B is 268*3. 

For the curve (c) we have the table : 



0 

2 

1 1 

4 

6 

8 

1 

10 

12 


18*0 

24*5 

22*4 

13*0 

5*8 

2*6 

2*0 


and the value 


of Cis 157*9. 

208*3 

J rr..) 


=4*7, 


3 / 


157*9 
A 57*2 


2 * 8 . 


The ordinates of the integral curves of (h) and (c), calculated by the 
trapezoidal rule, are given iii the following table : 


UJ 

0 1 

2 

^ 1 

^,l 

8 

10 

12 

Orel, of (/>) 

1 (.) 

1 14*0 

1 

112*2 

170-0 1 

220*2 

1 

1 267*2 

ord. of {('} 

1 0 

1 42*5 

j 89 --l 

124*8 

j 143-6 

152*0 

j 156-6 


From these values the curves of moments can be drawn. The 
values 207*2, 150*0 instead of 208*3, 157*9 are of course due to the fact 
that in the one set the trapezoidal rule and in the other set Simpsons 
Rule has been used ; the diilereuce is in tlm one case less than ^ per 
cent, and in the other le.ss than 1 per cent. 


68. Area as an Algebraic Quantity. Up to this point 
it has been tacitly assumed that the lines which enter into 
the calculation of areas are measured by po.sitive numbers, 
so that the formulae are arithmetical rather than algebraic 
It is necessary, however, in many applications to treat 
areas as algel)raic_i|uantities. For example, consider the 
a.o. ^^1 
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case of a stone thrown vertically upward.s witli a velocity 
of 128 feet per second, and discuss the motion on the 
assumption that no force but gravity acts on it (,9 = 32). 
The velocity, v feet per second, t seconds after projection 
is given by the equation, 

w = 128-32t (i) 

The velocity- time curve is a straight line CQ, which 
crosses the time-axis at K \ OC OK=4< (Fig. ,58). 

tH 



Equation (i) shows that v is positive so long as 1 is less 
than 4; for such values of t, the distance’ travelled is 
represented by an area, as we have ali-eady seen. The area 
of the triangle OKG is .00 or 250, and i-t;presents the 
greatest height, 256 feet, to which the st(,)nc rises. Let 
SH represent 256 feet. 

When t is greater than 4 the velocity v is negative; if 
t = Q = 0N, v=—Q4i-—N'Q. The stone is now falling, and 
we might consider the motion of the falling stone as a 
distinct problem. The speed of fall would bo represented 
by the numerical value of the ordinate of points on KQ ; 
the distance the stone falls, from the highest point reached, 
in the 2 seconds repre.sented by KN would Ixi represented 
by the area of the triangle KNQ, and wfould be, in feet, 
lKNx{ — NQ) which is eqiral to 04. On take the 
point I below H so that HI represents 64 feet. 
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The total distance the stone travels in 6 seconds is the 
sum of SH and HI, but the distance of the stone from its 
starting point at tlie end of G seconds is the difference of 
SH and HI. If we wish to know tlie distance, 81, of 
the stone from the point of projection, we may consider 
SH and HI as de^ps, so tliat SlI and HI will be of opposite 
signs; SH Avill be positive and HI negative. But we maj^ 
then consider the triangle KNQ, wliich is represented by 
HI, as negative ; the area bounded by the curve CQ, the 
axis of abscissae, and the ordinates 00, iV'Q is a “cross 
quadrilateral” ONQO,^ whose “area” will be taken to be 
the algehraic sum of the triangles OKC and KNQ, the 
second of whicli is negative and equal to HIH. HQ. (Note 
that HQ is negative.) 

If then feet is the distance of the stone from its point 
of projection, .s* will always be tlie number of units in 
the quadrilateral bounded by the curve CQ, the axis of 
abscissae, the ordinate 00 and the ordinate for the abscissa 
that represents the time at which s is calculated; but 
when the (juadrilateral is “ cross,” tlie area below the axis 
must be considered negative. 

We are tliiis led to treat areas as algehraic quantities. 
The following rule for fixing the sign is convenient : start 
from the foot of the left-hand bounding ordinate, move 
along the axis of abscissae to the other bounding 'ordinate, 
travel along that ordinate to the curve, then along the 
curve to the extremity of the left-hand bounding ordinate, 
and finally along that ordinate to the starting point. The 
parts of the area that are on the left hand will be positive, 
tliose on the right hand will be negative. 

Thus, in passing round the quadrilateral OHQC, the part 
OKO is on the left hand and has the positive sign, being 
equal to I OK. 00] the part KHQ is on the right hand 
and has the negative sign, being equal to \KH.HQ (a 
negative product, since K N is positive and HQ negative). 

In oiaonivg the tirea it is well to adopt the order given 
by the rule ; tlie oi‘der of the letters will thus be associated 
witli the sign of the area. (Compare §§ 2, 3 in regard to 
steps.) 

The student should prove that the area of a trapezium 
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ABGD, of which the side AB lies along the axis of 
abscissae, is D + BO), 


whether the trapezium is a cross quadrilateral '' or not, 
provided AB and the ordinates AJJ, BO are treated .as 
steps. The foriimlae we have used will tlierefore remain 
true even when the curve crosses the axis of abscissae, 
but it has to be remembered tliat in that case the part of 
the area below the axis may bo ne<nt.tive. In liis study 
of mechanics the student will find fre(|uent applications 
of negative areas. 


EXERCISES, xxrn.-^- 


1. The cross section of a tank, .v feet from the bottom, is .1 .s(jnare 
feet, corresponding values of and A l)eing given by the table : 


X 

0 

4 

8 

12 

k; 

A 

001) 

750 

850 

1 910 

950 


Find the volume of the tank, and draw a curve to show tlu^ v(»lnnie 
of water the tank contains for different depths of tlic watt‘r. 

2. The cross section of a log at distance ,r foot From oii<^ end is A 
square feet, corresponding values of .r and A being given l.)y the table: 


X 

1 ^ 

2 . 

4 

0 

8 

A 

3 ’42 

; 4*08 

5-44 

1 0-12 

0-4S 


Find the volume of the log. At wliat distance', (i) from tlie thick 
end, (ii) from the other end, of the log sliould tlu^ log be emt so that 
the smaller of the two pieces should be one-qtiarter of the whole? 

3. If .r and A, have the same meaning as in Exa,m|,>le 2 and are 
connected by the scheme 


* 


4 

9 

13 

IS 1 21 1 24 

A 

1-92 

2-43 

3*10 

3-70 

4-01 1 5-14 I 5-SS 


find the weight of the log, given tliat I cubic foot weighs 3G lb. 

•^'iSome of the following examples are taken, by p(‘rmission of the Con- 
troller of H.M. Stationery Office, from the Science h'xainination l^iper-s of 
the Board of Education, 
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4. The girth, .// feat, of a log .r feet from one end is given as 
follows : 


X 

0 

2 I 

4 

6 

8 

[/ 

8*8 

r^i 

8*1 

7'5 

(5 *3 


assuming the log to be. of eireula,!* (U'o.ss solution throughout its length, 
calculate the number of cubic feet in the log. 

5. The water-planes of a vessel a.re 4 feet a, part and tlieir areas, 
commencing with the l.w.p, are I ^000, 11500, 8000, JIOOO and 0 s<piare 
feet I'espectively. Find the displacement of the vessel in tons. 

6. The transverse sections of a v'essel are 20 feet ajjart and their 
areas up to tlie l.w.p. arc 2, Ol, 142, 200, 225, 213, 161, 77 and 7 square 
feet respectively. CUleulatc the displacement of the vessel in tons. 

7 . Find the displaceimuit in tons up to the 6-fcot and 10-feet 
water lines of a sliip whose form is delined by the following : 


W.L.’s. 

Keel. 

1 ft. 

eft. 

4 ft. 

(.5 ft. 

I 8 ft. 

10 ft. 

Nos. of {Section. 









' 1 

0-1 

O'l 

ot 

Ovl 

0*1 

0*1 

0*1 


bi 

0*1 

i '4 

2'6 

4*6 

6*7 

9*0 

IM 


2 

0-1 

5-6 

8*2 

11*5 

13-5 

14*7 

15-3 

Distance 
between ^ 
Sections ' 

3 

o-i 

Il-l 

13*7 

15*9 

16*7 

17*0 

16*9 

4 

"oTj 

13*1 

1 , 5*6 

17*1 

' 17*1 

17*4 

17*4 

is 40 feet. 

5 

()■[ 

10-3 

12*6 1 

14 *() 

15*4 

15*8 

16*0 


6 

0*1 

1 

7-5 

9*5 

10*7 

11-6 

12*5 



0-1 

1 1-7 

2-7 

4*1 

5*0 

6*0 

9 T 


7 

jTr"' 

0-1 

0-1 

0*1 

0*1 

0*1 

O'l 


[The numbers in any column are the half-widths of the wateipplane 
or line named at the head of the column ; use Simpson’s Rule in this 
example. Tlie distance between transverse sections 1 and 1|- is 20 fb, 
between sections H and 2 is 20 feet, between sections 2 and 3 is 40 ft., 
and so on.] " ■ 

8. Draw the curve of displacement in the case given in Example 7. 
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9. A solid is- generated by the revolution of the tra])eziniii ABCD 
about the side AB which is perpendicular to tlu^ sides AD and BG ' 
show by Simpson’s Rule that the volume of the solid is ^ 

‘^AB{AD‘+AD.BC+ BG'^ 

or, if AB^h and /Sj, are the areas of the two ends of the solid, 

[If S is the area of a section at distance .v from one end, show that /S 
is a quadratic function of .r, and that the result is therefore exact.] 

10. The curve determined by the data 


X 

0 

1 

2 

4 



y 1 

8 

12 1 

If) 

1() 

14 


makes a complete revolution about the .r-axis ; calculate the volume 
of the solid bounded by the surface traced out l.)y the curve, and by 
the planes traced out by the extreme ordinates. 

11. The same problem as in Example 10 for the curve determined 
by the following data : 


X 

0 1 

1-8 

i 

3-6 

5 

6 

()-8 

8 

y 

7 

5 

9 

12 

13 

12 

7 


12. A reservoir has plane sloping sides and phuie ends ; the top 
and bottom are horizontal rectangles of sides o, b a,nd a\ U respec- 
tively, and the depth is h. Show that tlie area of a, section made 
by a plane parallel to the bottom at distance from the Ijottom is 
a quadratic function of .r, and that the volume of the reservoir is 

J h {ah 4* a'U H- {a + a){h + //)} . 

13. The speed, v feet per second, of a moving body at time t 
seconds from rest is given by the table : 


t 

0 

1 

2 

3 

4 

5 

() 

V 

! 0 

3-75 

8-00 

12*75 

L.. .... 

23*75 

30*00 


-How far does the body move in 3 seconds and in 0 seconds ? How 
far does it move dining the second and the fifth seconds 'I 

^ 14. A train starts from rest and its speed, ?; miles per hour, at 
time t seconds after starting is given by the following table : 
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t 

0" 

5 

12 

20 

27 

35 

43 

50 

60 

V 

0 

1*4 

3*5 

6*3 

0*2 

12*4 

'16*1 

10*4 

25*0 


Draw the integral curve. State how far the train goes (i) in 30 
seconds ; (ii) in GO seconds. 


15, A body which starts from rest moves in a straight line and its 
acceleration, / feet per second per second, at time "t seconds after 
starting is given l)y the table ; 


t 

0 to 0*125 

0*2 ! 

1 

0*3 

0*4 

0-5 

0*6 

0-8 

1*0 

1-2 

f 

06 

60 

40 

30 

24 

20 

15 

12 

10 


Draw the speed curve and state the speed when ^ = 0*2, 0*6, 1*2. 

Draw also the integral curv(5 of the speed cui‘ve and find how far 
the body moves in one se<.‘ond. How long does it take to move (i) 
10 feet, "(ii) 20 feet from rest 'i 


16. With the notation of Example 15 draw the speed curve and the 
distance curve from the following data : 


t 

0 

1*5 

4 

6*5 

9 

12 

15 

17 

19 

20 

f 

1-00 

0*98 

0*93 

0*84 

0*64 

0*44 

0-31 

p-25 

0*21 

0-20 


How far does the body go in 20 seconds? 


17. A body is being lifted by a force of A'' lbs., and when the body 
has been raised a* feet the relation between ,v and F is given as follows : 



0 

2 

4 

6 

8 

10 

12 

F 

100 

98 

88 

68 

44 

26 

1 

22 


Calculate the work done. Draw the integral curve. How much 
work has been done when tlie liody has been lifted 6 feet? What 
is the average value of A'^over the range from a’ = 0 to .r=12 ? 

18. A body is being dragged along a I'oad and the pull, F lbs., 
is connected with the distance, .r feet, over which the body has been 
drawn by the relation determined by the following table : 


X 

0 

30 

50 

80 

no 

140 

160 

180 

200 

F 

100 

120 

124 

120 

110 

100 

'94 j 

90 

88 


Calculate the average pull over the distance of 200 feet. 
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19. The half- widths of a ship’s deck at equal intervals of 15 fepf 
are, in feet, 6*0, 8*0, 9*5, 9*8, 10, 10, 10, 9*(>, d"2, 6*8 and 0*1 ; fincl the 
distance of the centroid of the deck from the middle ordinate. 

20. A curve is determined by the following data : 



0 


3 

4 1 

1 

7 j 

8 

10 


1*5 

2*0 

2*3 

•2-0 

[ 1*4 

0*5 

0*6 

1 *0 


Calculate the coordinates of the centroid of tbc area bounded bv 
the curve, the coordinate axes and the ordinate for 10. ^ 

21. Eind the coordinates of the centroid (i) of a, semicircular area 
(ii) of an area in the shape of a quadrant of a circle. Show that 
the area of the circle being supposed known, the exact values omti 
be obtained by Simpson’s Rule. (Radius = ;•.) 

In Examples 22-26 the symbols t,/] a, .s- represent time, acceleration 
velocity, distance from starting point in foot-se(M:)nd units. ’ 

22. Draw the velocity-time curve and the distance-time curve Luven 

that y=0 and 5=0 when ^=0. ’ ” 



0 

2 

1 4 

1 ^ 1 

s 

10 

f 

7 

4 

1 1 

1 1 


- 8 


State the values of v and s for the value 10 of t. 

23. The same as Example 22 when the da,ta are 


e 

0 

1 

2 1 

3 

4 

/ 

10*40 

1 

8*25 

j 4*80 

-0*75 

-7*20 



State the values of v and s for the value 6 of t. 


24. If, in Example 23, i) = 10 and .s-=0 when C=0, stale the values 
of V and s when t=6. 

if ^? = 20 and 5 = 0 when express 
y and 5 m terms of if. ’ 


26. li f-- a +bt+ot^ and if y=rand 5 = 0 when ^ = 0, express v 
and 5 m terms of if. ’ * 

of y=ir) -3.^* crosses the//-axi.s at C^ind cuts at Z? 
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69. Velocity at an Instant. On pages 90, 91 the average 
velocity of a stone falling freely under tlio action of gravity 
has been discussed. In seconds the stone falls feet, 
and in (i^ + h) seconds it falls .s*^ feet, where 

the average velocity of tlie stone (hi/rhuj the interval of 
h seconds that succeeds the tii'st seconds of its fall, (or 
that precedes the first seconds, if k is negative), is in feet 
per second ^ ^ 

tJultiH. 32/, + 16//,. 

The question now arisi\s, ‘"what is tlic measure of the 
velocity at the irsfant t^V Witliout discussing the 
question of what exactly is meant hy the phrase “ velocity 
at an instant,” we may safely assume that the average 
velocity during the interval of h seconds will bb a good 
approximation to the measure of the velocity at the instant 

if li is a very small fi*aetion ; the smaller h is, the better 
will be the approximation. 

From the expression just found for the average velocity, 
we see that tlic smaller h is tlie more nearly does its 
measure approximate to 82fj ; when h is all but zero, the 
average velocity is <(ll laif feet per second. We shall 
therefore take this number 32/j as tlic measure M^e are in 
searcli of, and we shall say that the velocity of the stone at 
the instant t^ seconds after its fall begins is 32fj feet per 
second. 

Of course we might deduce tlio' number from the 
number (32f|’+-lb//) by the simple process of making h 
zero; but to make A zei'o is to miss the point of our 
observations besides involving us in absurdities. If h is 
zero, then we are speaking of the average velocity during 
an interval of time that does not exist, and there is no 
need to talk nonsense like that. We accept 3225i as the 
measure of tlie velocity at the instant for two reasons. 
In the first place, our ordinary notions of velocity at an 
instant require the interval A seconds for which the average 
velocity is calculated to be very short; but if A is very 
small, S2tj^ is a very good approximation to (32^iH-16A), so 
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that our ordinary notions are satisfied by S2ij. In 

the second place, if we suppose that any otlior number 
than '32^1 would be a better measure suppose that other 
number to be 32t^ + k Now we can suppose k to be, not 
zero but, less than h/l6 ; say h=^ kjo2. For this value of h 
the average velocity is 32?^i+yi‘, and this number 32/:^ + p 
must be a better measure tlian 32/^ +Z’ because tlie interval 
for which it is calculated is shorter.' The only number 
therefore that will suit every possil)le case is 32/ j . 

In technical language 32/^ is called the limit of 
(32/i + 16/0 when h tends to zero as Us limit; li> never is 
actually zero but it tends to zero as its limit. We may 
express the idea of a limit fairly well by using the phrase 
“all but”; when h, is all but zero, 32/, + l()A is all but 32/^, 
that is, 32 /i + 16/6 tends to 32/^ as its limit when k tends to 
zero as its limit. 

At the end of t seconds after tlie fall begins, or, in the 
usual phrase “at time t seconds/’ tlie velocity of the stone 
is 32/ feet per second. 

The student should now work carefully Examples 20-24, 

. p. 92. 

70. Gradient of a Curve. It has been noted on p. 91 that 
(32/j^+16/i) is the average gradient of the arc FQ of the 
curve whose equation is .s* = 16/^; P is the point on the 
curve for which the abscissa is /^ and Q tliat for vdiich 
the abscissa is (t^ + h). Precisely tlie same considerations 
that led us to take 32/^^ as the measure of the velocity at 
the instant make us now take 32/^ as the gradient of the 
tangent line to the curve at P. It is ol)\oous that if Q is 
close to P the secant PQ differs very little in position from 
the tangent, PT say, to the curv'o at P ; further, the closer 
Q is to P the more nearly does tlie position of the secant 
PQ coincide with that of the tangent PT, Wlien Q is very 
close to P the number h is very small, and the smaller li is 
the more nearly does tlie position of the secant coincide 
with that of the tangent. In teclinica,l language, the 
tangent PT is the UmU of the secant PQ wlien () tends to 
P as its limiting position. The secant PQ sliould not be 
thought of as the finite line joining P to Q, but as tlic line 
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of indefinite leiigtli passing througli P and Q; the finite 
line joining F to Q is the chord i^Q, and the limit of the 
chord FQ is the point F. As Q tends to F tlie secant 
swings round and tends to the position of the tangent. 

Thus, to find the gradient of the tangent to a curve at 
any point F on tlie curve, that is, to find tlie gradient of 
the curve at F (§30, p. <S7), we find the gradient of the 
secant FQ and note tlie definite ninnl)er to which that 
gradient tends as Q tends to F. Exam[)les of the calculation 
of average gradients will lie found in § 30, and if tlie 
student has not carefully studied these he should now do so, 
and he should also work other (vxampU's which are given in 
the Exercises (pages 91, 92, 115, VU)). 

71. Calculation of Gradients. We shall now find the 
gradient when // is of th(3 form 

1 / z=: ~ ^ + . . . + + (/, 

where n is a positive integm* and a, 5, ...p, q are constants, 
but we shall only consider simpl(‘ cases. 'Idie abscissa of 
the point F will be called x: we miglit denote it by to 
call attention to the fact that F is n fixed point, but it will 
save the multiplication- of symliols to use x,, it being 
remembered that F is a fixed point and x therefore a fixecl 
number during the investigation. Tlius F will be the 
point (x, //) ; Q will lie the point {x + h, '// + /»’) so that h and 
k are tlie uurciiH'ids (p, SH) of x and y respectively as we 
pass along the curve from F to Q, 

We take the eases in order. 

(i) y=:x\ 

The points 1\ Q Hii on the graph and therefore their 
coordinates satisfy tlu^ equation of the graph ; hence 

y = 'F\ y + k=={x+hy\ 

and therefore 

k = (.,; + /^y> - a;*' = + (Sxh^ + It^) (1 ) 

The gradient of the secant FQ is k/h, and 

^j^^ = 3x^+(Sx+h)h, 


( 2 ) 
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It will be noticed that the expression on the right of (2) 
is the sum of two parts. The first part is the term 
which is a fixed number independent of h ; the second part 
is an expression that contains h as a factar. As Q tends to 
P, and as h therefore tends to zero, the expression on the 
right of (2) tends to the fixed number 3a;- ; or we may say 
that when h is all but zero the quotient /.;//* is all but 3x^ 
The gradient at P is therefore 3.a;“. 

(ii) 2 / = a3®+c, where c is a constant. 

Equations (1) and (2) will be the same as before, so that 
the gradient is 3a?. The student slioukl find tlie geometrical 
meaning of the fact that the constant term c does not 
appear in the gradient. 

(iii) y=aa?, where a is. a constant. 

Equation (1) will become 

h = a[{x + hf - a?] = a[3x% + (3x /? + //«)] , 
while equation (2) will become 

j^ = 3ax^+a(3x+h)h, 

so that the gradient is 3aa;-. Tlie constant factor thus 
remains as a constant factor in the gradient. 

(iv) y=x’K 

The gradient in this case is nx‘>‘- \ If the student knows 
the binomial theorem he will easily prove this result and 
he can in any case verify it for the smaller values of oi. 
The result is true even if n is not a positive integer ; ii may 
be positive or negative, integral or fractional, but for such 
values of n the proof is more difficult. Of course for 
y = ax’"' the gradient is nax^ - \ 

(v) y = OM^-\-hx^-\-cx-\-d, where g,, b, c, d arc constants. 

Equation (1) will become 

k:=a{{x + hf - a?} + h{{x+ hf -x^} + c{(x+h) - x} 

= (Sax^ +2bx+c)h+(3ax+ ah +b)h^ 
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while equation (2) will become 

Y = -f" ^2hx “f" c) -{- -f- ah -f- h^h. 

The gradient is therefoi'e ll<(,r- + 2hx + c, 

( vi) y == ~ + . • . + px + q. 

For this general case tht.^ result is 

^KUVX ■" ^ + ( >/ — 1 ) hjX + j), 

the numbers Qh, </, p, q being all constants. 

Exmnph 1. Eind the gradient at. any uf the grjiph of 
i/ ‘l.r’' - 1 5./’“ -j- 1 -.r t3, 
and state the turning points of tluj graj)h. 

Gradient -- 1 Ir-’ ‘Mr -f 1 - (1(2.^' - l)(.c - 2). 

The gradient is zero \vh<*ri and also wlien .r = 2 ; the corre- 

sponding values of // ;ire J and -0. 'Jlie ])oints (Jf, -J) and (2, —6) are 
the turning ] joints. Wluui .r~A tln^ function p is a maximum, 
namely J, juuI when .r-2 Mh‘ function p is a, minimum, namely -6. 

Example. ± Write down the gradient at any point on the graphs 
of the following functions : 

(i) ;ir‘!™4.r-f 7 ; (ii) 2.r'*™ n.r' + B ; (iii) ; 

(i v) .r" ~ (tr- -h P.r - G ; ( v) .r‘ — 4.r^ + 4r- - 10. 

Example 3. At wliat |.)oints on the graphs of the functions in 
Example 2 is the gradient zei'o? At what points is the function a 
maximum or a niiniinuin ? 

Example 4. Wi'ite dosvn the gradient at any point on the graphs of 
the following functions : 

(') -A! ’ (“*) ^ p ’ C) ; 

(vi)V.t’; (vii)^y^, ; ('■'“) Jpi’ 

Example 5. Show IVoin first principles that the gradient at any 
point on the gra|)h of { is and that the gradient at 

any point on the grapli of is 
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72. Differential Coefficients. It is u.sual to denote the 
increments h and k by a special symbol ; h and k are the 
increments of x and y respectively, and h is often denoted 
by &x or Acs, k by 8y or Ay. The letters <5, A are the forms 
in the Greek alphabet of small and capital d ; d is the first 
letter of the word difh-eoice, and the symbol du; suggests 
that h is the difference between the two values (x+k) and 
X. (The symbol d or A is pronounced “ delta.”) It must 
be carefully observed that the symbol Sx or A.'c must be 
taken as a whole ; d or A is not a multiplier and, in the 
sense in which d or A is here used, the form xS or a:A is 


meaningless. „ 

In this notation the gradient of FQ is denoted by ^ 
Av . , Sx 

or and the gradient of the curve at P has a .symbol 

cI>'U 

that is modelled on this form, namely Here also the 
symbol ^ xxvu tu oe 


considered as a fraction of which tlie numerator is dy and 
the denominator dx. It is possible to interpret these 
symbols, dy and dx, but tliis interpretation would take 
us too far. 


When we are thinking of tlie function y rather than 
of the fjmpk of the function tlie name “gradient” for 
the new function is not quite appropriate. The new 
function which we have called the gradient has thus otlier 
names, such as: ‘‘the differential coefficient of y witli 
respect to x'' or “the derivative of y ^vith respect to x” 
The phrase “with respect to rr” is usually omitted wlien 
the argument of the function is sufficiently Icnown to be x. 
The process of finding tlie differential coefficient is called 
“ diffex’entiation ” ; to differentiate a function is to find its 
differential coefficient. 


If we do not use a single letter, as //, to denote the 
function we write the symbol for the differeutitil coefficient 
as follow.?: d(ax^ + hx- + rx) 

dx ' fix ’ dx 


In cases like these the function should always be enclosed 
in brackets. 
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If the argument of tlic function is not x but some other 
letter, such as f, wo have of course a corresponding form. 

Thus d{128f-m^) diVt+Ujt^) 

(U ’ \it ’ dt“' ’ 

are differential coeffieieuts witli respect to t wliose values 
are 128-32/, V+yf respectively. 


Or again, 


if y = 128.r - 1 (m*^ then = 128 - 32ir, 


if ;r=128/- I()/^ then = 128 -32^, 

(it 


if 12876- l()/t-,t]ien -,- = 128-327.6, 

(m ’ 


and so on. 


Finally, to indicate the value of for a particular 
value of X, say . 7 : = 2, the f(,)l lowing symbolism is used: 

O,., (S); 


Thus, if 7/ = ./r — 1 2.r + 7, 

= (-'/')= -a, f^)=-12. 

(I, I' \(Lc/.. \((x/(. 


Similarly 


128/- 1 ()/“)" 

...... 


:[128-S2/], = 128. 


We may now state, in the language of derivatives, the 
results obtained in ^5 "^1. 

I. To iind the d(‘!‘ivati\'c of iff multiply by the index n 
and then subtract I from the index n [§ 71, (iv)]. 

II. The derivative of the sum of two or more^ terms is 
equal to the sum of the derivatives of the terms [§ 71, (v)]. 


III. A constant term in the function does not appear 
in the derivative. We may say tliat the derivative of a 
constant is zero [§ 71, (ii)]. 

IV. A constant factor of a term remains as a factor of 
the corresponding term in the derivative [§ 71, (iii), (v)]. 
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The following result is often useful; its proof is left 
to the student, who will easily verify it for small values 
of n. 

V. The derivative of is In 

words, to find the derivative of the -jith power of the 
linear function ax + h, multiply by the indo.v n and by 
the coefficient a, and then subtract 1 from the index ol 

Examples, Work the Examples of 71, using the notation of 
differential coefficients. Thus, for example 1, 

$^=12.r‘'!-30.l; + 12; if 12.r2 - 30r+ 12 = 0, 

civ civ • 

that is, if .r — I or ± 


73. Integration. Let us consider the tollowing problem : 
the gradient at the point {x, y) on a cnr\^e is — 7, and 
the point ( — 2, 1) lies on the curve. Wliat is the equation 
of the curve ? 


If v’e denote the gradient by we liave 


dx~ 


dhr— 7. 


..( 1 ) 


The question now becomes: Can we find a function which has 6.r--~7 
for its differential coefficient? Prom what we know of differentiation 
we can say that 2x'^~7x is such a function (test this answer by dif- 
ferentiating 2.r^ — 7.r); but, since a constant term of a function does not 
appear in its derivative, we know that 7.r+ where C is any 
constant, also has 6.r‘-^~7 for its derivative. Hence we try as the 
equation of our curve 

y = 2;r‘5-7.r + C (2) 

We do not yet know what value the eonstant 6' has, but we can find 
it from the condition that the point (~2, 1) lies on the curve; the 
equation (2) must be true when we put -2 for .r and 1 for v/. Plence 

1=-16+I4 + C; or, 
and therefore the required equation is 

?/==2.r«-7.r + 3 (3) 

‘ The tests that the solution is cori’ect are (i) that the graq>h of (3) has 
the gradient 6.r--7, and (ii) that the point (-2, 1) lies on the graph. 


The process by which the problem Ims been solved reduces, 
mere algebra apart, to finding a function whieli lias a given 
function for its differential coefficient, and is called In- 
tegration, Any function whose \litferential coefficient is 
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equal to a given function is called an integral of the given 
function. When anji ronsfmif imn, (■ say, is added to an 
integral, the resulting function is also an integral; it is 
called the general integral, and O is ealkid the constant of 
integration. 

Tims + arc inlt^grals of is the g^eiieral 

integral of /r-. 

The variable part of an integral is called tlu^ indefinite 
integral, or simply ‘^tlie integral," and in staling integrals 
the constant is nsnall\' omitted; in solriinf pr(^l>lrNi,<i, hoW' 
ever, the constant must always he athled, as was done 
above, in order to taiahle ns to satisfy th<i condition that 
the curve sliaJl pass througli a speeiiied point (or some 
similar condition). 

The notation' for tlu^ (indelinite) integral of rr- is 



and this symbol is read “ the integi-al of ithkeJ' The symbol 
dx indicates the variable of integration, namely x, and the 

joint symbol J ... dx means “ integral of ... with respect to 

X.” The function to be integrated (in this case, a*-) is called 
the integrand. We thus have : 

I (6x^ - 7) dr = 2.r’ - 7.r ; 1(0/- - 7)df = 2/^ - 7f, 

and so on. Brackets must l)e used when tlie integrand 
contains more than one term, and tlie symbols dx, dt must 
never be omitted. 

The test for tlui coi-rectness of integi-ation is simply 
Derivative of Integral == Integrand. 

Examples. Integrate with respect to the variables that appear in 
the expressions : 

(i) .vH l ; (ii) .'^*-.'^+2; (iii) 

(iv) (v) ; (vi) Jt; 

(vii) a + 5aH-6vr'^ (.r variable). 

Q.a. 
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74. Areas. Take now the problem of finding tlie exact 
value of an area such as ABGD (Fig. 52). Let AB be a 
part of the cr-axis (the origin 0 is not shown in the figure) ; 
let the of J. be 1, and the x of B 5. We shall take tlie 
equation of the curve DFO to be 


i/ = 8 + lGx^Sa^ Q) 

We may think of the area ABO I) as being generated by 
a variable ordinate which starts from the position AD and 
moves to the right (in tlie direction of increasing x) ; when 
the moving oiTlinate coincides witli AD the area is zero, 
and as the ordinate moves to tl)o right tlie area gradually 
grows till, when the ordinate has j'eached tlie position BC, 
the area ABGD has been generated. Let P be any point 
on the arc DFG, MP the ordinate y of tlie point P and OM 
the abscissa xoi P; denote by s tlio area AJfPD, generated 
by the variable ordinate as it moves from tlie position AD 
to the position MP. When the variable ordinate moves a 
little further, into the position NQ say, tlie area .o receives 
an increment fe; the abscissa x lias taken the increment 
MF (or Sx), and the ordinate P'Q is y + Sy. We want to 
clz 

find 

ax 

Now the strip MNQP clearly lies between the rectangle 
whose base is MN (or &r.) and lieight MP (or y) and the 
rectangle whose base is MN and lieight NQ (or y-\-&y)\ 

hence Sz lies between yox and {yM(^y)Sx, so that lies 
betw^een y and y + 5y. 

When 8x is all but zero, so is and therefore 


dz 

dx 


= 7/ = ordinate M.P, 


.( 2 ) 


where MP is the variable hounding ordinate of tlie area. 

The problem of finding 2 ; is therefore exactly the same 
as the one discussed in § 78. We have 

l-S + Ite-W, 

0 = Sir + 8;?/*^ — x^ + G. 


so that 


,(3) 



ARKA8 KV 1N11^1<-}RA'!10K. 


195 


In this case Q is deterniined hy the condition tliat the 
area is zero when the va.riable ordinate coincides with AD; 
equation (3) innst be true wluni .r = OA - 1 and ,c = 0. Thus 

0 = 8 + 8~l +a or, (^=-.15, 
and ^ + 8x- — .ee — 1 5 (4) 

The area boconu.^s the area ^*1 lUJD wlien the niovinii; 
ordinate coincides with BC; that is, put. x — in 

equation (4), and tlie value of ■: is then ttie ixuiuired \'a]Lie: 
area ABCD = 40 + 2()() 1 25 ~ 1 5 = 1 00. 

In finding eqruition (2) we did not ncx'd to consider tlie 
particular expression, S -f 1 0.r — 3./4 which y has in this 
problem ; the reasoning is (|uitt‘ g(*neral, so tliat equation (2) 
gives the differential coelli(‘i(‘nt oi* c whatevm* lunetion y 
may be. Tlie eipiation will he true vren ■when (he ordvnaie 
•y is negaUm, ^vo\u\ex\ that n(‘gati\x‘, areas are introduced, 
as explained in §(48; as the ordinate moves to the right 
(in the direction ol' ineixaising abscissa) the area it generates 
will be positive so long as tlu‘ ordinate is positive, but 
negative wlienever th(‘ ordinate is negative. 

Again, by interpreting aixai as in § 65, we can solve 
problems on volumes, distances, x'elocities, work, etc.; 
have simply to find tlie area bounded liy some curve, the 
axis of abscissae and two ordinates. 

For exjuiiplc. take prohleni of (>8 ; tlie letters r, .s’ denote the 
quiiiitiiies ih:a in this article we have named .r, y, I'espectively. 
Equation (2) above tlius becomes 


so that .V == 1 28/ - 1 Cd- + {7= 1 28/ - 1 

because liere .<f ==0 when If (Fig, 58) ON—t^ then (/6'=128, 

A\) = 128-32/, and the area of the cross quadrilateral ONQCm 

h ON{OC+ NQ)^ 128/ - 16/2 

75. Worked Examples. We sliall now work some ex- 
amples; before tiying them the student should read 
carefully what is stated on pages 35, 36 about the gradient. 

EA'mnple 1 . If y/ = 2 .v"^“- 7.?.*4-3, show how y varies as m increases 
from - to 8 - 00 , !uul state the turning values of v/. 

This is the problem already treated in § 37 ; the student will see 
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liovv tlie knowledge of the gradient simplifies the work. The gradient 
is given by the equation 

^ = 6.®2 - 7 = e(A- + 1-08 )(a' - 1 -08), (1) 

where 1*08= V(7/6). 

Now, so long as the gradient is positive the tangent line has a right- 
hand upward slope ; y increases (algebraically) as .r increases. On the 
other hand, so long as the gradient is negative the tangent line has a 
right-hand downward slope ; y decreases (algebraically) as .r increases. 

If X is negative and numerically greater than 1*08, both 1*08 and 
.r--l*08 are negative, and therefore for such values of ,v the gradient 
is positive and y increases (algebraically) as x increases. If x is 
negative but nwnerically less than 1*08, or if .v is positive and less 
than 1*08, then .r+l*08 is positive and .r-l*08 is negative, so that for 
such values of x the gradient is negative ; y decreases (algebraically) 
as a* increases. If x is greater than 1 *08 the gradient is positive, so 
that Increases as .r increases from the value 1*08. We thus form the 
scheme 


X 

- 00 

1 

o 

CO 

- 1*08 

-> 1-08 

1*08 

-1- 00 

+ x 

grad. 


+ 

0 

- 

0 

"f- 


V 

- 00 

increasing 

8*04 

decreasing 

- 2*04 

increasing 

-f 00 


As X increases from — oo to —1*08 the gradient is positi\^e, so that 
?/ increases ; when x= -1*08 the gradient is zero, and y is then 8*04 
and so on. The turning values are 8*04 and - 2*04. 

The table shows that the points (-1*08, 8*04) and (1*08, -2*04) are 
turning points of the graph. 


Example 2. A point is moving along a straight line with a uniform 
acceleration of / feet per second per second ; at time t seconds its 
velocity is v feet per second and its distance from a fixed point 0 on 
the line is x feet. If x~a and Twhen <{ = 0, express v and x in 
terms of t. 

At time t the velocity is r ; at time + the velocity is so 

that the average rate at wdiich tlie velocity grows diii'ing the interval 
is 8vj8t. The limit of this quotient as di tends to zero es the rate at 
which V is growing at time t, that is, is the a(*celeration ; but this 

limit is represented by the symbol Hence we have the equation 


- 

dt~^’ 


. 0 ) 


Or, we may consider the velocity-time curve ; the gradient of that 
curve measures the acceleration, and that gradient is denoted by 
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Integrating equation (1.) have* 

■ /’/q-oW/p r, (2) 

because v= E when ^ so that, G - 
Again, v is the rate of iiieivast^ of .r, and is re[)rcseiited by the 

symbol ~ (see (JD-V'J) ; luuiee 

V; + n (3) 


the constant of integration being d(‘tei'miired l>y the condition that 
^= 1 % when t=^0. 


Example 3. Find the area boiuukHl by the gra,|.)h of the equation 

( 1 ) 

the .r-axis and the ordinates at .r ^ - h and x~ /l (Simpson’s Eule.) 
Letyi, /A, >J\\ be the ordina((‘s for .r e(jual to 0, h respectively ; 

//j a - hh q- (7/“, //o ■ - f q //;{ ^ o q- bk + ch^ (2) 

Let be the area. Ixanuled i*y tlu^ curve, the ordinate //i, the .r-axis 

and a varifil)le ordinate // ; tlien 

1/ h = a.v q- 1 6j.’- + 1 c.r’ -h G (3) 

To find G, we know that ,:-~0 when .r- -/q so tliat 

and " o.r q- A A.r- q- h\r' q- o// - A bir H- \ch? (4) 

The required area is the value of « when x~h] denoting this 
value by /!., we tind 

. { .. -- 'lah q- H (5) 

where, it will be observed, tin? t(?rni in b does not occur. 

Solving equations (2) for /q c, we liiid 




24 ’ 


_ yi -!-//;{ "%ij 

24^ 


Substitute the values of o a,nd c in (ry), and we obblin 
d.;-^^A4(//i+yyq-4//o). 

We have given tlio value of h though it is not needed ; it is 
required however for the proof of the five-eight rule, wiiich the 
student should also ])rove. 

If equation (1) c(.>ntains the term djl^\ where d is constant, it will be 
found that the area is still given by (5) and that the values of a and c 
are the sa,ine as before. 


We have not yet stated tlie rule for integrating a power, 
as it is best for tlie student in beginning integration to 
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depend on his knowledge of differentiation ; but we shall 
now give the general rule : 

If n is not equal to — 1, then 


x'^^dx = 




(ax + by^dx 


(ax + 
(ri-+l)a 


Both of these are contained in the statement ; to integrate 
+ when n is not equal to —I, increase the index by 
1 and then divide by the index so increased and by the 
coefficient of x. 

If -J^=: —1, the rule fails ; we then have 


f- 

jx 


dx==logeX; 


]ax + b 


dx = - logo(c^a; + b), 


where log.iX^ is the Napierian logaritlun of x (§45). The 
proof of the rule for n = —1 lies outside our limits ; the 
first part of the rule is proved by differentiation [§ 72, 1, V]. 


Note on the Derived Curve. 

Associated with the graph of a given function // of a varialjle .t; 
there are two graphs which are of special ini])ortance. The iii’st of 

these is the graph of the integral of //, that is, of j//da\ and is called 
the Integral Curve ; the second is the graph of the deih^ative of y, 
that is, of and is called the Derived Curve. If y is given by an 

equation of the simple kind we discuss in tins l^ook, it is easy to 
calculate both the integral and the derivative of y, a.nd then to plot 
the two new curves in the usual way. If the function is determined 
by a limited number of corresponding values of a- and ?/ we may, as in 
§ 63, construct the integral curve with fair accuracy, but it is mucli 
more difficult in this case to construct a good derived curve ; in order 
to obtain a good derived curve the dilference between consecutive 
values of :v must be less than is necessary in the case of an integral 
curve. 

The principle on which the derived curve is constructed is as 
follows : Let MP, NQ be the ordinates of two points ./*, Q on a curve, 
L the mid-point of MN and LR the ordinate from L. If PRQ is a 
part of a parabola, given by an equation of the form y = + 

the gradient at R is (as may be easily proved) equal to tlie gradient 
of the chord PQ ; if PR(-^ is a part of any curve, then, provided P is 
close to ft the gradient at R is apjjroximately equal to the gradient 
of the chord Pft 
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To plot tlie derived curve calculate tlie AjradieSiit of. the chord P§, 
^ mark off on Hi the ordinate Lli! equal to this gradient ; E is a 
^nint on the derived curve. Proceed in the same way for the rest 
of the gradients ; tlie curve drawn through the points thus found will 

^^Anv^ctirve is the derived curve of its integral curve. ' The graph of 

rkf .'T Tf \vA on.lc.nlatP! the e^radieiits 


these wi4 the values 0-2r), 0-75, ... 3'75 respectively of a-, we obtain the 

tahle 


X 

0*25 

o-7r) 

1*25 

1-75 

2*25 

2*75 

3*25 

3*75 

Grad. 

21 0 

16*5 

12*5 

11*75 

14-25 

17-5 

19*5 

20*0 


The curve detevnuncu uy unuv; ic ©‘-r- 

nf " • it approximates pretty closely to the graph of y. ^ 

nie student will obtain practice in drawing derived curves by 
^milviin*’ the above method to the various integral curves that occur 
fFtho Exercises; tlio derived curves should approximate to those 
'nfoviiiiiied 1)V the diita of tiio various examples. To obtain clear 
Sh) IS of tlie limitations of tlie method he should apply it to a curve 
whose equation is known and whose derived curve can -therefore be 

^^ft SaTbrSd that tlic derived curve of a space-time curve is a 
velocity ?time curve, a.ud the derived curve of a velocity-tune curve is 
an acceleration-time curve. 

EXERCISES. XXIV. 

Write down the dilfcrential coefficients of the functions of a’ m 

Examples 1-25. 


1. .r. 


2. :U'-7. 


4. a.v -1- b. 


+ 4 . ^ 7 . 8 -)-n.r- 2 .A 8 . (.u-l-l)(.v- 2 ). 

-.j— ”• 8 2 5 


9. (2.i;-1-1)(.i--3)(-'' + ^)- 


10 . (ux+h){px + q). 


11. (ar-fiy^. 12. (2,r-3y'. 13. 14. 

u- («[)■.• “• "■ 

22 . ^(.®+ 2 ). 


;r'-p2.?;- - f>'>' + 3 

a.' — 2 


20 . .7(3 -.r). 21 . 


24. logt-u. 25. logs (3.U -1-7). 
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■Write down the integrals of the functions of .?• in Examples 26-45, 
and test the answers by differejitiation. 


26. 

1. 

27. 


28. 

1 (x + 1 

3). 

29. ax + h. 

30. 

3a;‘^-4.:i’ + 

5. 

31. 



32. 

(x~l){x + 2). 

33. 

(3a’+ 1)(.^’ 

-2). 

34. 

(a.r+6)(^.^ 

f+y). 

35. 

\f(x+zy 

36. 

1 

37. 

n/(3- 

■X), 38. 

1 


39. -.-1--. 

^y(A’+3) 



s^(3- 

.r)‘ 

2a; + 1 

40. 

1 


41. 

.r + 1 


42. 

a;- + l 

Z-x 



X 



a;+l’ 

43. 

«.^•2 + 5.^r + 

a 

44. 

ax^ + h 


45. 

a':^-a;- + 2a;-7 





x^ 



a' + 2'“""" * 


46. At what point on the graph of // = 7 -f is the ordinate 

(i) increasing at the same rate as the abscissa, (ii) de(*rea,sing at the 
same rate as the abscissa increases, (iii) increasing 3 times as fast as 
the abscissa, (iv) decreasing 3 times as fast as the alxseissa increases? 

[See page 36 for the interpretation of the graditmt as measuring 
the rate at Avhich y vaiies as x varies.] 

47. Eor Avhat A^alue of x does the function 2.r’'^“ ri.r‘~l-21 decrease 
at the same rate as the function 3a’- - 15.r+2], and what is the common 
rate of decrease ? 

48. rind the maximum and minimum values of the function 

2a’3-3a’^-36a;+8L 

As X increases from a to h the function steadily decreases ; what is 
the least value of a and the greatest value of 6? 

49. Find the turning points of the graph of the equation 

y = 3ad ~ 4.r'^ - 1 2a;- + 3. 

Solve the equations 

(i) - 4 a’ 3 - 1 + 5=0; (ii) ~ 4a^^ - 1 2.x’- + 32 = 0. 

50. Work Examples 3-24 of Exercises XV, pages 114, 115, using 
the gradient to simplify the calculations. Other examples for practice 
Avill be found in Exercises XIV, 18-22. 

51. If ?y=6a"'’ — 15a4+10.r^ + 4, for Avhat values of a; is zero? Is 
y a maximum or a minimum for these values of x ? 

In Examples 52-56 find y, determining the constant of integration 
so as to satisfy the condition stated in each case. 

52. ?/=4 when .i;=0. 

(!l>v 

63. ^^=4--3.^;; y=5 when 
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54. = 4.1* - ~ when .v = 1. 

.7,, I 3 

55. + when 7;==2. 

56. =.(•-+ ! ^/---O when .^'=1. 

dv 


57. At time t tlie e(im})oiient velocities of a point, in directions 
parallel to the coordinate axes, are given by the equations 


dt 




dt ~ 


d)-ci ; 


if the point is at the origin when ^ = 0, lind the values of ,v and y 
at time t. 


58. The a'-component of the acceleration of a moving point is 
always zero, and the //-(component is constant (”-//); find the value 
of the coordinates (.c, //) of the point at time t if, when ^f = 0, 

d.r dif ,r . 

.c- 0 // = (), \ cos a, I sin (t. 

dt dt 


59. If r is the volume between a plane through the centre of a 
sphere of radius a and a parallel plane at disiance .i’ from tlie centre, 
show .that 

and then lind the volume of the s])here. 

60. If in Exercises XXI If, 2, the volume of a portion of the log 


of length a’ is denoted by 


1', show that 
d.v~ 


61. If, in Exercises XXI IT, IT, 11 is the number of foot-pounds of 
work done when the body has been lifted a; feet, show that 

d.r'^ 

62. State tlie e(|uabions of Exercises XXTJI, 25, 20 in the notation 
of diHereniial coedicicnts, and then integrate the e(juations. 

63. Tracts the curve from a’ = 0 to a; = 2, and lind the area 

between this ])ortion of the curve and the a-axis. 

64. Ti •ace the curve v/~4a*--a4 from .'r=-2 to a' = 2, and find the 
area between the curve, th(‘. a’- ax is and the ordinates at a;=— 2 and 


65. Trace the curve //=a4“27a..‘-f'r).b and find the area between the 
curve, the .r-axis and the ordinates at a'= -6 and a*-~3. 
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66. Tlie curve = crosses tlie .r-axis at the origiu 0 and 

at the point A, \vhere .r = 4 ; find the area between (Id and the curve. 

67. Show that the area between the graph of the y-axis and 

the ordinates at y = o'.^and v==b (b>a>0) is /•log;.(/>/V0- Apply the 
result to Exercises XXII, 1 1. 


68. Show that the area between the grat)h of = the a;-axis 
and the ordinates at the points (a’l, and (.ro, j/o) is 

take n>0 and a' 2 >a‘i^ 0 . 

r , d'o . - a’j . /vrd* 

Area=~~^' = - 

L n + 1 

the given result is now evident.^ 


'/I + 1 


and Lv.J' =i/.y , =yi ; 


69. If n is not equal to 4-1, and if .r 2 > yq >0, the area between the 
graph of = the ;r-axis and the ordinates at tlie points («ri ,, y^) 
and (.i; 2 ,?y 2 ) is (A’iy,-,%y 2 )/(»-l). 


r. I f k k \ \ ( k 

LArea=^^.- j 
^=^2, SO that 



but A = 




70. Apply the result of Example 69- to Exercises XXI I, 12. 


71. The force, required to stretch a string or rod from its 
natural length a to the length « + .r is Ah’/o, where E is a constant ; 
if the work done by the force A' is IF, show that 


(i) 


dx a ' 


(ii) ir= 


h 


A’.r- 


UF. 


Notation. Definite Integral. 

The symbol means ¥-€1-. In words, to obtain the 
value of [pcFf^, first put h for x, next put a for a-, and tlien 
subtract the second result from the first. 

72. Show that the area of Example 63 is 

73. Show that the area of Example 64 is • 

74. Show that the area of Example 69 is f - , - - il * . 
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The symbol f (2,(;+3a;‘^)(ia; is called the definite integral 

« (t 

of (2a) + 3i^^“) taken from the lower limit a to the upper limit 
b, and means + + or (what is the same thing, since 

the constant C disappears in the subtraction) simply 
The part within the square brackets is the 
indefinite integral of 2x + 2x\ 

75. Show that j (.f;-i"jr)dv~6S^. 

J 1 

76. Show that I 77. Show that / - 

.t*** o Jn 

78. Show tliat tlic area of Example 63 is / (4.v - and of 

,..j Jo 

Example 64 is j (iv- - .t''^)df\ 

79. Show tliat the area of Example 67 is / 

I'b 

80. Show that the delinite integral I v/cir means “ the area, in sign 

and magnitude, swept out by the ordinate y as it moves from the 
position to the position 



TABLES, 


TABLE I. 

SQUARES OF NUMBERS IfRUM 10 TO 9!). 



0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

1 

100 

V2l 

144 

m 

J0(5 

225 

25(5 

280 

324 

301 

2 


441 

484 

520 

57(5 

(525 

(57(5 

720 

784 

811 

3 


001 

1024 

10S!» 

115(5 

1225 

120(5 

1300 

1444 

1521, 

4 


BiSl 

1704 

1840 

li»3(; 

2025 

2110 

2200 

2304 

2101 



2601 

2704 

2809 

2916 

3025 

3136 

3249 

3364 

3481 



3721 

3844 

30(50 

4000 

4225 

435(5 

44S') 

4024 

1701 


■Ml 

5041 

5184 

5320 

547(5 

5(525 

577(5 

5020 

(5084 

0241 

8 

(5400 

65(51 

(5724 

0880 

705(5 

7225 

730(5 

75(50 

7744 

(021 

9 

8100 

8281 

84(54 

8(540 

883(5 

0025 

021(5 

0400 

0(504 

0801 


TABLE 11. 

SQUARE ROOTS OF NUMBERS FROM 1 TO 9-9. 
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TABLE III. 

8QUARIC B 0 (yrs OE NUMBERS FROM 10 TO 99. 



0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

1 

3*102 

3*317 

:i*io4 

3*00(> 

3*742 

;J*873 

4*000 

4*123 

4*243 

4*350 

2 

4*472 

4*583 

4 *000 

4 *700 

4*80*0 

5*000 

5*000 

5*100 

5*20*2 

5'3S5 

3 

5*477 

5-508 

5*057 

5*745 

5*831 

5*010 

0*000 

0*083 

0*104 

0*245 

4 

0*325 

t»*4U3 

0*481 

0*557 

0*0,33 

0*708 

0*782 

0*.850 

0*02S 

7*000 

5 

7*071 

7*141 

7*211 

7*280 

7*348 

7*416 

7*483 

7*550 

7*616 

7*681 

6 

7*740 

7*810 

7*874 ' 

7*o:57 

8*000 

8*002 

8*124 

8*185 

8*240 

8*307 

7 

8 

8*420 

8*485 

8*544 

8*002 

8*000 

8*718 

8*775 

8*8.32 

8*888 

8 

8*044 

i 1*000 

0*055 

o*no 

0*105 

0*220 

0*274 

0*327 

0*381 

0*434 

9 

0*487 

0*530 

0*5! >2 

1>*044 

0*0.05 

!»*747 

0*708 

0*840 

0*800 

9*050 


TABLE IV. 

CUIUOS OF NOMHERS FROM 1 TO 9*9. 



0-0 

0*1 

0*2 

0-3 

0*4 

0*5 

0*6 

0*7 

0-8 

0*9 

1 

1*00 

I*:i3 

1*73 

2 "20 

2*74 

3*37 

4*10 

4*01 

5*83 

0*80 

2 

s*oo 

0*20 

10*05 

12*17 

13*82 

15*02 

17*58 

10*08 

21 *05 

24*30 

3 

27*00 

*20 'To 

LJ'J’TT 

35*04 

30*30 

4*2*87 

40-00 

.50*05 

54*87 

50*32 

4 

01*0 


74*1 

7:>*5 

85*2 

01*1 

07*3 

103*8 

3 10*0 

117*6 

5 

125*0 

132*7 

140*6 

148*9 

157*5 

166*4 

175*6 

185*2 

195*1 

205*4 

* 6 

‘.!li’,*ll 

*227*0 

•23s*:i 

*250*0 

2i*.2*l 

274*0 

287*5 

300*8 

314*4 

;i28*5 

7 

:m3*o 

357*0 

373*2 ' 

380*0 ! 

405*2 

421 *0 

430*0 

450*5 

474*0 

403*0 

8 

512*0 

531*4 

551*4 

.571*8 

502*7 

014*1 

030*1 

0.58*5 

0.S1*,5 

705*0 

9 

720*0 

75:i*o 

77S*7 

.804*4 

.S30*(', 

.857*4 

884*7 

i 

01*2*7 

041 *2 

970*3 


TABLl^: Y. 


RECrPRO(\\LS 01'' NUMBERS FROM 1 TO 9-9. 


1 

2 

3 

4* 

5 

6 

7 

8 
9 


0*0 0*1 0-2 0*3 0 * 4 * 0*5 0*6 0*7 0*8 0*9 

I -000 O-DOG 0*83:5 0*7C.0 0*714 0*007 0*025 0*5)88 0*550 0*520 

0*500 0*47<) 0*455 0*4.35 0*417 0*400 0*:585 0*370 0*357 0*345 

0*3:53 0*323 0*313 0’:5U3 0*21)4 0*280 ()*278 0*270 0*203 0*250 

0*250 0*244 i 0*238 0*23;i 0*‘227 0*'222 0*217 0*213 0*208 0*204 

0*200 0*1% 0*192 0*189 0*185 0*182 0*179 0*175 0*172 0*169 

0*1{)7 0*104 0*101 0*]51» 0*150 0*154 0*152 0*141) 0*147 0*145 

0*143 0*111 0*131) 0*137 0*135 0T33 0*132 0*130 0*128 0*127 

0-125 0*12:5 0*122 0*120 0*1 10 0*118 0*110 0*115 0*U4 0*112 

0*111 0*110 I 0*100 0*108 0*100 0*105 0*104 0*103 0*102 0*101 

I 













TREATISE ON GRAPHS. 


TABLE VL LOGARITHMS. 


8 9 12 3 4 5 0 


10 0000 0043 0086 0128 

11 0414 0453 0492 0531 

12 0792 0828 0804 0899 

13 1139 1173 1206 1239 

14 1461 1492 1523 1553 

15 1761 1790 1818 1847 

16 2041 2008 2095 2122 

17 2804 2330 2355 2380 

18 2553 2577 2001 2025 

19 2788 2810 2833 2850 

20 3010 3032 3054 3075 

21 3222 3243 3263 3284 

22 3424 3444 3404 3483 

i 23 3617 3636 3655 3674 

I 24 3802 3820 3838 3856 

25 3979 3997 4014 4031 

26 4150 4166 4183 4200 

27 4314 4330 4346 4362 

28 4472 4487 4502 4518 

29 4624 4639 4654 4069 


30 4771 4786 4800 4814 

31 4914 4928 4942 4955 

32 5051 5065 5079 5092 

33 5186 5198 5211 5224 

34 5315 5328 5340 6353 


0170 0212 0253 0294 

0569 0607 0645 06S2 
0934 0969 1004 1038 
1271 1303 1335 1307 
1584 1014 1044 1673 

1875 1903 1931 1959 
2148 2175 2201 2227 
2405 2430 2455 2480 
2048 2072 2095 2718 
2878 2900 2923 2945 

3096 3118 3139 3160 

3304 3324 3345 3365 
3502 3522 3541 3500 
3692 3711 3729 3747 
3874 3892 3909 3927 

4048 4065 4082 4099 , 
4216 4232 4249 4265 
4378 4393 4409 4425 
4533 4548 4504 4579 
4683 4698 4713 4728 

4829 4843 4867 4871 
4909 4983 4997 5011 
5105 5119 6132 5145 
5237 5250 6263 5276 
5366 5378 5391 5403 


S5 5441 5453 5465 5478 5490 5602 5514 5527 

30 5563 5575 5587 5599 5011 5023 6635 5047 

37 5682 5694 5705 5717 5729 5740 5752 5763 

38 5798 5809 5821 5832 5843 5855 5806 5877 

39 5911 5922 5933 0944 5955 5966 5977 5988 


14 17 21 24 28 31 
13 10 19 23 26 29 
12 15 18 21 24 27 

11 14 17 20 22 25 
11 13 16 18 21 24 
10 12 15 17 20 22 i 
912 14 1619 21 
91113 1618 20 

811 13 151719 
8 10 12 14 1618 
8 10 12 14 1617 
7 Ull 13 1517 
7 9 11 12 14 16 j 

7 910 12 1416 
7 8 10 111315 
6 8 9 11,1214 
6 8 9 11 12 14 
6 7 9 10 12 13 

0 7 0 10 11 13 
5 7 8 10 11 12 
5 7 8 9 11 12 
5 7 8 9 11 12 

5 6 8 9 10 11 


40 6021 6031 6042 6053 6064 6075 6085 6096 6107 6117 I 2 3 

41 6128 6138 6149 6100 0170 6180 0191 0201 6212 0222 1 2 3 

42 6232 6243 6253 6263 0274 0284 0294 0304 6314 6825 1 2 3 

43 0335 6345 6355 0365 0375 6385 0395 0405 6415 6425 1 2 3 

44 6435 6444 6454 0404 0474 6484 6493 6503 6518 6522 1 2 3 

45 6532 6542 6551 6561 6671 6580 6590 6599 6609 6618 1 2 3 

40 6628 6637 6646 6056 0065 6675 6084 6693 0702 6712 1 2 3 

47 6721 6730 6739 0749 0758 6707 6770 6785 6794 6803 I 2 3. 

48 6812 6821 6830 0839 6848 6857 6806 0875 6884 6893 1 2 3 

49 0902 6911 0920 6928 6937 6946 0955 6964 6972 0981 1 2 3 

50 6990 6998 7007 7016 7024 7033 7042 7050 7059 7067 1 2 3 

61 7076 7084 7093 7101 7110 7118 7126 7185 7143 7152 1 2 3 

62 7100 7168 7177 7186 7193 7202 7210 7218 7220 7235 1 2 3 

68 7243 7251 7259 7207 7275 7284 7292 7300 7308 7316 1 2 2 

64 7324 7332 7340 7348 7356 7364 7372 7380 7388 7390 1 2 2 


0 7 8 9 

6 7 7 8 

6 7 7 8 
6 7 7 8 

5 6 7 8 




TABLED 
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TAMLM VL 



0 

i 
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4 
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8 

9 

1 

2 

:i 
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0 

7 

8 

0 

56 

7404 

7412 

7419 ^ 7427 
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TREATISE ON GRAPHS, 


TABLE TIL ANTILOGARITHMS. 


8 9 1 1 2 3 


00 1000 

•01 1023 

•02 1047 

•03 1072 

•04 1006 

•05 1122 

•06 1148 

•07 1175 

•08 1-202 
•09 1230 

•10 1259 

■11 1288 
•12 1318 

■13 1349 

•14 1380 

-15 1413 

•10 1445 

•17 1479 

•18 1514. 

•19 1549 

•20 1585 

•21 1022 
•22 1C60 

•23 1698 

•24 1738 

•25 1778 

•20 1S'20 

•27 1862 

•28 1905 


•30 1995 

•31 2042 

•32 2089 

•33 2138 

•34 2188 

•35 2239 

•30 2291 

•37 2844 

•38 2899 

•39 2455 

•40 2612 

•41 2570 

•42 2630 

•43 2692 


45 2818 

•46 2884 

•47 2951 

•48 8020 

•49 3090 


1002 1005 

1026 1028 
1050 1052 
1074 1076 
1009 1102 

1125 1127 

1151 1153 
1178 1180 
1205 1208 
1233 1236 

1262 1265 

1291 1294 
1321 13‘24 
1852 1355 
1384 1387 

1416 1419 

1449 1452 
1483 1486 
1517 1521 


1589 1592 

1626 1629 
1663 1667 
1702 1706 


1782 1786 

3824 1828 - 
1866 1871 
1910 1914 
1954- 1959 

2000 2004 

2046 2051 
2094 2099 
2143 2148 
2193 2198 

2244 2249 

225)6 2301 
2350 2355 
2404 2410 
2400 2466 

251 $ 2523 

2576 2582 
2636 2642 
2698 2704 
2761 2707 

2825 2831 

2891 2897 
2958 2965 
3027 3034 
3097 3105 


1016 1019 
1010 1042 
1064 1067 

1085 ) unn 

1114 1117 

1140 1143 

1167 1161) 
11514 115)7 
1222 r225 
12.00 1253 

1279 1282 
1305) 1312 
1340 1343 
1371 1374 
1403 1406 

1435 1439 
1465) 1472 
1503 1507 
1538 1542 
1574 1578 

1611 1614 

1648 1652 
1687 165)0 
1720 1730 
1706 1770 

1807 1811 

1841) 1854 
1892 1897 
1936 1941 
1982 1986 

2028 2032 
2075 2080 
2123 2128 
2173 2178 
2223 2228 

2275 2280 

2328 2333 
2382 2388 
2438 2443 
2495 2500 

2503 2559 

2i>12 2618 
2673 2679 
2735 2742 
2799 2805 

2864 2871 
2031 2938 
2999 8006 
3069 8076 
3141 3148 


1021 0 0 1 
10 -1.5 0 0 I 
1065) 1) 0 1 
10i)4 0 0 1 
1115) 0 1 1 

1146 0 1 1 
1172 U 1 1 
115)5) 0 1 1 
1227 0 1 1 


1285 0 1 1 

1315 U 1 1 

1316 {) 1 1 
1377 U 1 1 
1409 1) 1 1 

1442 0 1 1 
147t» 0 1 1 
1510 0 1 I 
1.545 0 1 1 
1581 0 1 1 

1618 0 1 1 
1656 0 1 1 
165)4 0 1 1 
1734 0 1 1 
1774 0 1 1 

1816 0 1 1 
1858 0 ] 1 
15)01 0 1 1 
15)4 5 011 
15)5)1 U I 1 

2037 0 1 1 
2084 U 1 1 
2133 0 1 1 

2183 0 1 I 
2234 1 1 2 

2286 1 1 2 
2339 1 1 2 
2393 1 I 2 
2449 1 1 2 


2564 1 1 
2024 1 1 
2t»S5 1 1 
2748 1 1 


2877 1 1 
25)44 1 1 
8013 1 1 
8083 1 1 
3155 1 I 
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TABLE Vn. ANT1L0( } ARITHMS-(7«!.&M/«i!. 



0 

1 

Z 

3 

4. 

5 

6 

7 

8 

9 

I 


3 

4 5 6 

7 8 0 

•50 

3162 

3170 

3177 

3184 

3192 

3199 

3206 

3214 

3221 

3228 

L 

1 


•i 4 4 

5 6 7 


3230 

3‘343 

3351 

3358 

330.0) 

3‘373 

3*381 

3*380 

330ti 

3301 

1 

1 

<1 

3 4 1 

5 0. 7 

•52 

3311 

33 1 y 

33*37 

3331 

3343 

3350 

lUi/iT 

330.5 

3373 

3;;si 

1 

1 

3 

3 •! 5 

5 6 7 

•53 

3388 

3300 

3101 

311‘3 

34 '.?0 

31*38 

3l3t’. 

3113 

3151 

3450 

1 

•j 

3 

3 •! 5 

0. 6 7 

'S-i 

3407 

3475 

3483 

3101 

34011 

3508 

3510. 

35*34 

3.53*3 

3.5-10 

1 

‘3 

3 

:,{ 4 5 

0) 6 7 

•55 

3548' 

3566 

3565 

3573 

3581 

3589 

3597 

3606 

3614 

3622 

1 

0 

‘3 

3 4 f> 

6 7 7 

'50 

3031 

3030 

30. 18 

30.1 .0. 

30.0. i 

30. 3 

30.81 

3O.'0O 

30.08 

3707 

1 

3 

3 

.*{ 4 .5 

0. 7 .s 


3715 

3731 

3733 

3741 

!:V50 

37.58 

3707 

3770. 

3784 

3703 

1 

‘3 

3 

3 -1 5 

6 7 -S 

■58 

3S0‘3 

3811 

3s 10 

3S'38 

3837 

Msitl 

3s5.5 

3804 

3.873 

388*3 

1 

3 

3 

3 4 5 

6 7 .8 

•5l> 

38‘JU 

3800 

3008 

3017 

3030 

3030. 

3045 

3054 

3003 

307*3 

1 

3 

3 

•1 5 5 

0. 7 8 

•60 

3981 

3990 

3999 

4009 

4018 

4027 

4036 

4046 

4055 

4064 

I 

•3 

3 

■1 5 0, 

7 8 8 

‘01 

4u74 

40K3 

4003 

41 0*3 

-till 

41*31 

4130 

4 MO 

41,50 

41.50 

1 

‘3 

3 

4 5 0. 

7 8 0 

•02 

«1 10.0 

417K 

4188 

4108 

4‘307 

43)7 

•I3:.!7 

4*330, 

4*310, 

4*3.50, 

1 

3 

3 

4 .5 (! 

7 .8 0 

*03 

4200 

4 ‘.170 

4-385 

4*305 

■1305 

4315 



4345 

.i;{55 

I 

2 

3 

4 5 0 

7 8 0 

■04 

431.5 

4375 

4385 

4305 

4100 

4410 

4130. 

4130, 

4140 

.1457 

1 

3 

3 

•1 5 0. 

7 H 0 

•66 

4467 

4477 

4487 

4498 

4508 

4519 

4529 

4539 

4550 

4560 

1 

•3 

3 

4 5 6 

7 8 0 

•00 

4571 

4i.Sl 

450‘3 

4003 

•10.13 

40.*.M 

•1034 

40.45 

•lOi.'.li 

-lliO.T 

I 

*3 

;; 

•1 5 0. 

7 0 10 

•07 

•08 

40.77 

40.88 

40.00 

4710 

4731 

•1733 

47!;: 

4V.'.3 

470.1 

4775 

1 

*.: 

3 

•1 fi 7 

8 0 10 

4780 

4707 

4808 

4810 

4831 

•IS 13 

■(S53 

4, SOI 

4875 

4.SSV 

1 

2 

3 

f) 0. 7 

8 0 10 

•00 

48l\S 

4000 

40’3O 

i‘o;i‘i 

•1043 

•1055 

•i' 0 i;o. 

4077 

4080 

5001 1 

1 

•3 

3 

5 0. 7 

8 0 HI 

•70 

6012 

5023 

5035 

5047 

5068 

5070 

5082 

6093 

6105 

5117 

1 

3 

;} 

!i 6 7 

8 0 10 

'71 

51 -Jit 

5110 

5152 

510.1 

5170. 

5188 

.5*30i) 

.5*31*3 

,5'3*3 1 

.5*33, 6 

I 

‘3 

1 

f> 6 7 

8 10 U 


5‘„MS 

5'Jt’.0 

5'3V3 

538 1 

5307 

5:’.i>o 

5::‘3l 

5333 

.5340. 

.53..‘.S 

1 

3 

4 

f) 6 7 

0 10 11 

*73 

5370 

53M3 

5305 

.5108 

5130 

5 133 

.5415 

5158 

.51','0 

5.183 

1 

3 

4 

.5 6 7 

0 JO 1 1 

'74 

54{I5 

5508 

5531 

;..»3 1 

5540 

5550 

Sit .’*3 

.5f.S5 

.5508 

5610 

1 

3 

•1 

.5 li 8 

0 JO 1*3 

'75 

5623 

5636 

6649 

5662 

5675 

5689 

5702 

5715 

5728 

0741 

1 

3 

•1 

5 7 .8 

0 11 13 

•70 

575 1 

570.8 

5781 1 

570 1 

5.808 

,58*31 

fiS'J l 

58 IS 

.5801 

,5875 

1, 

3 

4‘ 

5 7 .S 

0 11 1*3 

'77 

58SS 

5003 

5010 i 

5030 

50 13 

5057 

5'.i70 

.5084 

5008 

601*3 

1 

3 

•1 

5 7 8 

10 VI V! 

•78 

00‘JO. 

0.030 

0iO53 

0.007 

O.OS1 

0005 

0.100 

0.1 '34 

6138 

61.5*3 

,1 

3 

•1 

6 7 8 

10 11 13 

•70 

0100 

0.180 

0104 

0.‘.!00 

0*3*33 

0*337 

0*35*3 

Ot*36t5 

6*381 

6305 

I 

3 

4 

6 7 0 

10 11 13 

•80 

6310 

6324 

6339 

6363 

6368 

6383 

6397 

6412 

6427 

6442 

1, 

3 

■1 

0. 7 0 

11.) 13 13 

•SI 

0 157 

0471 

0.480 1 

0501 

0.5 10» 

0.531 

0510 

U.iOil 

0.577 

(i.5tl*3 

*3 

3 

5 

6 8 0 

a 1*3 14 

•vS*2 

0007 

00t‘,i*3 

O.t'.MT 

o.o.:.3 

I ’. O . i'.S 

Oft’.Klt 

0.0.00 

0.714 

6730 

<17 15 

*3 

3 

5 

6 8 0 

a Hi 14 

•S3 

070»1 

0.770. 

o.v*0‘.i 

I’.SOH 

0.8*33 

0.830 

Oi8;.5 

O.SVI 

t'.ssT 

600*3 

3 

3 

5. 

0. 8 0 

11 13 14 

•84 

0018 

0034 

OiMO 

O'0OtO. 

008*3 

0.008 

70115 

7031 

Vi, 117 

70ii3 

‘3 

3 

5 

7 8 10 

a 13 15 

•85 

7079 

7096 

7112 

7129 

7145 

7161 

7178 

7194 

7211 

7228 

2 

3 

r , 

7 8 10 

13 1315 

•SO 

7344 

7;!0.l 

T-.fV8 

7305 

731 1 

733.8 

7345 

730.2 

73i’0 

730ii 


3 

5 

7 8 10 

.1,3 14 1.5 

•S7 

7413 

71311 

7447 

740.1 

Vls-3 

V4'00 

75 Hi 

7531 

7551 

7568 

‘3 

•1 

5 

7 0 l(.l 

13 M 10. 

•88 

75.S«» 

7003 

70.31 

70.38 

'70.5i) 

70.71 

70.01 

7700 

77-37 

77'15 

‘3 

■I 

ft 

7 0 11 

13 14 16 

•su 

7704! 

7780 

7708 

7810 

*783 1 

7'85‘3 

7870 

7.8,80 

7007 

70*35 

2 

1 

6 

7 0 11 

13 15 16 

•00 

7943 

7962 

7980 

7998 

8017 

8035 

8054 

8072 

8091 

8110 


4 

6 

7 0 U 

13 1.5 17 

•ui 

S1‘J8 

KMT 

810.0. 

8185 

.8301 

.8*13*3 

.8311 

8‘30.O 

8*370 

S‘300 

il 

4 

6 

8 0 11 

13 15 17 


S3 IK 

8337 

■S350» 

8375 

830;i 

8414 

.8133 

81.53 

.8-17*3 

8-10*3 

o 

4 

6 

•S 10 13 

14 1.5 17 

•03 

8511 

8531 

K551 

8570 

8500 

8010 

.80.; ;o 

K»*.;.o 

,80.70 

80.00 

3 

•1 

ii 

S 10 TJ 

14 16 18 

•U4 

sno 

8730 

8750 

8770 

8700 

.8810 

,8.831 

8.851 

8H7‘3 

880*3 

*3 

•1 

0 

8 10 13 

14, 1618 

•96 

8913 

8933 

8954 

8974 

8995 

9016 

9036 

9057 

9078 

9099 

*5 

■1 

0. 

8 iO 13 

1.5 17 10 

•00 

01 ‘JO 

01 11 

010.3 

0183 

0:101 

03*3O> 

0347 

0*308 

0*300 

0311 

‘3 

4 

0. 

0 11 13 

1.5 17 10 

•07 

0333 

0354 

0370. 

1 ‘0307 

0110 

01(1 

040, *3 

0181 

0.500, 

0.5‘3.S 

s 3 

4 

0 

0 11 1.3 

1.5 IT 10 

•0 H 

0550 

0573 


i 00.10 

0038 

0i’.i!l 

*10.83 

0705 

0V*.!7 

07.50 

1 *' 

•1 

7 

011 13 

16 18 20 

^ •iH) 

0773 

ii7'.t5 


0840 

0803 

08SO» 

0008 

0031 

00,54 

0077 

1 ** 

,5 


0 1114 

16 IS 21 
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TREATISE ON GRAPHS, 


TABLE VIII. NATUEAL SINES. 


Deg. 

0 ' 

=00 

6 ' 

=01 

12 ' 

= 0-2 

18 ' 

= 03 

24 ' 

= 0-4 

30 ' 

= 0*5 

36 ' 

= 0*6 

42 ' 

= 0*7 

48 ' 

= 0*8 

54 ' 

= 0*9 

0 

0000 

0017 

0035 

0052 

0070 

0087 

0105 

0122 

0140 

0157 

1 

0175 

0192 

0209 

0227 

0244 

0262 

0279 

0297 

0314 

0332 

2 

0349 

0366 

0384 

0401 

0419 

0436 

0454 

0471 

0488 

0506 

3 

0523 

0541 

0558 

0576 

0593 

0610 

0028 

0045 

0063 

OGSO 

4 

0698 

0715 

0732 

0750 

0767 

0785 

0802 

0819 

0837 

0854 

5 

0872 

0889 

0906 

0924 

0941 

0958 

0976 

0993 

1011 

1028 

6 

1045 

1063 

1080 

1097 

1115 

1132 

1149 

1107 

1184 

1201 

7 

1219 

1236 

1253 

1271 

1288 

1305 

1823 

1310 

1357 

1374 

8 

1392 

1409 

1426 

1444 

14<)1 

1478 

1495 

1513 

1530 

1547 

0 , 

1564 

1582 

1599 

1616 

1633 

1650 

1608 

10S5 

1702 

1710 

10 

1736 

1754 

1771 

1788 

1805 

1822 

1840 

1857 

1874 

1891 

11 

1908 

1925 

1942 

1959 

1977 

1994 

2011 

2028 

2045 

2062 

12 

2079 

2096 

2113 

2130 

2147 

2164 

2181 

2198 

2215 

2233 

13 

2250 

2267 

2284 

2300 

2317 

2334 

2351 

2308 

2385 

2402 

14 

2419 

2436 

2453 

2470 

2487 

2504 

2521 

2538 

2554 

2571 

15 

2588 

2605 

2622 

2639 

2656 

2672 

2689 

2706 

2723 

2740 

16 

2756 

2773 

2790 

2807 

2823 

2840 

2857 

2874 

2800 

2907 

17 

2924 

2940 

2957 

2974 

2990 

3007 

3024 

3040 

3057 

3074 

18 

3090 

8107 

3123 

3140 

3156 

3173 

3190 

3200 

3223 

32:!o 

19 

3256 

3272 

3289 

3305 

3322 

3838 

3355 

3371 

3387 

3411 1 

20 

3420 

3437 

3453 

3469 

3486 

3502 

3518 

3535 

3551 

3567 

21 

3584 

3600 

3616 

3633 

3649 

3665 

3081 

3097 

8714 

3730 

22 

3746 

3702 

3778 

3795 

3811 

3827 

3843 

8859 

3875 

3891 

23 

3907 

3923 

3939 

3955 

3971 

3987 

4003 

4019 

4035 

4051 

24 

4067 

4083 

4099 

4115 

4131 

4147 

4103 

4179 

4:195 

4210 

25 

4226 

4242 

4258 

4274 

4289 

4305 

4321 

4337 

4352 

4368 

20 

4384 

4309 

4415 

4431 

4446 

4462 

4478 

4193 

4500 

4524 

27 

4540 

4555 

4571 

4586 

4692 

4617 

4033 

4048 

4004 

4079 

28 

4695 

4710 

4726 

4741 

4756 

4772 

4787 

4802 

4818 

4833 

29 

4848 

4863 

4879 

4894 

4909 

4924 

4939 

4955 

4070 

4985 

30 

5000 

5015 

5030 

5045 

5060 

5075 

5090 

5105 

5120 

5135 

31 

5150 

5165 

5180 

5195 

5210 

5225 

5240 

5255 

5270 

5284 

32 

6299 

5314 

5329 

5344 

5358 

5373 

5388 

5402 

5417 

5432 

33 1 

5440 

5461 

5476 

5490 

5505 

5519 

5534 

5548 

55< )3 

5577 

34 

5592 

5606 

5621 

5635 

5650 

5664 

5078 

5003 

5707 

5721 

35 

5736 

5750 

5764 

5779 

6793 

5807 

6821 

5835 

5850 

5864 

36 

5878 

6892 

5900 

5920 

5034 

5948 

5902 

5970) 

5900 

0001 

37 

6018 

6032 

C04G 

6060 

6074 

6088 

0101 

6115 

0120 

6143 

38 

6157 

6170 

G1S4 

6198 

6211 

0225 

0230 

6252 

6200 

62S(,) 

39 

6293 

6307 

6320 

0334 

6347 

6301 

0374 

0388 

6401 

6414 

40 

6428 

6441 

6455 

6468 

6481 

6494 

6508 

6521 

6534 

6547 

41 

6561 

6574 

6587 

6600 

6613 

0020 

-0039 

6052 

6005 

6078 

42 

6691 

6704 

6717 

6730 

6743 

0750 

6769 

6782 

0704 

6807 

43 

6820 

6833 

6845 

0858 

6871 

0884 

0806 

0909 

6921 

6934 

44 

6947 

6059 

6972 

6984 

6997 

7009 

7022 

7034 

7046 

7059 


1 2 3 

4 5 

3 6 0 

12 15 

3 6 9 

12 15 

3 6 9 

12 15 

3 6 9 

12 15 

3 6 9 

12 14 

3 0 0 

12 14 

3 6 9 

12 14 

3 6 9 

12 14 

3 6 9 

12 14 

3 6 9 

12 14 

3 6 9 

n 14 

3 6 9 

31 14 

3 6 9 

31 14 

8 0 9 

31 14 

3 6 8 

11 14 

3 6 8 

n 14 

3 6 8 

11 14 

3 ( 8 

11 14 

3 0. 8 

11 11^ 

3 5 8 

11 14 

3 5 8 

11 14 

3 5 8 

U 14 

3 5 8 

31 14 

3 5 8 

U 14 

3 5 8 

11 13 

3 5 8 

10 13 

3 5 8 

10 13 

3 5 8 

10 13 

5 8 

10 13 

3 5 8 

10 13 

:i 5 8 

10 13 

3. 5 7 

10 12 

2 5 7 

10 12 


10 12 

2 5 7 

10 12 

2 5 7 

10 12 

2 5 7 

10 12 

2 5 7 

9 12 

2 5 7 

9 11 

2 5 7 

9 11 

2 4 7 

9 11 

2 4 7 

9 11 

2 4 V 

9 11 

2 4 0 

8 11 

2 4 0 

8 lU 



TABU^B. 


TABLE Vin. NArUIUL KSINES^6^.mfc/.vi 


OKU, 

O' 

6 

12 

IS 

24- 

30 

36 

42' 

00 

01 

0 2 

0-3 

0-4 

0 5 

0 6 

07 

45 

7071 

7083 

7096 

7108 

7120 

7133 

7145 

7157 

-u; 

719:-! 

7901. 

THIS 

7:::i(i 

7*9 i*' 

7*J;. 1 

V'.H’.i. 

727s 

■17 

7:5 M 

73‘.1;> 

7:i:'!7 

7:M'9 

7:h’,i 

737:1 

7: IS;, 

7391 ', 

■IS 

7-131 

7-m:! 

7457, 

7 It’, 6 

74 Vs 

7490 

77.01 

75i:-J 

■19 

77.17 

7r>r»9 

77,79 

7 7, SI 

77 , 9:1 

7601 

7017. 

7(;27 

50 

7660 

7672 

7683 

7694 

7705 

7716 

7727 

7738 

f.l 

7771 

77 S;,! 

779.'! 

7S(»i 

7s 1. -I 

7S;;t'. 

7s:57 

Vsis 

;,*j 

7ss(( 

7S9l 

i 79011 

7!' 19 

79;!:i 

79 :: 1 

7914 

7955 

r»:i 

79S(‘) 

7997 

i SOI 17 

i so is 

sous 

.so: 19 

SO 19 

S05'.l 


S(I99 

SI (HI 

sill 

1 si 91 

sl::i 

soil 

SI. 51 

SI 01 

56 

8192 

8202 

8211 

1 8221 

8231 

8241 

8251 

8261 

M 

S990 

s;jiia ; 

s::u> 

1 s::‘.:o 

s:599 

s:{::9 

s:mh 

.s:i.5.s 

fiT 
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TREATISE ON GRAPHS, 


TABLE IX. NATURAL COSINES. 
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TREATISE ON GRAPHS. 


TABLE X. NATUEAL TANGENTS. 
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*.:799 

2S2.S 

2857 

2886 


VI 

77J.. 

2 vm:. 

j 297-t 

39(13 

3932 

3f)(il 


76 

1-3090 

13119 

1-3148 

1-3177 

1-3206 

1-3235 


7») 



33!!3 

« j// 

o.’isi 

3419 


77 


lUi'tS 

! .->197 

::{. 02 (i 

355.5 

3581 


7S ; 

4 


:.5<m2 

;;7(M 

37.39 

3759 


Vn 

:*»Vss 

::srr 

osk; 

li.’SV.a 

3991 

3934 


80 

1-3963 

. 1-3992 j 

1-4021 

1-4060 

1-4079 

1-4108 


SI 

•( i .-77 

IKiii 1 

419:. 

4224 

12.54 

4283 


S‘Jt 

i:n-i 

•i:m! 1 

4379 

4399 

4428 

44.57 


fili 

■MStl 

1 i 

4544 

457.'1 

4693 

4632 


K.} 1 


; -thfn j 

4719 

4743 

4777 

4806 


85 1 

: 1-4835 

' 1-4864 

1-4893 

1-4923 

1-4952 

1-4981 



1 alHO 

; 

.5(,l(iS 

5097 

5126 

.5155 


K7 1 

i ill Si 

i 5213 

r.24;{ 

5272 

5301 

.5330 


HH i 

1 

! allSH 

r.117 

5446 

5475 

.5.594 


il 

! rum 

5592 

.5(-.2] 

5650 

.5679 
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TR,EATISE ON GRAPHS. 


TABLE XIL 

THE EXPONENTIAL INUNCTION. 


X 

^asc 

e "» 

X 


e -« 

X 


e-x 

0*0 

1000 

1*000 

1*5 

4*482 

0*223 

8 0 

20*09 

0 050 

0*1 

l-LO.') 

0*905 

1*6 

4*953 

0*202 

3*5 

33*12 

0*030 

0-2 

1*221 

0*819 

1*7 

5*474 

0*183 

4*0 

54*60 

0*018 

0*3 

1*350 

0*741 

1*8 

6*050 

0*165 

4*5 

90*02 

0*011 

0*4 

1*492 

0*670 

1*9 

6*686 

0*150 

5*0 

148*4 

0*007 

0*5 

1*649 

0*607 

2*0 

7*389 

0*135 

6*5 

244*7 

0 004 

0*6 

1*822 

0*549 

2*1 

8*166 

0*1*22 

6*0 

403*4 

0*002 

0*7 

2*014 

0*497 


9*025 

0*111 




0*8 

2*226 

0*449 

2*3 

9*974 

0*100 




0*9 

2*460 

0*407 

2*4 

11*023 

0*091 




1*0 

2*718 

0*368 

26 

12*18 

0*082 




1*1 

8*004 

0*333 

2*6 

13*4(*, 

0*074 




1*2 

3*320 

O'llOl 

2*7 

14*88 

0*067 




1*3 

3*669 

0'*J73 

2*8 

16*44 

0*061 




1*4 

4*055 

0*247 

2*0 

18*17 

0*055 





TABLE XTIT. 

NUMBERS OETEN USED IN CAr.dlTT.ATIONS. 

irss: Ratio of tlio oircuinfcrcnco of a <aroIc to il.s <lianiut.or. 
c=Base of the Napierian Logarithin.M. 


Number. 

Logarithm. 

7r = 3*14159 

0*49715 

l/7r= 0*31831 

1*50285 

7r2=:0\S69()0 

0*09430 

1/772=0*10132 

1*00570 

a/tt^ 1*77245 

0*24857 

l/v/7rr=0*5()419 

1*75143 

C = 2*71828 

0*43129 


To convert Common into Napierian Xjogaritlmis, nuili.iply i)y 
To convert Napierian into Common Logarithms, multiply l)y O'lIMiJP. 

1 radian = IT ‘‘iOrtTS degrees. 

1 eontimctro=i0*3937 inch. 

1 incli = :2’5‘l00 eontiiuctros. 

1 square centimetre = 0'1.0r)0 square inch. 

1 cubic centimetre = 0*0010 cubic inch. 

1 kilogramme =2*2040 pound. 

1 pound = : 453 *0 grammoa. 

1 like = : 1 *7503 pints. 

; 61 *0253 cubic inches. 




ANSWERS. 


Exercises. I. Facie 8. 


21. A /)’ - 18 (1 ’8 in.) : 

22. AH lG(r8in.): 

23. x!/>-»15 (1*5 in.) ; 
21 

25. (1-5 in.) ; 


26. J[/;:=20(2in 

27 . AJl^^^\H{\'H 
2i AIl-^W (M 
29 . .{ 7 ^ = 20(211 


); 

in.); 
in.) ; 
in.) ; 


H(h^ 12 (1 *2 iu.) ; ABCI)^ 192 (1-92 sq, in.). 
/>(7.::2,’> (2’3 ill.) ; ..1/^67^-368 (3*68 sc^. in.). 

18 (l-S in.) ; yl/>’a/) = 270 (2*7 sq. in.). 
776 = 22 (2-2 iu.) ; ABOD^m (2M sq. in.). 
776' =28 (2’8 in.) ; A BOD =^420 (4-2 sq. in.). 
/7c / : :: 2( > (2 111 . ) ; A BG = 200 (2 S(i. in. ). 

776= 16 (1*6 in.) ; ^1/76=144 (1*44 sq. in.). 

Hi A - 20 (2 in. ) ; A BO= 1 10(1*1 .sq. in. ). 

776= 13 (1*3 in.) ; .4 776= 188 *5 (1*885 sq. in.). 


30. 

77 = 30 (3 in.); 

hoight- 

-25 (2*5 in.) ; ,477(7= 

375 (3*75 sq. in.). 

31. 

.^:li^=20(2 in.); 

heiglit- 

=:30 (3 in.); ABC= 

300 (3 sq. in.). 

32. 

6,4=24 (2*4 in.) 

; height 

-26 (2*6 in.) ; ,4776= 

312 (3*12 sq. in.). 

33. 

6,1=22 (2*2 in.) 

; height- 

= 26 (2*6 in.) ; ABG=^ 

286 (2*86 sq. in.). 



Exercises. IL 14. 

19. 

2", 3", 6 s<}. in. 


20. 2*3", 4*2", 9*66 SCI. in. 

21. 

2", S’ l wi- ill. 

22. 6", 4", 24 sq. in. 

23. 

1*24^ 2*62'^ 3*25 

.s({. in. 

24. 4", 3*72", 14*88 sq. in. 

25, 

(0*9, 0*26) ; 9*5. 


26. (-0-02, 

0*84); 7*11. 

27. 

({)'96, 0*10) ; 8*30. 

28. (1-31, 0-10) ; 1-2-92. 

29. 

1-!K. 30. 2 Si 

1. 31. 

1-05. 32. 1-88. 

33. 3-96. 31 


Kino. llosauf. 

TauMeut. 

Siiio. 

Cosino. Taiigont. 

35. 

0-423 0-!)(K> 

0*466. 

36. 0*500 

0-S66 0-577. 

37. 

(IT>74 

0-700. 

38. 0*819 

0-574 1-43. 

39. 

O'SiMi O'fiOO 

1 *73, 

40. 0*906 

0-423 2-14. 

41. 

()-iWK5 -0-423 

-2*14. 

42. 0*866 

-0-500 -1-73. 

43. 

0-819 -0-574 

-1*43. 

44. 0*574 

-0-819 - 0-700. 

45, 

0-500 - 0-860 

-0*577. 

46. 0*423 

-0-906 -0-466. 
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TREATISE ON GRAPHS. 


Exercises. III. Page 17. 

1. 3*94. 2. 3*94. 3. 0*99. 4. 3*49. 5. 5*39. 6. 7*7. 

9. AR=:4T2; BO=:S'l6; GD^4; DJ=2-2i; .40=3^61; ££>=5^88. 

AB=3'64; £0=1-81; GD=3*79; BA=2-04; .1(7=4*33; i?i)=4*03. 

12. (i) (3, - 2) ; (ii) ( - 1, - 3) ; (iii) ( - 2, 1) ; (iv) (2, - 3). 

13. (i) ( -3, 2) ; (ii) (1, 3) ; (iii) (2, - 1) ; (iv) ( -2, 3). 

14. (i)(-3, -2); {ii)(l, -3); (iii) (2, 1); (iv)(.-2, -3). 

Exercises. IV. Page 20. 

16. A straight line parallel to the 2(-axis. 

A straight line parallel to the .T-axis. 

17. In all cases the locus is a straight line ; in (i), (v) parallel to the y-axis, 

in (iii) the ?/-axis itself ; in (ii), (vi) parallel to the ;r-axis, in (iv) the 
a:-axis itself. 


Exercises. V. Page 28 . 


1. 

(3.2), (-2, -2), (S, 6). 

2. 

a; = 2; z/ = 3. 

3. 

a;=~3; .?/ = 4. 


4. 

a;=-2; 7/=-3. 

5. 

« 

11 

II 

1 


6. 

a; = // = 2*5. 

7. 

a* =-2*25; ?/ = 3*5. 


8. 

a; = 3 *33; ?/= -2*67. 

9. 

a; = 2*8; y = 3-2. 


10. 

.r = 3; 7/ = 88. 

11. 

II 

11 


12. 

;f= 40 ; y= 10. 

13. 

x = 32; 2/ = 5. 


14. 

.t; = 3*41 ; 7 / = 0*97. 

15. 

a; = 38'9; ?/=-3*03. 



17. 

(i) 9x- .10y+15=0. 

(ii) 8a; + 7?/^ 

=0. 

(iii) a'-l- 13?/ + 4() = 0. 


(iv) «/ = 7. 

(v) a; =2. 



18. 

(-2,1); (1,-2); 

&, 3). 

20. 

a; + 7 / = 2. 

21. 

(i)\4C7, 2x’-3y=l ; 

BD, 3.K + 5y 

= 4; 

(17/19, 5/19). 


(ii) AC\ 2-8.U - 3*3.?/ + 2*83=0 ; BD, x + 3*9.y = 3*27 ; ( -- 0*02, 0*84). 

(iii) AC\ 12x ~ 15?/= 10 ; BJJ, 71a* + 105y=79 ; (0*96, 0*10). 

(iv) .4a, l*5.r-l*7?/ = l*79; 77Z>, 3*3a*+2?/=4*52 ; (1*31,0*10). 

Exercises. VI. Page 32. 

1. A=-J-6/i. 3. pszcjv, 

4. 77= a If + 6. 5. 2/ = - (hu; -!- d)l(ax + c) . 

6. (3*15, 3*89); (-4*91, -0*95). 

7. (1*48,5*95); (-0*68, 1*65); a;- + ?/--4a;”6?/ + 4=0 ; ?/=2a; + 3. 

8. (i) (2, 0) ; x‘^-4x + 4=0. (ii) (0, 0*76) ; (o] 5*24) ; 2/^-6y + 4 = 0. 

9. (i) a*2 + ?/^ + 4a; - 6?/= 12. (ii) - 4a* + 6?/ = 12. 

(iii) 2x2 + 22/‘^+6a* + 10.y=55. (iv) a;‘*J+2(‘‘’'”4*8a; + 4*8y + 5*76=0. 
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11 . 

14, 


(i)(-l,2); 2. 

(i)(-2'5,3); 


(ii) ( - 3, - 2) ; 3. (iii) ( - 4, 6) ; 8. (iv) (1 •5, 0'5) ; 

. (ii) (0, 0) ; 1 '414 ( ^^/2). (iii) (? , - ]-]:) i 4'22. 


2 


Exercises. VII. P-vcik 37. 


1 . - 5?/ H- 1 4 = 1 > ; *5 ■ 

3^ 7y 4; 1. 

5. = 

1 . 

9. x-\-2if+l2-0. 

11. + % - 
13. a; + 2.v--U. 

15. (u’ -5// f 2=0. 

19. I 


2. l-2// = U; 

4. 2;<* - Cyi/ 20 = 0 ; S* 

6. v/-t r)a*=17. 

8. kr + 2?/-I"3=0. 

10. r>?/=2l. 

12. a; % I 9 = 0. 

14. .f - 2// -l-r) "0. 

16. r>.r l-(5.y = :^9. 

20. fi- 


Exercises. VIII. Vm^v\ 45. 


1, 1-42''; 7*05 lb. 

3. - 40''. 

5. (i) 90 (ii) 54. 

10. 40-58; 44 27; :i8-05; 28-05. 
13. :€1487. 

11 lbs*. 

16. ;€121 ; £229. 

18. 11.54 a.in.; Ui'8 inilos from A 


2 . 1 - 00 . 

1 {i)70; (n)53. 

9. £l.-9:i; £2-04. 

11. 7*68; 12-43; 14-62. 

13. libs. 5d . ; 28, S-. 4rb ; 35.s\ 7d. 

15. £45. 10-s. ; £01. 

17. as‘. (kl, 

19. 4?-. lirs. 


20. Onco ; after a,u hour. 

21. Ten times; after 8*0, 17*1, 25’/, 24*,b 


42-0, 51-4, 60, 68-6, 77*1, 85-7 


minutes. 

22. (i) 21*8 min. after 4. (ii) 5*0 

23. 1 1 *4 min. after 
25. 30 min. 

27. 1 11). at 2s’. C)(L to 2 lb. at 4,s*. 


and 38*2 min. after 4. 
24. 1 -88 (lays. 
26. 17-5 min. 

28. 3. 


Exercises. IX. Pace 55. 

10. „-4-io-o-.i,,-. 11- 

14. About 5(1. 15. About .1o lb. 

16. /i’^0-05(ill’ (•(»-4(>: /'’-3•0SI^^ 40-9. 

17. E =• 0-072 ir t 0 1 >02 ; F- 2*7 1 > 4*74. 

18. i£;r:0-oi3r>ir4 0-24; /^^“O-ioorr 1 17*9. 

19. (i) /('=0*226IT - 0*06 ; (ii) /''=0-05(Ur 1-0-27. 

20. /)=1-0017'. 21. 

22 A' -2-X330-I 0'92. • 4'17a:-4 17,,/-u2/. 

30: 30,v + 65,u = 42,vy. 31- r,70x-27j/=i20x7/. 
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TREATISE ON GRAPHS. 


Exercises. X. Page 68. 

I. (i) 33=0, y=l; (ii) a-=0, 

(iii) 33 = 0, ?/ = !; (iv) 33 = 0, ?/=-!. 

3. (i) 33 = 0, 2/ = 10; (ii) 33 = 0 , y~- lO; 

(iii) 33 = 0, y=lO; (iv) 3 ^ = 0, ?/=-10. 

6. (i) 33 = 0, y=l/10; (ii) .t = 0, y~-l/lO; 

(iii) 33 = 0, ?/=l/10; (ivO a*=0, ?/=-l/.lO. 

I. -0*9; 2*23; 3332-433-6 = 0. 8. -0*51; 0*78 ; 403-2 - 1 Lt - 16 = 0, 

9. a=3*23. 10. 2/ - 8*^’“ I- 9. 

II. (-1, 3), (2*4, 6*57), (~3, 9). 

13. (i)l; (ii)3; (iii) 5 ; (iv) 2*5 ; (v) 2*1 ; (vi) 2*01. 

13. (i) 2 + /i ; (ii) 2a + h ; 2 and 2a, 

Exercises. XI. Page 7(5. 

4. 6*71. 6. 0; 2; 3.'^ = 8.r. 

7, 0; 6*69; 3^ = 3003% 8. 0 ; (5*69; 3.*‘ = 300a3. 

9. -3*29; -3*00; 2*72; 3*57; 33^ - 203*2 - 3 + 9(5 = 0. 

10. 2*04; 2*76; 8 1 3 ^ - -2723 + 2900 = 0. 

II. 3 = -0*27 or 0*82. 12. 3 =- ] *31 or 1*83. 

13. 3 = -1*02 or 0*61. 14. 3 = -0*56 or 2*30. 

15. 3=1*22 or 3*98. 16. 3 = ~ 1*60 or 2*47. 

17. 14*1. 18. ^7 = 332 + 2 . 19. y/=l(;-l.r‘-2. 

20. 27=4*432 + 1*6. 21. .s = 4*47“ + 10. 22. 7 = 3; 3 = 300. 

23. 27=^-/20-1/80. 24. F+=67'69i>. 

% 

Exercises. XII. Page 83. 

1. 3 = -1 ; y= -1, min. 2. a*=l ; 77 = 1, max. 

3. 3= -2; 27 = -4, min. 4. 3 = 2; 27 '“4, max. 

5. 3 = -1*25; 2 /= *-6*25, min. 6. 3=1*25; 2 / ~ 6 *25, max. 

7. (i) -0*39, 3*72 ; (ii) -0*67, 4*00. 

8. 14*82 when 3=2*83 ; -2*14,7*80. 

9. Min. -1 when 3 = 2. 10. Min. -2 when 3 = -0*5. 

11. Max. 36 when 3 = 6 . 12 . 324 sq. in. 

13. 3 = 8 , 27 = 6 . 14. 180. 

15. V - - 2i2 ^ ^ _ 2 *5 -1- 10 -5^ „ 2/*+ 

[A better result is j??= 2*68+ 10*37 -1 *937“, which is liowever ob- 
tained by a method that does not make use of the graph. Tlie 
student will 6 nd that more than one equation can l;)c obtained, in 
many cases, and that each will give results tluit agree fairly well 
with the data. It is not easy to decide which is the beat.] 

17. i? = 2r>(l+0*003887 + 0*0000057;^); 7 = 12, i?=26*18; 7r=33, Ii=2S'M. 

18. 6=240(1 +0*01247- 0*00010672). 
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21. “1-445, ?/= “17-01; ,T=rl-79G0, -WTi. 20. Miii.= “n. 

22. .r = 2,:v^“ 2; ;r - -0*44:1, ?/ = 0-02; -(XW, yr.zl‘19; .r r: 2*54, ?/= 0*63. 

23. A parabola, t ™ 3 * 1 25, ;// — 1 5G '25, .r = 1 250. t ~ 0 and 6 *25. 

24. . 1 — - i:i, v/=14, ^:=:G'74 and “0'74. 

Exercises. XIII. Vaqe 91. 

1. (2, -4); .r = 2; y--4; v/H-4 ~ :1(.t - 2)-. 

2. (O'G, 18); a’ = 0'G; v/r-18; 7/ -■ 18:^ ~ 25(a;~ O'G)^. 

3. (0-7, “2'15); a’:“0*7; 7/:rr--2'15; 7/ -1 2'15:-- f;(.r ~ 0*7)^. 

\ « 5 HU y ’ M ' .V-” HU » HU rA‘^ * a / • 

6. a* - 3 -r: 2 iy - 3)- ; (3, 3) ; y rr 3 ; ;r .3. 

6. ;r-iG 30/“2)‘*^; (10,2); 7/ = 2; 

7. .<•-( 3 = ()-8(7/-,3)‘-i; (-:i, 3); 7/.T--3; a-=: -.3. 

8. :r-~3=: ^y , (:!,;*); //-;«; ;r = 3. 

9. (i) 18, (ii) 18-81, (iii) 1 S >1- 8// -1- /<“, (iv) o.- l-2rt.*|-3 ; 

(v) a'" ■12^7 -1-3-1 2(77. -i“ 1)// i//**; (a) 0-81, (/I) Hh-hh\ (7) 2(a4-l)A + /i® 

10. (i) I, {11)4// - /7“, {ill) -24, (iv) -II, (v) - 20// - 4/r. 

11. 7, G-5, G-1, G'Ol, G-i-//; G. 

12. -2, - I -5, -M, -I'Ol, -(1 + //); -1. 

13. 1, 2, 2-8, 2-98, 3-2//; 3. 

14. #~9, -9'5, -9-9, “9*99, -10 + //; “10. 

15. 1, 0-5, 0-1, 0-01, //, ; 0. 16. 0, 0-5, 0-9, 0*99, 1-//; 1. 

17. -8, -G'5, 5-;;, -5-0:i, - (5 + .3//); ~5. 

18. 4 - - 2/7- - h ; 4 - 2/7. 19. 2ffc7i + h + ah ; 2a'H + h. 

20. - 44, - 3(i, - 29 'G, -28*16, -28~1G//; - 28 feet per second. 

21. UK) ' 32/i - IG// ; 100 - .32/ j feet per second. 

22. 1^- iff I - li/h ; r -f//] feet ])ei' sec. 

23. 400 and ( 100 32/, IG//) feet per wee.; 400 and (100 - :i2/j) feet per sec. 

24. (30' IS/, 9//) feel pt^r see., per see. 


Exercises. 

1. (2'5, 2-5); (0-83,7-5). 

2. (i) 0-5, 2; 2a--- 5.7- I 2-0; 
(iii) ()'85, 2-43; 2a-‘ -- 5.7--- I 2 

6. -2-73, 0*73; ;r-( 2.r - 2 - <). 
9. 5.7- r- 0*59 1 8. 

12. .+//:- 4 -75.7- 1*277/. 

14. .'7*// 8 '31 )x -I 2 'GO;//. 

16. 

7/“ 

18. a* “4 ; y^ S. , 

20. :; = 4; 7/=G. 


XIV. PAan: 101. 

(ii) 2-31, 0-7G, -0*57; 2r'* - 5a‘^ + 2=0; 
-0. Only nece.ssary in (ii). 

8. //</-, 304600. 

11. ;7-7/~4'00. 

13. a-//-~-^7-88;>*--5'237/. 

15. xy -1 G -sa/,’ -I- 24 -38v/ = 986 *8. 

17. /v7b-992r-5475. 

19. ar — 4 ; least perimeter is 16". 

22. Kiidhis = 6"; Sum =9". 


21. 9. 



TRKATIHE ON ORAPHB. 


Exercises. XV. 114. 

1. 1*08, 1*55, 1*87. 3. 1*43. 4. 3*17. 

5. 1*162. 6. 1*460. 7. 0*851. 

8. -0*67, 1*42, 5-25. . 9. - 0*9 10, ()*;U)2, 1*858. 

10. -0*367, 1*864. 11. - 1*577, 0*U1). 

12. (i) Neither max. nor min. 

(ii) Min. -0*385 when a: "0*577. Max. 0*385 when a*™' -0*577 

(iii) Neither max. nor min. 

(iv) Max. 24*63 -when .r = 2*31. Min. -24*03 when ;<*" - 2*31. 
Central symmetry. 

13. Raise or lower the avaxis : 

(i) No turning values. 

(ii) Min. -20*3 at a:=l*29. Max. -11*7 at a’rr -1*29. 

(iii) No tmming values. 

14. (i) Min. 0 at a*=0. Max. 0*148 at x— ~ 0*667. 

(ii) Max. 0 at a?=0. Min. -0*148 at a;=0’667. 

(iii) Min. 0 at a’ = 0. Max. 0*148 at at = 0*667. 

(iv) Max. 0 at a; = 0. Min. -4*63 at :r=l*67. 

15. Max. 1*19 at ir = 0*33. Max. 1*197?« at a: = 0*33/?. 

16. a: = 0*33i?; max. vol. of cone = l *24/?’\ 17. 12. 

19. Max. 3*85 at a? =1*42. Min. -3*85 at .a? = 2*f)S. 

20. (i). Max. -4 at a;= -2. Min. 4 at a* = 2. 

(ii) No turning values. 

(iii) Min. 7 at a* = 2. Max. -9 at a;= -2. 

(iv) No turning values. 


21. 

(i) 

Min. 

3 at 

x = 

: 2 . 


(ii) 

Max. 

-3 1 

at -2. 


(iii) 

Min. 

5 at 

a: = 

■ 2 . 






23. 

(i) 

Min. 

0 at 

x = 

:0. 







(ii) 

Max. 

0*25 

at 

x = 

0*71. ■ 

(iii) 

Min. 

-11 

at ;:r= - L 



Min. 

0 

at 

a’ = 

0. 


Ma.x. 

- 10 

at x = 0. 



Max. 

0*25 

at 

x = 

-0*71 


Min. 

- 11 

at a*=I. 


S4. -0*96, 1*38. 

25. 7, 4 75, 3-31, 3*0301, 3 + 3//^-A‘^; 3. 

26. 1, 1*75, 2-71, 2*9701, 3-3;/ -i-A^ 3. 

27. 19, 15*25, 12*61, 12*0601, l2-\~{Vi l-h- ; 12. 

28. 15, 15*75, 15*99, 15*9999, 10- /r; Id 

29. -45, -38*25, -33*21, -32*1201, - (32 -( 12// -I /h’) ; -32. 

30. 15, 8*125, 4*041, 1*000401, 4 | (i// -I 4;r -f- //•■ ; 4. 

1 2 10 100 1 


31. 


1 . 
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3 

10 210 20100 

2 PA 





32. 

■^4’ 

\ 

9’ 127 1^01’ 

1 

(If A) 





33. 


IT) ’ a'' 








Exercises. 

XVI. 

Pacsk 

120. 



2. 

3*94 

3. 

3*64. 


4. 

0*057, 

1*468. 

5. 

(i) 3*80 

. (ii) 4*73. 8. 

2*87. 


9. 

1 *95, 

-2*47 

10. 

15*98 a 

t 0*434. 

11 . 

-0*16 a 

.t :r = 

o*;i7. 


12. 

0*1065, 

O U30, 0*1175, 0*1190. 





13. 

9, 4 *32 ! 

1 , 2*59, 2*3. 

14 . 

90, 43*24-, 25* 

‘9 2*2, 




Exercises. 

XVII. 

Paok 

125. 




n. 1-H()4r). 12. 2-79. 13. 9%7l} when .K-r 1-59 

H. 4S2*9. 15. /)v4““~-r)()l'4. 

16, 17, 18. Ju each caHc the value of va is appro xhna.toly 0‘5. 

19. The Hiin])Iest approximation is, /'/t‘ ^'= constant 1 '97, tlimigli some of 

the vaiu(‘a do not satisfy it very wtdi. 

20, y>o=Tl5H, roughly; more nearly 171. 

U. r"”7-94/A". 2.2. 7=2*26/". 

23. 24. 32?/=a:«. 25. 32000.r. 

Exercises, XVIII, Faqv. 129. 

3. 0*37 wlien rr • 1. 4, Bymniotry about the y-axis. 

6. (i) 1*924, I*:i7:l; (ii) 1 *377, ~ 0*679 ; (ixi) 0*wS77, 4*814 ; (iv) 0*807. 

8. ^ ^ <J. 1' is the munher of scjcond.s after joining np before the charge 

^ r I . . . 

rear 1 h‘s t)ic fract ion - <>f itH ibial value. 

10. r !4*r)r~'‘'*‘>*', or ?.7>''=r)3. 

Exercises. XIX. Page 143. 

1. (i), (ii), ISO"; (iii), (iv), 120"; (v), (vi), 90"; (vii), (vih), 72^ 

2, Move thtM>rigiu (i) to 0^, (ii) to ^ 0^ 

8. Isfew .r-unit is e<|nai to (i) 2, (ii) 3,' (iii) J-, (iv) J, (v) n in old scale. 

5. Max, . 1*12 at .t: -• I, *47 47'. Min. -5*12 at a; =3 14® 47'. 

8. Max. 111*8 at .t* Mir 34'. Min. -Ul*8 at a* =^296® 34'. 

7. Max. 44 *64 at .r 48" 37'. Min. - 58*91 at a* =259® 55'. 
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8. 

Max. 

55*73 at .r 

= 16 

“4'. 

Min. 

-55*73 at rr 

= or 56'. 


Max. 

- 16 at X 

= 144 


Min. 

-55*73 at .r 

= 196“ 4'. 


Max. 

55*73 at X 

= 271' 

“56', 

Min. 

16 at X 

= 324“. 

9. 

Max. 

22*56 at a* 

= 28‘ 

“ 32'. 

Min. 

12*67 at a; 

= 65“ 2'. 


Max. 

15 at X 

= 90 

0 

Min. 

12*67 at X 

= 114“ 58'. 


Max. 

22*56 at X 

= 151' 

“28'. 

Min. 

-22*56 at ar 

= 208“ 32'. 


Max. 

- 12*67 at a* 

0-1 

il 

“ 2'. 

Min. 

- 15 at X 

=270“. 


Max. 

- 12*67 at a; 

= 294 

“ 5S'. 

Min. 

-22*56 at .a; 

= 331“ 28'. 

10. 

Max. 

1 *41 at X = 

25“ 

45'. 

Min. 

- 0*08 at x = 

66“ 3'. 


Max. 

1 *93 at X = 

iir 

12'. 

Min. • 

-0*64at .a!=: 

160“ 55'. 


Max. 

0*64 at x= 

199“ 

5'. 

Min. 

- 1 *93 at X ~ 1 

248“ 48'. 


Max. 

0*08 at a7 = 

293“ 

57''. 

Min. 

-1*41 at a*=:. 

334“ 15'. 

11. 

Max. 

13*94 at x = 

60“ 

38'. 

Min. 

3*90 at a*r 

:: 95'Ml'. 


Max. 

6*87 at.T= 

liS“ 

4.5'. 

Min. 

5*63 at a* = 

= 136“ 41'. 


Max. 

9 *65 at X' = 

162“ 

28'. 

Min. ■ 

- 13*94 at x~ 

= 240“ 38'. 


Max. 

-3*99 at x* = 

275“ 

ir. 

Min. 

-6*87 at a*" 

-"298'-’ 45'. 


Max. 

5*6^1 at a* “ 

316“ 

41'. 

Min. 

- 9*65 at X” 

'%412“ 28'. 


24. j/=100sma; + 60sm{3»-60°). 25. ,(/-:.50Riii.r-i;>.')sin(rwl-23(»“ 

26. y=. 100{sin ,it + -.V sin 2x -I- h sin 3;c}. 

27. (i) .31° 1'., 6.5° 2T. (ii) 207° i>4', 2!)!)° .5.5'. 

28. (i) 4-493, 7-72.5. (ii) 1-106, 4-604. 

29. (i) 2-279, -2-279. (ii) 0-739. 30. l-S9,5. 

31. 0-0147, 0-0150, 0-01.50, 0-0151, 0 0151. 

32. 0-0118, 0-0122, 0-01-22, 0-0123, 0-0123. 

33. -0-0094, -0-0090, -0-0089, -O-OOSS, -O-00.S7. 

34. 0-0246, 0-0238, 0-023.5, 0-02.34, 0-0233. 

35. 0-0147, 0-0164, 0-0169, 0-0172,' 0-0174. 

Exercises. XX. Paok 152. 

2- (i) (ii) 

O 0 

/*> 

3. (i) Axes 6, 3, eccentricity centre (3, 0) ; 

(ii) Axes 6, 3, eccentricity centre (3, 0). 

4. (i) = axes 12, 4, eccentricity , centre (2, 0) ; 

(ii) = axes 4, 12, eccentricity .^/lO, centre ( -2, 0). 
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5. (i) ^ (ii) 

# li 


4: 

£'i 


'r 

ii 


= 1 . 


7. (i)a; 
(ii) a; 


li, X=i-~S, ?/=:3.s,/'2, i/=:~~iisj2. 

01= - i!, lumc parallel to the a:-axis (a hyperbola). 


9. 

10 . 


2) ; Hvt' - %= 18. (ii) (o, 4) ; 4a;4-5y = 40. 


(i) (3, 

3i) -f- - 20 - 7m. -[• \- 4 

/ 35 - - 20 - 7‘m -- x/4r)' 


“-•‘20 




■-‘20\ 




r> ”1“ ?ir 


V’ 


:tf. 


11. (i ) c = ± n/( 1 6»?‘- + 9) ; (ii) c = ± >,/( 16m- - 9) ; 
(iii) c = 4: JiaV -b b '^) ; (iv) c = :-i: - 6-). 

12. (i) (ii) r = 2 + ??i“- ^ (iii) (*=; 


1. -277 i- ! 

5. 57; 10. 

6. ll)04sij. ft. 
12. ■2(J7. 


Exercises. XXII. I’.tnn HiO. 

2. ir.-:); .5'1. . 3. ■20:7'25. 4. 5725 ; 63 -6. 

6. 46700 ; 467. 7. 1470 ; 105, 8. 660 h(|. ft. 

10. 3 ft. 2 ill. 11. 678. 

13. 1008. 14. 12894. 


Exercises. XXIII. Page 180. 

1. 18140 call), ft. 2. 42*4 cub. ft. ; (i) 1 ft. 8 in. ; (ii) 2 ft. 6 in. 

3. 8200 Ib.s. 4. 40 cub. ft. 5. 8276 tons. 6. 624 tons. 

7. 79S tons; 1515 tons. 10. 1540 tt. 11. 716 tt. 13. 18,81,6,21. 

14. (i) 2l2t'l.; iii)969rt. 15. 17 *85, 8 1 *25, 89 *65; 25*98; (1)0*58; (ii)0*88. 
16. 151 ft. 17. 770 footpounds ; 540 footiiouiids ; 64 Ihs. 18. 108 lbs. 

19. 3-.ma. 20. .•{•s, l-o. 21. (i)(o. 

22. ~5, UK). 23. --iO, 49. 24. -10,10!). 

25. n = ‘iO +- ‘il U - 3t~ - ifi, « = m -I- 10/“ - - I'K 

26. ia/.-hlM' + jiCp; «= 17+ + 27. 0. 


:Pa«k 189. 

M.mmpl(\ '1. (i) Ox -4; (ii) fe--10x; (iii) 

(iv) 3a:-- lie f 9 ; 4.e’ - 12a:° + 8.i:. 

Example. 3. (i) (j, >./-); (ii) (O, S), (§, (iii) (O, 1), (|, f?) ; 

(iv) (1, -2), (3, -6); (V) (0, -10). (1, -9), (2, -10). 
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Example 4. 


(i) (ii) - Js ; (”') 


2a 

X'’' ’ 
] 


(iv) 


2 ^’ ip’ 


(ix) 


3a 


(X) 


l*4c 


§ 73. Page 193. 

(i) -|a33 + £L'; (ii) Ia;'^-Pa 32 ^ 2 ru; (iii) ;5^^/a;^ + 2>/a; ; • (iv) 
(v) 8H-8ii^- ; (vi) (vii) au; + -l^kt;-4- 


Exercises. XXIV. Page 199. 


1. 

1. 2. 

3. 

3. i- 

4. 

a. 

5 

. fa;-!- 

1 

T- 


7. 

11 -6x1 

8. 

2x^1. 

9. 

6a:^+6a'~ 

n. 

10. Si 

tapx 4- aq -t I)p 

11. 

6(3a;4-l). 

12. 

Q[2x-Zf, 

13. 

2a;- 

x^‘ 


14. 4a; + -4- 
x^ 

15. 

-6 


16. ~ 


17. 



18. 

1 


(3£C + lp 


(2a7-3)^ 


(3-.r 

)- 


iV(a;-3)‘ 

19. 

-1 


20. " ^ 


21. 

1 


22. 

I 

2J{x-Sr 





2^/(3- 

-af 



23. 

2x + 4 - 


24. i 

X 


25. 

3 

^ + 7 


26. 

X, 

27. 

1-2:2. 

38 

. ^X~ + irX. 


29. 


|-/>a;. 

30. 

a;*' - 2,r“ -i- 5,r 

31. 



32. J- 

X’’^ -1- • 


- 2a*. 

33. ; 


,r^-2;r. 

34. 

^apx^-{-^ 

{aq-\-hp)x- + hqx. 


35. 


-H3)=' 

36. 

2^^/(.(M- A). 


37. -|V(S“a;)». 38. ~2^/(3-a;). 39. .1 1). 

40. -log, (3-0;). 41. -i-:t‘-^-|-log,a,:. 42. 1). 

43. la.x*2-i-6iiM-clog^.;i’. 44. 

45. -J- + S.;u - 23 log *. {x -h 2). 

46. (i) (2, 13); (ii) (3, .13); (iii) (1, II); (iv) (4, II). 

47. x=2; rate = 3. 

48. Max. = 125, when x= - 2 ; Min. =0, when 3 ; a = -2, /> = 3. 

49. (-1, -2), (0, 3), (2, -29). 

(i) Illation iH (;r~|M)“ (3a;- -lO.r -I T)) =0; RooLs are 1, - 1, 

(ii) Equation is (;r- 2)-(3a‘- + Sar-l'3) = () ; Real roots art^ 2, 2. 

51. 0, 1, but ?y is neitlier a maximum nor a minimum. The points (R, 4), 
(1,5) are points of inflexion. 
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82. y=\ 

■ + x*-]- 4. 

53. 

!l 

1 

54. ll~-\ 


55, 

1 1 

vy™ A — 

« j'. 

56. 


57. 

tr^ut, // = /7 - A d-. 

58. ( 

'/! coH a, // -•*- 1 7 sill a 

- 


62. 

(It 

(It 

: a + -1- r/!-. 

CO 

CD 

64. 2li. 

65. 540,1. 

66. 0. 




INDEX. 


Abscissa, 6. 

Aeceleration, 17‘2, 196. 

Accuracy iu estimation of lengths, 
10 .' 

Adiabatic curves, 123. 

Amplitude of S.H.M., 135. 

Areas; 8, 12, 158-166, 194. 
interpretation of, 171. 
sign of, 179. 

Argument of function, 29. 
Asymptote, 95. 

Auxiliary circle. 150. 

Axes, coorfliiiaie, 6, 
of conies, 146-148. 

Boyle'S Law, 99, 103. 

Centroid, 177. ^ 

Composition of liarmouic curves, 
137. 

Conic section, 149. 

properties of, 153-157. 

Constant, 30. 

Coordinates, 5, 
Cross-quadrilateral, 1 7 9. 

Cubic functions, 104-114. 

Curve, equation of, 63. 

Decomposition into harmonic com- 
ponents, 139. 

Decrement, logarithmic, 137. 
Derivative, 190. 

Derived curve, 198. 

Diameters, conjugate, 156. 
Differential coefficient, 190. 
Directed segment, 1. 

Diz'ectrix of conic, 149. 
Discriminant of culiic, 114. 
Displacement, 174. 

Distance between two points, 15. 


Eccentric angle, 154. 

Eccentricity of conic, 149 

Ellipse, 146. 
properties of, 153-157. 

Ecpiation of a curve, 63. 
of circle, 31. 
of ellipse, 147. 
of hyperbola, 95, 148, 157. 
of parabola, 86, 150. 
of straight line, 21. 

Equations, solution of, 24, 74, 81, 
105, 111, 118, 143. 
transfoi'inat-ioii of, 101. 

Even function, 132. 

Exponential function, 110, 128,' 

Eive-eiglit rule, 165, 197. 

Focal distance, 148. 

Focus, 146, 149. 

Fourier’s theorem, 139. 

Fractional functions, 94-101, 

Frequency of 135. 

Function, 29. 
even, 132. 
explicit, 30. 
graph of, 30, 64. 
implicit, 30. 
inverse, 119. 
linear, 30. 
note on cubic, 1 12. 
odd, 1 32. 

periodic, 131. ^ 

simple Imrmonic, 136. 
uniformly varying, 36. 

aradiont, 35, 186-189, 196. 
average, 87, 186. 

Graph of an lajimtion, 22, 63. 
of a function, 30, 64. 

Graph, building up of, ilO. 


Th& mmbm to 'pwjdH, 
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}-rarnKmi(‘s, 

Harmonic- motion, Kil 
Hyp^‘rl)ola, pr», ]‘17. 
proptn'tics of, ! no- 157. 
rectangular, 9(>, 157. 

Inflei^tinnal tangent, 105. 
Inlh'xion, point of, 105. 
hitegral curve, lOS, lOS. 

iii1c-v:ral ion. 10*2. 
l!i\'.‘rs“ fii!!!*t ions, j 10. 

La.tus rectum, 150. 

Lin ear fniustion, 00. 

Logarithmic (lecrcmerit, 107. 
Loga-rithmic funetion.s, 117-100, 
" lOS. 

iMaximum value, 07, 100. 
iMjd-or<iina,t(' ruha 101. 

Minimum value, Ot;, 190. 
Moments, curve of, 177. 

Napierian logarithm, 128, 11)8. 
Normal, 151. 

OM * fiuu’tion, 1.92. 
tjrdinale, (J. 

a\ ('ra.g(‘, nu'an, l(i5. 

{ )iagiu of coordina.tes, 0, 
e.hang(* of, .99, S5. 

Parahoia., 80, 150. 
axis of, 87. 
properl ies of, 157. . 
vertex of, 87. 

I’ara.metei' of coiuii, 15.9. 

Period of S. 11. M.. 1.95. 

P(‘riodi(' funct ions, 1,‘il . 

■Idotting of points, 7, 0. 
of (Uii’ves, 0.9. 


Point, of inflexion, 105. 
lairning, 00. 

Quadratic functions, 0.9-92. 

ILato of variation, 80. 

. average^, 88. 

tScakg 8, 28. 
change t)f, 71. 

Segmci 1 1, d i rtJcted , 1 . 

Simple harmonic motion, 185. 
with decreasing amplitude, 180. 

Simpson’s rule, 101, 100, 197. 

Slope, 85. 

Step.s, 1-4. 

Straight line, eejuation of, 21, 88. 
gradient of, 88. 

Symmetiy, 10. 
cent i'c of, 95. 

Ti’a-nsfoianation of e(|uations, 101. 

9'i*apo7.oidal rule, 101. 

'Trigononietric functions, 181 ■ 145. 
ratio.s, 18. 

Turning points, 00, 190. 
values, 00, 190. 

Uniformly varying function, 80. 

Variable, <lepondent and iiuh^pen- 
dent, 29. 

Velocity, average, 90. 
at an instant, 185, 190. 

Vertex of conic, 150. 

Vibration, dam])ed, 180. 

Volumes, 178, 195. 

Wa.t<rr-plane, 174. 

AViHldlci’s r\de, 100. 

Work, 178, 195. 


The numhrrfi rrfw to pitucH. 


Or..\HCOW : rniKTRD at TITK TrNUVRnsrTY rmOS.S BV ROBF.RT MACLKHO.SK and 00. LTD. 





